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Symbols

..and ...

.. Or ...

.. forall ...

... there is at least one ...

... element of ...

... ot element of ...

... then ...

... then and only then ...

natural numbers without zero, N = {1, 2, 3,
natural numbers with zero, Ny = {0, 1, 2, 3,
real numbers

the empty set

.}
2}
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1. Introduction

One important property of a good single-winner election method is that it
minimizes the number of “overruled” voters (according to some heuristic).
Because of this reason, the Simpson-Kramer method, that always chooses
that alternative whose worst pairwise defeat is the weakest, was very popular
over a long time. However, in recent years, the Simpson-Kramer method has
been criticized by many social choice theorists. Smith (1973) criticizes that
this method doesn’t choose from the top-set of alternatives. Tideman (1987)
complains that this method is vulnerable to the strategic nomination of a
large number of similar alternatives, so-called clones. And Saari (1994)
rejects this method for violating reversal symmetry. A violation of reversal
symmetry can lead to strange situations where still the same alternative is
chosen when all ballots are reversed, meaning that the same alternative is
identified as best one and simultaneously as worst one.

In this paper, we will show that only a slight modification (section 4.8) of
the Simpson-Kramer method is needed so that the resulting method satisfies
the criteria proposed by Smith (section 4.7), Tideman (section 4.6), and Saari
(section 4.4). The resulting method will be called Schulze method. Random
simulations by Wright (2009) confirmed that, in almost 99% of all instances,
the Schulze method conforms with the Simpson-Kramer method (table 11.1).
In this paper, we will prove that, nevertheless, the Schulze method still
satisfies all important criteria that are also satisfied by the Simpson-Kramer
method, like resolvability (section 4.2), Pareto (section 4.3), monotonicity
(section 4.5), and prudence (section 4.9). Because of these reasons, already
several private organizations have adopted the Schulze method.

1997 — 2006: In 1997, | proposed the Schulze method to a large number of
people, who are interested in mathematical aspects of election
methods. This method was discussed for the first time in a public
mailing list between June 1998 and November 1998 (e.g. Ossipoff,
1998; Petry, 1998; Schulze, 1998), when it was discussed at the
Election-Methods mailing list. In June 2003, the Debian project, a
software developer organization with about 1,000 eligible members,
adopted this method in a referendum with 144 against 16 votes;
Debian GNUY/Linux is the largest and most popular non-commercial
Linux distribution. In May 2005, the Gentoo Foundation, a software
developer organization with about 100 eligible members, adopted this
method; Gentoo Linux is another wide-spread Linux distribution.
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2007 — 2011: In 2008, 2009, and 2011, the Wikimedia Foundation, a non-
profit charitable organization with about 43,000 eligible members
(in 2011), used the proposed method for the election of its Board of
Trustees; the Wikimedia Foundation is the umbrella organization
e.g. for Wikipedia, Wiktionary, Wikiquote, Wikidata, Wikibooks,
Wikisource, Wikinews, Wikivoyage, Wikiversity, and Wikispecies;
it is, therefore, the fifth most important Internet corporation (after
Alphabet/Google/YouTube, Facebook/WhatsApp, Yahoo!, and
Baidu). In June 2008, the “Free Software Foundation Europe” (FSFE),
a software project with about 1,500 eligible members, adopted this
method. In July 2008, Ubuntu, a software developer organization with
about 700 eligible members, adopted this method. In August 2008,
“K Desktop Environment” (KDE), a software developer organization
with about 200 eligible members, adopted this method. In October
2009, the “Pirate Party of Sweden” (about 3,000 eligible members)
adopted this method. In May 2010, the “Pirate Party of Germany”
(about 11,000 eligible members) adopted this method. In November
2010, OpenStack, a software project with about 3,000 eligible
members, adopted this method. Since February 2011, the “Pirate Party
of Austria” (about 300 eligible members) uses this method. Since
November 2011, the “Pirate Party of Australia” (about 1,300 eligible
members) uses this method.

2012 — 2017: Since January 2013, the “Pirate Party of Iceland” (about 4,000
eligible members) uses this method. Since April 2013, the associated
student government at Northwestern University (about 20,000 eligible
members) uses this method. Since October 2013, the “German
Association of Pediatricians” (“Berufsverband der Kinder- und
Jugendarzte”; BVKJ; about 12,000 eligible members) uses this
method. Since October 2013, the “Five Star Movement” (“Movimento
5 Stelle”, M5S), a political party in Italy with about 140,000 eligible
members, uses this method. Since May 2014, the associated student
government at Albert Ludwig University of Freiburg (about 25,000
eligible members) uses this method. Since January 2015, the “Pirate
Party of the Netherlands” (about 1,400 eligible members) uses this
method. In February 2016, the city of Silla (about 19,000 inhabitants)
in Spain adopted the Schulze method for referendums (wwwO0l —
www05). In July 2016, the “European Students’ Forum” (“Association
des états généraux des étudiants de I’Europe”, AEGEE), a student
organization with about 13,000 eligible members, adopted this method.
Since January 2017, Podemos, a political party in Spain with about
500,000 eligible members, uses this method. In March 2017, the
“Internet Corporation for Assigned Names and Numbers” (ICANN)
adopted the Schulze method for the election of its board and the board
of the “Address Supporting Organization” (ASO), a supporting
organization affiliated with ICANN.

Today (December 2017), the proposed method is used by more than 60
organizations with more than 700,000 eligible members in total. Therefore,
the proposed method is more wide-spread than all other Condorcet-
consistent single-winner election methods combined. Hill (2008) even claims
that MTV uses this method to decide which music videos go into rotation.
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Furthermore, the proposed method is used by many Internet decision
support systems, like the “Condorcet Internet Voting Service” (CIVS),
GoogleVotes (Hardt and Lopes, 2015), LiquidFeedback (Behrens, 2014),
Selectricity (Hill, 2008), Airesis, preftools, OpenAgora, and OpenSTV.

There has been some debate about an appropriate name for this method.
Some people suggested names like “beatpath(s)”, “beatpath method”,
“beatpath winner”, “beatpath matrix”, “beatpath tournament matrix”,
“beatpath power ranking” (BeatPower), “path method”, “path voting”, “path
winner”, “path matrix”, “Schwartz sequential dropping” (SSD), “cloneproof
Schwartz sequential dropping” (CSSD), and “MinMax decision function”.
Brearley (1999) suggested names like “descending minimum gross score”
(DminGS), “descending minimum augmented gross score” (DminAGS),
and “descending minimum doubly augmented gross score” (DminDAGS),
depending on how the strength of a pairwise link is measured. Heitzig (2001)
suggested names like “strong immunity from binary arguments” (SImA) and
“sequential dropping towards a spanning tree” (SDST). However, | prefer
the name “Schulze method”, not because of academic arrogance, but because
the other names do not refer to the method itself but to specific heuristics for
implementing it, and so may mislead readers into believing that no other
method for implementing it is possible.

In section 2 of this paper, the Schulze method is defined. In section 3,
this method is applied to concrete examples. In section 4, this method
is analyzed. Detailed descriptions of this method can also be found in
publications by Schulze (2003, 2011), Tideman (2006, pages 228-232),
Stahl and Johnson (2006, 2017), McCaffrey (2008a, 2008b), Borgers (2009,
pages 37-42), Camps (2012a, 2012b, 2013, 2014a, 2014b, 2014c), Behrens
(2014), D. Miiller (2014, 2015), Moses (2017), and Pattinson (2017). This
method is also described and discussed in papers by Green-Armytage
(2004), Taylor (2004), Meskanen and Nurmi (2006a, 2006b, 2008), Yue
(2007), Nebel (2009), Wright (2009), Rivest and Shen (2010), Abisheva
(2012), Bucovetsky (2012), Gaspers (2012), Grinheid (2012, 2015, 2016),
Negriu (2012), Parkes and Xia (2012), Happes (2013), Menton (2013a,
2013b), J. Miller (2013), Parkes and Seuken (2013), Felsenthal and
Tideman (2014), Li (2014), Mattei (2014), Reisch (2014), Schend (2015),
Baumeister and Rothe (2016), Bubboloni and Gori (2016), Caragiannis
(2016), Contucci (2016), Darlington (2016), Diethelm (2016), Fischer
(2016), Hemaspaandra (2016), Pan (2016), Ruiz-Padillo (2016), Shah
(2016), Aziz (2017), Becirovic (2017), Hazra (2017), Hoang (2017), Izetta
(2017), Louridas (2017), Pérez-Fernandez (2017a, 2017b), Sekar (2017),
Skowron (2017), and Tozer (2017). Applications of the Schulze method are
described in papers by Narizzano (2006a, 2006b, 2006c, 2007), Ghersi
(2007), Callison-Burch (2009), Arguello (2011a, 2011b, 2011c, 2017),
Audhkhasi (2011), Gelder (2011), Maheswari (2012), Muldoon (2012),
Orynczak (2012), Prati (2012), Bohne (2013, 2015), Zhou (2013, 2014),
Akbib (2014a, 2014b), Garg (2014), Lawonn (2014), Pallett (2014), Wang
(2014), Baer (2015), Bountris (2015), Degeest (2015), Evita (2015), Nguyen
(2015), Plosch (2015), Proag (2015), Aswatha (2016), Cai (2016), Chen
(2016), Mangeli (2016), Vargas (2016), Verdiesen (2016), Xexéo (2016),
Goel (2017), Isikli (2017), Moal (2017), and Rijnsburger (2017). Cases,
where the Schulze method is used to evaluate empirical data, are mentioned
by Morales (2008), Wimmer (2009, 2010), Kowalski (2013), Casadebaig
(2014), Vaughan (2016), Gervits (2017), and Al-Rousan (2017).
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2. Definition of the Schulze Method
2.1. Preliminaries

We presume that A is a finite and non-empty set of alternatives. C € N
with 1 < C < is the number of alternatives in A.

A binary relation > on A is asymmetric if it has the following property:
V a,b € A, exactly one of the following three statements is valid:
1. a>b.
2. b>a.
3. a= b (where “a~b” means “neither a > b nor b > a”).
A binary relation > on A is irreflexive if it has the following property:
VaeA a=a.
A binary relation > on A is transitive if it has the following property:

VabceA: ((a>bandb>c)=a>c).

A binary relation > on A is negatively transitive if it has the following
property (where “a = b” means “not b > a”):

VabceA ((axbandbxc)=axc).

A binary relation > on A is linear (or total or complete) if it has the
following property:

VabeA (beA\{a}=(a>borb>a)).

A strict partial order is an asymmetric, irreflexive, and transitive
relation. A strict weak order is a strict partial order that is also negatively
transitive. A linear order (or total order or complete order) is a strict weak
order that is also linear. A profile is a finite and non-empty list of strict weak
orders each on A.

Input of the proposed method is a profile V. N € N with 0 < N < oo is the
number of strict weak orders in V : = { >4, ..., >y }. These strict weak orders
will sometimes be called “voters” or “ballots”.

Suppose Vi : = {>1, .., >n, yand Vo : = { >, ..., >n, } are two profiles
each on the same set of alternatives A. Then the concatenation of these two
profiles will be denoted Vi + Vo i = {>1, ..., >N,y > 100 s >Ny F-

“a >, b” means “voter v e V strictly prefers alternative a € A to
alternative b”. “a =, b” means “voter v e V is indifferent between alternative

a and alternative b”. “a x, b” means “a >, b ora=, b”.

Output of the proposed method is (1) a strict partial order O on A and
(2) aset I # S < A of potential winners.
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A possible implementation of the Schulze method looks as follows:

Each voter gets a complete list of all alternatives and ranks these
alternatives in order of preference. The individual voter may give
the same preference to more than one alternative and he may keep
alternatives unranked. When a given voter does not rank all
alternatives, then this means (1) that this voter strictly prefers all
ranked alternatives to all not ranked alternatives and (2) that this voter
is indifferent between all not ranked alternatives. The individual voter
may also skip preferences; however, skipping preferences has no
impact on the result of the elections since only the cast order of the
preferences matters, not the absolute numbers.

Suppose N[e,fT : = [|[{ v e V| e >, f}| is the number of voters who
strictly prefer alternative e to alternative f. We presume that the strength of
the link ef depends only on N[e,f] and N[f,e]. Therefore, the strength of the
link ef can be denoted (N[e,f],N[f,e]). We presume that a binary relation >p
on Ny x Ny is defined such that the link ef is stronger than the link gh if and
only if (N[e,f],N[f,e]) >pb (N[g,h],N[h,g]). N[e,f] is the support for the link ef;
N[f,e] is its opposition.
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Example 1 (margin):

When the strength of the link ef is measured by margin, then its
strength is the difference N[e,f] — N[f,e] between its support N[e,f] and
its opposition N[f,e].

(N[e,f1,N[f,e]) >margin (N[9,h],N[h,g]) if and
only if N[e,f] — N[f,e] > N[g,h] — N[h,q].

Example 2 (ratio):

When the strength of the link ef is measured by ratio, then its strength is
the ratio N[e,f] / N[f,e] between its support N[e,f] and its opposition N[f.e].

(N[e,fI,N[f.e]) >ratio (N[g,h],N[h,0]) if and only if at
least one of the following conditions is satisfied:

N[e,f] > N[f,e] and N[g,h] < N[h,q].
N[e,f] > N[f,e] and N[g,h] < N[h,g].
N[e,f] - N[h,g] > N[f,e] - N[g,h].

N[e,f] > N[g,h] and N[f,e] < N[h,qg].
N[e,f] > N[g,h] and N[f,e] < N[h,g].

agkrwndE

Example 3 (winning votes):

When the strength of the link ef is measured by winning votes, then its
strength is measured primarily by its support N[e,f].

(N[e,fI,N[f,e]) >win (N[g,h],N[h,g]) if and only if at
least one of the following conditions is satisfied:

NJ[e,f] > N[f,e] and N[g,h] < N[h,g].

N[e,f] > N[f,e] and N[g,h] < N[h,g].

N[e,f] > N[f,e] and N[g,h] > N[h,g] and N[e,f] > N[g,h].

N[e,f] > N[f,e] and N[g,h] > N[h,g] and N[e,f] = N[g,h] and N[f,e] < N[h,g].
N[e,f] < N[f,e] and N[g,h] < N[h,g] and N[f,e] < N[h,g].

N[e,f] < N[f,e] and N[g,h] < N[h,g] and N[f,e] = N[h,g] and N[e,f] > N[g,h].

ok~ E

Example 4 (losing votes):

When the strength of the link ef is measured by losing votes, then its
strength is measured primarily by its opposition N[f,e].

(N[e,f],N[f.e]) >10s (N[g,h],N[h,q]) if and only if at
least one of the following conditions is satisfied:

N[e,f] > N[f,e] and N[g,h] < N[h,d].

N[e,f] > NJ[f,e] and N[g,h] < N[h,g].

N[e,f] > N[f,e] and N[g,h] > N[h,g] and N[f,e] < N[h,g].

Nle,f] > N[f,e] and N[g,h] > N[h,g] and N[f,e] = N[h,g] and N[e,f] > N[g,h].
N[e,f] < N[f,e] and N[g,h] < N[h,g] and N[e,f] > N[g,h].

N[e,f] < N[f,e] and N[g,h] < N[h,g] and N[e,f] = N[g,h] and N[f,e] < N[h,g].

o~ E
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The most intuitive definitions for the strength of a link are its margin and
its ratio. However, we only presume that > is a strict weak order on Ny x N.

For some proofs, we have to make additional presumptions for >p. We
will state explicitly when and where we take use of additional presumptions.
Typical additional presumptions for >y are:

(2.1.1) (positive responsiveness)

Y (X1,%2),(Y1,Y2) € No x Np:
((X1>Y1AX<Y2) V(X122 Y1 AX2<Y2)) = (X1,X2) >p (Y1,Y2)-

(2.1.2) (reversal symmetry)

Y (X1,%2),(Y1,Y2) € No x Np:
(X1,%2) >b (Y1,Y2) = (Y2.¥1) >b (X2,X1).

(2.1.3) (homogeneity)

\v (Xl,Xz),(yl,yg) e NgxNy VvV Cy,6 e N:
(C1°X1,C1°X2) >p (C1-Y1,C1-Y2) = (C2-X1,C2-X2) >p (C2+Y1,C2"Y2).

The presumption, that the strength of the link ef depends only on N[e,f]
and N[f,e], guarantees (1) that the proposed method satisfies anonymity and
neutrality, (2) that adding a ballot, on which all alternatives are ranked
equally, cannot change the result of the elections, and (3) that the proposed
method is a C2 Condorcet social choice function (CSCF) according to
Fishburn’s (1977) terminology.

Presumption (2.1.1) says that, when the support of a link increases and its
opposition doesn’t increase or when its opposition decreases and its support
doesn’t decrease, then the strength of this link increases. So presumption
(2.1.1) says that the strength of a link responds to a change of its support or
its opposition in the correct manner. Presumption (2.1.1) guarantees that the
proposed method satisfies resolvability (section 4.2), Pareto (section 4.3), and
monotonicity (section 4.5). When each voter v € V casts a linear order >, on
A, then all definitions for >p, that satisfy presumption (2.1.1), are identical.

Presumption (2.1.2) says that, the stronger the link (x;,x,) gets, the weaker
the opposite link (X,,X;) gets. Presumption (2.1.2) basically says that, when
the individual ballots >, are reversed for all voters v € V, then also the order
of the links (x1,X2) >p (Y1,Y2) is reversed.

Homogeneity means that the result depends only on the proportion of
ballots of each type, not on their absolute numbers. Presumption (2.1.3)
guarantees that the proposed method satisfies homogeneity.

> margin, > ratio» >win, @Nd >0 €aCh satisfy (2.1.1) — (2.1.3).

10
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Corollary (2.1.4):

If >p satisfies presumption (2.1.2), then all ties have equivalent strengths.
In short:

(2.1.4) v %y € No: (%,X) =5 (Y.y).

Proof of corollary (2.1.4):

Suppose (x,X) >p (y,y) for some x,y € No. Then with (2.1.2), we get
(y,y) >p (x,x). But this is a contradiction to the presumption (x,x) >p (y,y) and
to the presumption that >p is a strict weak order. O

Corollary (2.1.5):

If >p satisfies presumptions (2.1.1) and (2.1.2), then (i) every pairwise
victory is stronger than every pairwise tie and (ii) every pairwise tie is
stronger than every pairwise defeat. In short:

(2.1.5) (majority)

Y (X1,%2),(Y1,Y2) € No x N:
((X1>XAY1<Y2) V(X1 > X2 AY1<Y2)) = (X1,X2) >p (Y1.Y2).

Proof of corollary (2.1.5):

Suppose (X1,X2) € Ng x Ny with X; > x; is a victory.

Suppose (y1,¥2) € Ng x Ng with y; =y, is a tie.

Suppose (21,22) € Ng x Ny with z; <7, is a defeat.

With (2.1.1), we get: (X1,X2) >p (X2,X2).

With (2.1.4), we get: (X2,X2) =p (Y1,Y2)-

With (2.1.4), we get: (y1,Y2) ~p (21,21).

With (2.1.1), we get: (z1,21) >b (21,22).

Therefore, we get: (X1,X2) >p (X2,X2) =p (Y1.Y2) =o (21,21) >p (21,22).

Thus, we get (2.1.5). o

Suppose & # M < Ny x Ny is finite and non-empty. Then “maxpM”, the
set of maximum elements of M, and “minpM?”, the set of minimum elements
of M, are defined as follows: (B1,B2) € maxpM if and only if (1) (B1,B2) € M

and (2) (B1,B2) zp (81,02) V (81,02) € M. (y1,y2) € minpM if and only if
(1) (v1,y2) € Mand (2) (y1,Y2) =p (81,02) V (81,02) € M.

We write “(B1,B2) : = maxpM” and “(y1,y2) : = minpM” for “(B1,B) is an

arbitrarily chosen element of maxp A and “(y1,y2) is an arbitrarily chosen
element of minp M”.

11



Markus Schulze, “The Schulze Method of VVoting”

2.2. Basic Definitions

In this section, the Schulze method is defined. Concrete examples can be
found in section 3.

Basic idea of the Schulze method is that the strength of the indirect
comparison “alternative a vs. alternative b” is the strength of the strongest
path a = ¢(1),...,c(n) = b from alternative a € A to alternative b € A\ {a} and
that the strength of a path is the strength (N[c(i),c(i+1)],N[c(i+1),c(i)]) of its
weakest link c(i),c(i+1).

The Schulze method is defined as follows:

A path from alternative x € A to alternative y e A\ {x} is a sequence of
alternatives c(1),...,c(n) € A with the following properties:

1 X =c(1).

2 y =c(n).

3. neNwith2<n<oo,

4 Foralli=1,..,(n-1): c(i+1) € A\ {c(i)}.

The strength of the path c(1),...,c(n) is
minp { (N[c(i),c(i+1)].N[c(i+1),c()]) | i = 1,....(n-1) }.

In other words: The strength of a path is the strength of its weakest link.

When a path ¢(1),...,c(n) has the strength (z1,z,) € Np x Ny, then the
critical links of this path are the links with (N[c(i),c(i+1)],N[c(i+1),c(i)])
=p (21,22).

Pp[a,b] : = maxp { minp { (N[c(i),c(i+1)],N[c(i+1),c(D]) | i = 1,...,(n-1) }
| ¢(1),...,c(n) is a path from alternative a to alternative b }.

In other words: Pp[a,b] € Ny x Ny is the strength of the strongest path
from alternative a € A to alternative b € A\ {a}.

(2.2.1) The binary relation O on A is defined as follows:
ab € O: < Ppla,b] >p Pp[b,a].

(2.2.2) S:={acA|VbeA\{a} bag O} is the set of
potential winners.

When there is only one potential winner S = {a}, then this alternative is a
unique winner.

When Ppl[a,b] >p Pp[b,a], then we say “alternative a disqualifies
alternative b” or “alternative a dominates alternative b”.

12
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As the link ab is already a path from alternative a to alternative b of
strength (N[a,b],N[b,a]), we get

(2.2.3) Vv a,b € A: Pp[a,b] =p (N[a,b],N[b,a]).

With (2.2.1) and (2.2.3), we get

(2.2.4) (N[a,b],N[b,a]) >p Pp[b,a] = ab € O.

Furthermore, we get

(2.2.5) Y a,b,c € A: minp { Pp[a,b], Pp[b,c] } =p Po[a,c].

Otherwise, if minp { Pp[a,b], Pp[b,c] } was strictly larger than Pp[a,c],
then this would be a contradiction to the definition of Pp[a,c] since there
would be a path from alternative a to alternative ¢ via alternative b with a
strength of more than Pp[a,c].

Furthermore, we get

(2.2.6) Vv a,b € A: Pp[a,b] =p maxp { (N[a,c],N[c,a]) |c € A\{a} }.

(2.2.7) Vv a,b € A: Pp[a,b] =p maxp { (N[c,b],N[b,c]) | c € A\ {b} }.

The asymmetry of O follows directly from the asymmetry of >p. The
irreflexivity of O follows directly from the irreflexivity of >p. Furthermore,

in section 4.1, we will see that the binary relation O is transitive. This
guarantees that there is always at least one potential winner.

Suppose & #B < A. Then we get

(2.2.8) VaeBVb¢B: Pp[ab] =p maxp { (N[c,d],N[d,c])|c e Bandd ¢ B }.

13
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2.3. Implementation
23.1. Partl

In section 2.3.1, we explain how to calculate (1) the strict partial order O
on A and (2) the set & # S < A of potential winners, as defined in section 2.2.

The strength Pp[i,j] of the strongest path from alternative i € A to
alternative j € A\ {i} can be calculated with the Floyd-Warshall (Floyd,
1962; Warshall, 1962) algorithm. The runtime to calculate the strengths of
all strongest paths is O(C”3), where C is the number of alternatives in A.

Input:  NI[i,j] € N is the number of voters who strictly prefer alternative
i € Ato alternative j € A\ {i}.

Output: Pp[i,j] € Ny x N is the strength of the strongest path from
alternative i € A to alternative j € A\ {i}.

pred[i,j] € A\ {j} is the predecessor of alternative j in the strongest
path from alternative i € A to alternative j € A\ {i}.

O is the binary relation as defined in (2.2.1).
“winner[i] = true” ifand only if i € S.

Stage 1 (initialization):

[

fori:=1toC
begin
forj:=1t0C
begin
if (i#])then
begin
Poli,j] : = (N[i,jL,N[.i)
pred[i,j] : =i
end
end
end

PO OWoo~NOooTkwWN

el

14
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Stage 2 (calculation of the strengths of the strongest paths):

12 | fori:=1to C

13 | begin

14 forj:=1t0C

15 begin

16 if (i#]) then

17 begin

18 fork:=1to C

19 begin

20 if (1#k) then

21 begin

22 if (j#k) then

23 begin

24 if (Pp[j,k] <o minp { Pp[j,i], Pol[i,k] } ) then
25 begin

26 Pol[j.K] : = minp { Pplj,i], Poli,k] }
27 if (pred[j,k] # pred[i,k] ) then
28 begin

29 pred[j,k] : = pred[i,k]

30 end

31 end

32 end

33 end

34 end

35 end

36 end

37 | end

Stage 3 (calculation of the binary relation O and the set of potential winners):

38 | fori:=1toC

39 | begin

40 winner[i] : = true

41 forj:=1toC

42 begin

43 if (1#])then

44 begin

45 if ( Pp[j,i] >p Poli,j]) then
46 begin

47 jieO

48 winner[i] : = false
49 end

50 else

51 begin

52 jie O

53 end

54 end

55 end

56 | end

15
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(o) It cannot be stressed frequently enough that the order of the indices in
the triple-loop of the Floyd-Warshall algorithm is not irrelevant. When i is
the index of the outer loop of the triple-loop of the Floyd-Warshall algorithm,
then the clause (line 24) must be “ if ( Pp[j,k] <o minp { Ppl[j,i], Po[i,k] }) .
Otherwise, it is not guaranteed that a single pass through the triple-loop of
the Floyd-Warshall algorithm is sufficient to find the strongest paths.

(B) With the predecessor matrix pred[i,j], we can recursively determine
the strongest paths. Suppose we want to determine the strongest path
c(1),...,c(n) from alternative a € A to alternative b € A\ {a}. Then we start
with

n:=1

d1):=b
We repeat

n:=n+1

d(n) : = pred[a,d(n-1)]

until we get d(n) = a for some n e N. The strongest path c(1),...,c(n) from
alternative a to alternative b is then given by d(n),...,d(1).

(y) The runtime to calculate the pairwise matrix is O(N-(C"2)). The
runtime of the Floyd-Warshall algorithm, as defined in this section, is
O(C"3). Therefore, the total runtime to calculate the binary relation O, as
defined in (2.2.1), and the set S, as defined in (2.2.2), is O(N-(C"2) + C"3).

16
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2.3.2. Part 2

In section 2.3.2, we explain how to check whether a concrete alternative
m € Ais a potential winner.

Sometimes, we don’t want to calculate all potential winners. We only
want to check for a concrete alternative m whether it is a potential winner.
In this case, we don’t have to calculate the strengths Ppl[i,j] of the strongest
paths from every alternative i € A to every other alternative j € A\ {i}. Itis
sufficient to calculate the strengths of the strongest paths from alternative m
to every other alternative i € A\ {m} and the strengths of the strongest paths
from every other alternative i € A\ {m} to alternative m. This can be done
with the Dijkstra (1959) algorithm in a runtime O(C"2).

Input:  NIi,j] € Ny is the number of voters who strictly prefer alternative
i € Atoalternative j € A\ {i}.

m e A is that alternative for which we want to check whether it is a
potential winner.

Output: Pp[m,i] € Ny x Ny is the strength of the strongest path from
alternative m to alternative i € A\ {m}.

Ppol[iim] € Ny x Ny is the strength of the strongest path from
alternative i € A\ {m} to alternative m.

“winner = true” if and only if m is a potential winner.

17
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Stage 1 (initialization):

1in:=1
2 | if(m=1)then

3 | begin

4 n:=2

5] end

Stage 2 (calculation of the strengths of the strongest paths from alternative m
to every other alternative i € A\ {m}):

fori:=1toC
begin
if (i#m)then
9 begin
10 Pp[m,i] : = (N[m,i],N[i,m])
11 marked[i] : = false
12 end
13 | end
14 | marked[m] : = true
15 |fori:=1to(C-1)
16 | begin
17 (Xl,Xg) L= PD[m,n]
18 ji=n
19 fork:=1toC
20 begin
21 if ( marked[K] = false ) then
22 begin
23 if (((X1,X2) <p Ppo[m,k]) or ( marked[j] = true ) ) then
24 begin
25 (Xl,Xg) .= PD[m,k]
26 j:=Kk
27 end
28 end
29 end
30 marked[j] : = true
31 fork:=1to C

00N

32 begin

33 if ( marked[K] = false ) then

34 begin

35 if (Pp[m,k] <p minp { Po[m,j], (N[j,K],N[k,j]) } ) then
36 begin

37 Pp[m,k] : = minp { Pp[m,j], (N[j,K],N[k,j1) }

38 end

39 end

40 end

41 | end

18
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Stage 3 (calculation of the strengths of the strongest paths from every other
alternative i € A\ {m} to alternative m):

42 | fori:=1toC

43 | begin

44 if (i#m)then

45 begin

46 Pp[i,m] : = (N[i,m],N[m,i])
47 marked[i] : = false

48 end

49 | end

50 | marked[m] : = true

51 | fori:=1to(C-1)

52 | begin

53 (Xl,Xg) L= PD[n,m]

54 ji=n

55 fork:=1toC

56 begin

57 if ( marked[K] = false ) then
58 begin

59 if (((X1,X2) <p Pplk,m]) or ( marked[j] = true ) ) then
60 begin

61 (X1,%2) : = Pp[k,m]

62 j:=k

63 end

64 end

65 end

66 marked[j] : = true

67 fork:=1to C

68 begin

69 if ( marked[K] = false ) then

70 begin

71 if (Pp[k,m] <p minp { Pp[j,m], (N[k,j]1,N[j,K]) } ) then
72 begin

73 Pp[k,m] : = minp { Pp[j,m], (N[k,jT.N[j.K]) }

74 end

75 end

76 end

77 | end

Stage 4 (checking whether alternative m is a potential winner):

78 | winner : = true

79 |fori:=1toC

80 | begin

81 if (i#m)then

82 begin

83 if ( Pp[i,m] >p Pp[m,i]) then
84 begin

85 winner : = false
86 end

87 end

88 | end
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2.3.3. Part 3

Suppose that we have already guessed or determined that the statement
“ab e O ” is true. In section 2.3.3, we will show how we can then
demonstrate the correctness of this statement.

To demonstrate that the statement “ ab € O ” is true, we have to present a
(x1,x2) € Ng x Ng such that (1) there is a path from alternative a to alternative
b with a strength of at least (x3,x,) and (2) there is no path from alternative b
to alternative a with a strength of at least (x;,Xy).

To demonstrate that there is a path from alternative a to alternative b with
a strength of at least (x;,x), we can simply use the sequence c(1),...,c(n) as
calculated in remark B of section 2.3.1 or the path as determined in section
2.3.2 or a path found by guesswork. The runtime to verify that a given
sequence is really a path from alternative a to alternative b with a strength of
at least (x1,x2) is O(C).

When there is no path from alternative b to alternative a with a strength
of at least (xq,x2), we can demonstrate this by presenting two sets B; and B,
such that

(2.3.3.1) b € B;.

(2.3.3.2) a € B,.

(2.3.34) BinB,=0.

(2.3.3.5) Vie By Vje By (N[ijI,N[iT) <o (X1,X2)-

When B; and B, are given, then the runtime to verify that (2.3.3.1) —
(2.3.3.5) are satisfied is O(C"2).
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(o) Suppose that we have not calculated the strengths of the strongest
paths from every alternative i € A to every other alternative j € A\ {i}, but
that we have found a path from alternative a to alternative b of strength
(X1,X2) € Ng x Ny and want to check whether this path is sufficient so that
alternative a disqualifies alternative b (i.e. ab € O).

Then we can calculate the sets B; and B,, for example, with the “breadth-
first search” (BFS) algorithm as follows. The runtime to calculate the sets B;
and B, is O(C"2).

Input:  NI[i,j] € N is the number of voters who strictly prefer alternative
i € Ato alternative j € A\ {i}.

(X1,%2) € Ng x N,
a,b € A are those alternatives for which we want to show that there
is no path from alternative b to alternative a with a strength of at

least (Xg,X2).

Output: the sets B; and B, as described above

1| B;:={b}
2 m:=1
3larrayl[1]:=Db
4 | while(m>0)do
5 | begin
6 n:=m
7 fork:=1tom
8 begin
9 array2 [K] : = arrayl [K]
10 end
11 m:=0
12 fori:=1ton
13 begin
14 j i =array2 [i]
15 fork:=1toC
16 begin
17 if (k ¢ By) then
18 begin
19 if ((N[D,KINLK,j]) b (X1,%2) ) then
20 begin
21 B::=Bju {k}
22 m:=m+1
23 arrayl [m]: =k
24 end
25 end
26 end
27 end
28 | end
29 B,:= A\ B,

When, at some point, alternative a is added to the set By, then this means
that a path from alternative a to alternative b of strength (x;,x;) is not
sufficient so that alternative a disqualifies alternative b.
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(B) Suppose (1) that we have calculated the strengths of the strongest
paths from every alternative i € A to every other alternative j € A\ {i}, as
described in section 2.3.1, and (2) that the statement “ ab € O  is true. Then
B, and B, are given as follows:

Bi:= ({b}u{ceA|Pp[b,c]=zp(X1,X2) }).
B,:=A\B;.
3. Examples
Throughout section 3, we presume that >p satisfies (2.1.1) so that,

when each voter v e V casts a linear order >, on A, all definitions for >p are
identical.

3.1. Example 1
Example 1:
8 voters a>yc>,d>,b

2 voters b>ya>,d>,cC
4 voters c>yd>,b>,a
4 voters d>,b>,a>,c
3 voters d>,c>,b>,a

N[i,j] € No is the number of voters who strictly prefer alternative i € A to
alternative j € A\ {i}. In example 1, the pairwise matrix N looks as follows:

N[*a] | N[*b] N[*.c] N[*,d]
N[a,*] 8 14 10
N[b,*] 13 6 2
N[c,*] 7 15 12
N[d,*] 11 19 9

The following digraph illustrates the graph theoretic interpretation of
pairwise elections. If N[i,j] > N[j,i], then there is a link from vertex i to

vertex j of strength (N[i,j],N[j,i]):

0.

A

—~
-
-

A

(13,8)

®

A

(147)] | (192) |

,10)

(156) |
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The above digraph can be used to determine the strengths of the strongest
paths. In the following, “x, (Z1,Z;), y” means “(N[x,yI,N[y,X]) = (Z1,Z2)”.

a—b:

b— a:

b—c:

b—d:

There are 2 paths from alternative a to alternative b.

Path 1: a, (14,7), ¢, (15,6), b
with a strength of minp { (14,7), (15,6) } ~p (14,7).

Path 2: a, (14,7), ¢, (12,9),d, (19,2), b
with a strength of minp { (14,7), (12,9), (19,2) } ~p (12,9).

So the strength of the strongest path from alternative a to alternative b
is maxp { (14,7), (12,9) } =~p (14,7).

. There is only one path from alternative a to alternative c.

Path 1: a, (14,7), c with a strength of (14,7).

: There is only one path from alternative a to alternative d.

Path 1. a, (14,7), ¢, (12,9),d
with a strength of minp { (14,7), (12,9) } =~p (12,9).

There is only one path from alternative b to alternative a.
Path 1: b, (13,8), a with a strength of (13,8).
There is only one path from alternative b to alternative c.

Path 1: b, (13,8), a, (14,7),c
with a strength of minp { (13,8), (14,7) } =~p (13,8).

There is only one path from alternative b to alternative d.

Path 1: b, (13,8), a, (14,7), c, (12,9),d
with a strength of minp { (13,8), (14,7), (12,9) } ~p (12,9).

. There are 3 paths from alternative c to alternative a.

Path 1: ¢, (15,6), b, (13,8), a
with a strength of minp { (15,6), (13,8) } =~p (13,8).

Path 2: ¢, (12,9),d, (11,10), a
with a strength of minp { (12,9), (11,10) } ~p (11,10).

Path 3: ¢, (12,9),d, (19,2), b, (13,8), a
with a strength of minp { (12,9), (19,2), (13,8) } ~p (12,9).

So the strength of the strongest path from alternative c to alternative a
is maxp { (13,8), (11,10), (12,9) } ~p (13,8).
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c—b:

d—a;

d—b:

d—c:

There are 2 paths from alternative c to alternative b.
Path 1: c, (15,6), b with a strength of (15,6).

Path 2: ¢, (12,9),d, (19,2), b
with a strength of minp { (12,9), (19,2) } ~p (12,9).

So the strength of the strongest path from alternative c to alternative b
is maxp { (15,6), (12,9) } ~p (15,6).

. There is only one path from alternative c to alternative d.

Path 1: c, (12,9), d with a strength of (12,9).
There are 2 paths from alternative d to alternative a.
Path 1: d, (11,10), a with a strength of (11,10).

Path 2: d, (19,2), b, (13,8), a
with a strength of minp { (19,2), (13,8) } ~p (13,8).

So the strength of the strongest path from alternative d to alternative a
is maxp { (11,10), (13,8) } =~p (13,8).

There are 2 paths from alternative d to alternative b.

Path 1: d, (11,10), a, (14,7), c, (15,6), b
with a strength of minp { (11,10), (14,7), (15,6) } =p (11,10).

Path 2: d, (19,2), b with a strength of (19,2).

So the strength of the strongest path from alternative d to alternative b
is maxp { (11,10), (19,2) } ~p (19,2).

There are 2 paths from alternative d to alternative c.

Path 1: d, (11,10), a, (14,7),c
with a strength of minp { (11,10), (14,7) } ~p (11,10).

Path 2: d, (19,2), b, (13,8), a, (14,7), ¢
with a strength of minp { (19,2), (13,8), (14,7) } =p (13,8).

So the strength of the strongest path from alternative d to alternative ¢
is maxp { (11,10), (13,8) } ~p (13,8).
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The following table lists the strongest paths. The

strongest paths are underlined:

critical links of the

..toa ..tob ..toc ..tod
a, (14.7), c, a, (14,7), c,
froma ... (15.6), b a (147, c (12.9). d
b, (13,8), a,
fromb ... | b, (13.8), a b'(%%)'ca’ (14.7). c,
v (12,9),d
c, (15,6), b,
fromec ... (13.8) a c, (15,6), b c, (12,9),d
d, (19,2), b,
d, (19,2), b,
fromd ... d, (19,2), b (13,8), a,
(138).a (14,7), ¢
The strengths of the strongest paths are:
Po[*,a] Po[*,b] Po[*,c] Pp[*,d]
Ppla,*] (14,7) (14,7) (12,9)
PD[bv*] (1318) T (13!8) (1219)
Pplc,*] (13,8) (15,6) (12,9)
PD[dv*] (1318) (1912) (13!8) T

Xy € O if and only if Pp[x,y] >p Pp[y,x]. So in example 1, we get
O ={ab, ac, cb, da, db, dc}.

x e Sifandonly if yx ¢ O for all y e A\ {x}. So in example 1, we get
S ={d}.

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the
C - (C-1) - (C-2) = 24 steps of the Floyd-Warshall algorithm.

We start with

e Pp[i,j]:=(N[i,jI,N[},i]) foralli e Aand j € A\ {i}.

o npred[ij]:=iforallieAandje A\{i}.
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Poli.kl | Poli,i] | Polik] | pred[jk] | pred[ik] result
: 619 | wo |0an | b | 4 | Pobdsmmn e o0
2 a[oo] @ | wo [aam| v | o | Popdimm i g0 oo
3 (15,6) | (7,14) | (8,13) c a
4 (12,9) | (7,14) | (10,12) c a
5 (19,2) | (11,20) | (8,13) d a
o a]o]e| @ [mm | aan | o | e | Piedmmmrn o o010
7 (14,7) | (8,13) | (13,8) a a
8 (10,11) | (8,13) | (10,11) a a
o |o]e[e am [0 [wm | ¢ b | Pmmemionaigeion
10 (12,9) | (15,6) | (10,11) c a
u o]o]of 0o woa [wa | o | | P en o o
12 (11,10) | (19,2) (13,8) a a Pp[d,c] is updated from (11,10) to (13,8)
o [ofao| @9 [ 0en [0 | o | o | PEwes e wn
i [c[aof oo | aen [oag | 0 | o | Pl onoinn oo
15 (13,8) | (13,8) | (13,8) b b
o oo o aom | wn [wo | o | o | Popaimmon o oo
17 (13.8) | (13.8) | (13,8) b b
18 (19,2) | (13.8) | (15,6) d c
19 (14,7) | (12,9) | (19,2 c d
20 (14,7) | (12,9) | (13,8) a a
21 (13,8) | (12,9 | (13,8) b b
22 (13.8) | (12,9) | (13,8) a a
23 (13,8) | (12,9) | (13,8) b b
24 (156) | (12,9) | (19,2) c d
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3.2. Example 2

The following example is by Hoag and Hallett (1926, page 502), where
the authors use this example to illustrate their proposal (Hallett count).

Example 2:

3 voters
2 voters
2 voters
2 voters

a>,b>,c>,d
c>yb>,d>a
d>ya>,b>,C
d>yb>,c> a

The pairwise matrix N looks as follows:

N[*a] | N[*b] N[*.c] N[*,d]
N[a,*] 5 5 3
N[b,*] 4 7 5
N[C,*] 4 2 5
N[d,*] 6 4 4

The corresponding digraph looks as follows:

(H)—Ear—()

(58] [G4]

€] 2]

@@
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The strongest paths are:

..toa ..tob ..toc ..tod
a, (54), b,
froma ... a, (54),b a, (54),c (5.4), d
fromb ... b, (5.4), d, --- b, (7,2), c b, (54),d
(6,3), a
¢, (54),4d,
fromc ... C’(%%)’ad’ (6,3), a, c, (54),d
e (54),b
d, (6,3), a, d, (6,3), a,
fromd..| d,(6,3),a (5.4), b (5.4), c

Therefore, the strengths of the strongest paths are:

Po[*.a] | Po[*b] | Po[*c] | Po[*d]
Pola,*] --- (5.4) (5.4) (5.4)
Po[b,*] (5.4) (7.2) (5.4)
Polc,*] (5.4) (5.4) - (5.4)
Pold,*] (6.3) (5.4) (5.4) -

We get O = {bc, da} and S = {b, d}.

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the

C - (C-1) - (C-2) = 24 steps of the Floyd-Warshall algorithm.

We start with

pred[i,j]:=iforalli e Aandj e A\{i}.
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PoliKl | Polii] | Polik] |pred[ik] | pred[ik] result
1 72) | 45 | (54 b a
2 G4) | @45 | (36) b a
oo en [0 [en |« | @ | Pemmmmmmmenoes
4 G4) | @5 | (36) c a
o [olo[o[ @ [ oo | o | & | Plemmmemmmesues
I IR
7 G4 | 54 | (7.2 a b
o [o]a[o] 00 |0 oo | 2 | b | Pledumemmmeoues
9 45 | @5 | (@5) c b
10 G4) | 45 | (54) c b
11 ©63) | (54) | (45) d b
12 G4 | 54 | (7.2 a b
13 G4) | (54) | (45 a a
14 G4) | 54 | (54 b c
15 @5 | 72 | @5) b c
16 G4 | 72 | (54 b c
17 ©3) | (54) | (45) d c
18 G4) | (54) | (45 a a
19 G4) | 54 | (54 a a
20 G4) | G4 | (54) a a
o [ofo]a] @9 | 60 |60 | v | o | PEdrmmsmmesoes
22 72 | G4 | (54 b a
o [o]e[o| @0 [ o0 | oo | o | o | Pharmmneanes
24 45 | 64 | (54 a a Po[c.b] is updated from (4,5) to (5,4)
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3.3. Example 3

Example 3:
12 voters a>,b>,c>,d
6 voters a>,d>,b>,c
9 voters b>,c>,d>,a
15 voters c>yd>ya>yb
21 voters d>,b>,a>,cC

The pairwise matrix N looks as follows:

N[*a] | N[*b] N[*.c] N[*,d]
N[a,*] 33 39 18
N[b,*] 30 48 21
N[C,*] 24 15 36
N[d,*] 45 42 27

The corresponding digraph looks as follows:

:
@\ /O

(39,24)] | (42,21)]

(45,18)

(48,15)
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The strongest paths are:

..toa ..tob ..toc ..tod
a, (39,24), c,
froma ... (36,27), d, | a, (39,24), ¢ | & §369é274)'(j°’
(42,21), b (36.27),
b, (48,15), c,
fromb ... | (36.27), d, b, (48.15), ¢ | é‘égélf)ac’
(45,18), a (36.27),
¢, (36.27), d, | ¢, (36,27), d,
fromc ... (4518). a (42.21), b c, (36,27),d
fromd ... | d, (45,18), a | d, (42,21), b d’( 4‘;2125 'Cb'

Therefore, the strengths of the strongest paths are:

Po[*.a] | Po[*b] | Po[*c] | Po[*d]
Pola,*] (36,27) | (39,24) | (36,27)
Polb*] | (36.27) (48,15) | (36.27)
Polc*] | (36,:27) | (36.27) (36,27)
Pold,*] | (45,18) | (42,21) | (42,21) -

We get O = {ac, bc, da, db, dc} and S = {d}.

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the

C - (C-1) - (C-2) = 24 steps of the Floyd-Warshall algorithm.

We start with

pred[i,j]:=iforalli e Aandj € A\ {i}.
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Poli,k] | Polj,il | Poli,K] |pred[j,K] | pred[i,k] result
1 (48,15) | (30,33) | (39,24) b a
2 (21,42) | (30,33) | (18,45) b a
Pp[c,b] is updated from (15,48) to (24,39);
3 (15,48) | (24.39) | (33,30) ¢ a pred[c,b] is updated from c to a
4 (36,27) | (24,39) | (18,45) c a
5 (42,21) | (45,18) | (33,30) d a
Pp[d,c] is updated from (27,36) to (39,24);
6 (27,36) | (45,18) | (39,24) d a pred[d,c] is updated from d to a
7 (39,24) | (33,30) | (48,15) a b
Pp[a,d] is updated from (18,45) to (21,42);
8 (18,45) | (33.30) | (21.42) a b pred[a,d] is updated fromato b
9 (24,39) | (24,39) | (30,33) c b
10 (36,27) | (24,39) | (21,42) c b
11 (45,18) | (42,21) | (30,33) d b
Pp[d,c] is updated from (39,24) to (42,21);
12 (39,24) | (42.21) | (48,15) a b pred[d,c] is updated fromato b
13 (33,30) | (39,24) | (24,39) a a
Pp[a,d] is updated from (21,42) to (36,27);
14 (21,42) | (39.24) | (36,27) b ¢ pred[a,d] is updated from b to ¢
15 (30,33) | (48,15) | (24,39) b c
Pp[b,d] is updated from (21,42) to (36,27);
16 (21,42) | (48,15) | (36,27) b ¢ pred[b,d] is updated from b to ¢
17 (45,18) | (42,21) | (24,39) d c
18 (42,21) | (42,21) | (24,39) d a
Pp[a,b] is updated from (33,30) to (36,27);
19 (33,30) | (36,27) | (42.21) a d pred[a,b] is updated from a to d
20 (39,24) | (36,27) | (42,21) a b
Pp[b,a] is updated from (30,33) to (36,27);
21 (30,33) | (36.27) | (45.18) b d pred[b,a] is updated from b to d
22 (48,15) | (36,27) | (42,21) b b
Pp[c,a] is updated from (24,39) to (36,27);
23 (24,39) | (36,27) | (45.18) ¢ d pred[c,a] is updated from c to d
Pp[c,b] is updated from (24,39) to (36,27);
24 (24,39) | (36,27) | (42,21) a d pred[c,b] is updated from a to d
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3.4. Example 4

Example 4:
6 voters a>,c>,d>b
1 voter b>ya>,d>,cC
3 voters c>yb>,d>, a
3 voters d>b>,a>,c
2 voters d>,c>,b>,a

The pairwise matrix N looks as follows:

N[*a] | N[*b] N[*.c] N[*,d]
N[a,*] 6 10 7
N[b,*] 9 4 4
N[C,*] 5 11 9
N[d,*] 8 11 6

The corresponding digraph looks as follows:

(:)—eo —(v)

A A

»

1 (105) | | (114) |

@7 (114)

() — o —(°)

33



Markus Schulze, “The Schulze Method of VVoting”

The strongest paths are:

..toa ..tob ..toc ..tod
froma ... a,(%%’),bc, a, (10,5), c a &%)S)d €,
fromb..| b, (9,6), a b(l(og’% ?’ b((lgogl)(;f?é:a
fromc ... C'&lﬁf)éb’ c,(114),b c, (9,6),d
fromd .. [ & ((gllgf)éb' d, (11.4), b d'(((lg,t)ég)a’éb’

Therefore, the strengths of the strongest paths are:

Po[*a]l | Po[*b] | Po[*.c] | Po[*d]
Pola,*] - (10,5) (10,5) (9,6)
Polb*] | (9.6) (9.6) (9.6)
Polc] | (9.6) (11.4) (9.6)
Pp[d,*] (9,6) (11,9 (9,6)
We get O = {ab, ac, cb, db} and S = {a, d}.

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the

C - (C-1) - (C-2) = 24 steps of the Floyd-Warshall algorithm.

We start with

pred[i,j]:=iforalli e Aandj € A\ {i}.
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Poli.kl | Poli,il | Poli,K] |pred[jk] | pred[ik] result
Pp[b,c] is updated from (4,11) to (9,6);
1 (4.11) (9.6) (10.5) b a ° pred[b,c] is updated from b to a
Pp[b,d] is updated from (4,11) to (7,8);
2 (4.11) (9.6) (7.8) b a ° pred[b,d] is updated from b to a
3 (11,4) (5,10) (6,9) c a
4 (9,6) (5,10) (7,8) c a
5 (11,4) (8,7) (6,9) d a
Pp[d,c] is updated from (6,9) to (8,7);
6 (6.9) ®7) (10.5) d a Dpred[d,c] is updated from d to a
7 (10,5) (6,9) (9,6) a a
8 (7,8) (6,9) (7,8) a a
Pp[c,a] is updated from (5,10) to (9,6);
9 (5.10) (11.4) (9.6) ¢ b pred[c,a] is updated from cto b
10 (9,6) (11,4) (7,8) c a
Pp[d,a] is updated from (8,7) to (9,6);
1 ®.7) (11.4) (9.6) d b Dpred[d,a] is updated fromdto b
12 (8,7) (11,4) (9,6) a a Pp[d,c] is updated from (8,7) to (9,6)
Pp[a,b] is updated from (6,9) to (10,5);
13 (6.9) (10.5) (11.4) a ¢ ° pred[a,b] is updated fromatoc
Pp[a,d] is updated from (7,8) to (9,6);
14 (7.8) (10.5) (9.6) a ¢ pred[a,d] is updated from ato c
15 (9,6) (9,6) (9,6) b b
Pp[b,d] is updated from (7,8) to (9,6);
16 (7.8) (9.6) (9.6) a ¢ Dpred[b,d] is updated fromato c
17 (9,6) (9,6) (9,6) b b
18 (11,4) (9,6) (11,4) d c
19 (10,5) (9,6) (11,4) c d
20 (10,5) (9,6) (9,6) a a
21 (9,6) (9,6) (9,6) b b
22 (9,6) (9,6) (9,6) a a
23 (9,6) (9,6) (9,6) b b
24 (11,4) (9,6) (11,4) c d
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3.5. Example 5

The basic idea for the following example has been proposed by Cretney

(1998).

3.5.1. Situation #1

Example 5 (old):

3 voters
3 voters
4 voters
1 voter

4 voters
2 voters
2 voters

a>,d>,e>b>c>,f
b>,f>e>c>d> a
c>ya>yb>,f>,d>, e
d>yb>,c>e>f>a
d>,e>,f>a>b>c
g>yCc>/b>d>f>a
f>ya>yc>,d>,b>, e

The pairwise matrix N looks as follows:

N0|d[* a] Nold[* b] N0|d[* C] N0|d[* d] N0|d[* e] Nold[* f]
N°[a,*] 13 9 9 9 7
N[b,*] 6 11 9 10 13
NY[c,*] 10 8 11 7 10
N°[d,*] 10 10 8 14 10
N°[e,*] 10 9 12 5 10
NOY[f *] 12 6 9 9 9

The corresponding digraph looks as follows:

@ (i35)
AN

(s

y

(@)
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The strongest paths are:

..toa ..tob ..toc .tod ..toe .. tof
a, (13,6), b,
a, (13,6), b
a, (13,6), b, (11,8),c, |a, (13,6), b,
froma ... a, (13,6), b 11.8). ¢ 11112 , (é 118) d 13.6). f
(11.8), (14,5), e
b, (11,8), c,
fromb . b’g‘?’?’ﬁ);' —  |b @y c|® ill—lsﬁ & | (18).d, | b, (136) 1
(2.1, ! (14,5), e
c, (10,9), a, c, (11,8), d,
fromc.. |c, (10,9),a (13.6), b c,(11,8),d (14.5), ¢ c, (10,9), f
d, (14,5), e,
fromd ... |d, (10,9),a | d, (10,9),b (12.7), c d, (14,5),e | d, (10,9), f
frome... | e (10,9), a e,élg_oé%),ba, e, (12,7),c e,:§112é7:),dc, e, (10,9), f
(12 a | (12D 8 | PR ey
fromf.. | f,(12,7),a | "’ " (13,6), b, DU (11,8), c,
(13,6), b (11,8), c,
(11,8),c 118) d (11,8), d,
(118). (14,5), e

We get 0% = {ab, ac, ad, ae, af, bc, bd, be, bf, dc, de, ec, fc, fd, fe} and

S = {a}.

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the
C - (C-1) - (C-2) = 120 steps of the Floyd-Warshall algorithm.

We start with

Poli,jl : = (N[i,jl,N[j,i]) foralli € Aand j € A\ {i}.

pred[i,j]:=iforalli e Aandj € A\ {i}.
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Poli,kl | Polj,il | Poli,k] | pred[j,k] | pred[ik] result
1 (11,8) (6,13) (9,10) b a
2 (9,10) (6,13) (9,10) b a
3 (10,9) (6,13) (9,10) b a
4 (13,6) (6,13) (7,12) b a
Pp[c,b] is updated from (8,11) to (10,9);
S (811) (10.9) (13.6) ¢ a pred[c,b] is updated from c to a
6 (11,8) (10,9) (9,10) c a
Pp[c,e] is updated from (7,12) to (9,10);
/ (7.12) (10.9) (9.10) ¢ a pred[c,e] is updated from c to a
8 (120,9) (10,9) (7,12) c a
9 (10,9) (10,9) (13,6) d a
Pp[d,c] is updated from (8,11) to (9,10);
10 @11 | (109 | (410) [ d a ored[d,c] is updated from d to a
11 (14,5) | (10,9 (9,10) d a
12 (10,9) (10,9) (7,12) d a
Pp[e,b] is updated from (9,10) to (10,9);
13 (9.10) (109) (13.6) € a pred[e,b] is updated from e to a
14 12,7) (10,9) (9,10) e a
Pp[e,d] is updated from (5,14) to (9,10);
15 (5.14) (10.9) (9.10) € a pred[e,d] is updated from e to a
16 (10,9) | (10,9 (7,12) e a
Pp[f,b] is updated from (6,13) to (12,7);
17 (6.13) (12.7) (13.6) f a pred[f,b] is updated from f to a
18 9,10) | (12,7) (9,10) f a
19 (9,10) (12,7) (9,10) f a
20 (9,10) | (12,7) (9,10) f a
Pp[a,c] is updated from (9,10) to (11,8);
21 (9.10) (13.6) (11.8) a b pred[a,c] is updated fromato b
22 (9,10) | (13,6) (9,10) a b
Pp[a,e] is updated from (9,10) to (10,9);
23 (9.10) (13.6) (10.9) a b pred[a,e] is updated fromato b
Pp[a,f] is updated from (7,12) to (13,6);
24 (7.12) (13.6) (13.6) a b pred[a,f] is updated froma to b
25 (10,9) (10,9) (6,13) c b
26 (11,8) | (10,9 (9,10) c b
Pp[c,e] is updated from (9,10) to (10,9);
27 (9.10) (10.9) (10.9) a b pred[c,e] is updated fromato b
28 (10,9) | (10,9 (13,6) c b
29 (10,9) (10,9) (6,13) d b
Pp[d,c] is updated from (9,10) to (10,9);
30 (9.10) (109) (11.8) a b pred[d,c] is updated fromato b
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Poli.kl | Poli,il | Poli,k] | pred[jk] | pred[ik] result
31 (14,5) | (10,9 | (10,9 d b
32 (10,9) | (10,9) | (13,6) d b
33 (10,9) | (10,9) | (6,13) e b
34 (12,7) | (10,9 | (11,8) e b
35 (9,20) | (10,9) | (9,10) a b
36 (10,9) | (10,9) | (13,6) e b
37 12,7) | (12,7) | (6,13) f b
o o[ r[e] 0 | @n [wa | ¢ | o | P o0 0o
39 (9,20) | (12,7) | (9,10) f b
0 10 | c2n | | | b | e flom 0
41 (136) | (11,8) | (10,9) a a
o |ela[o @ | wo o | @ | o | ETemmen e
43 (10,9) | (11,8) | (10,9) b b
44 (13,6) | (11,8) | (10,9 b c
s 619 | @o |9 | b | o | PEAEmEGto e o0
o |e[o]o] o @ | we | o | | PRaswem a0
47 (10,9) | (11,8) | (10,9 b b
48 (136) | (11,8) | (10,9) b c
49 (10,9) | (10,9 | (10,9 d c
50 (10,9) | (10,9 | (10,9 d a
51 (145) | (10,9) | (10,9) d b
52 (10,9) | (10,9 | (10,9 d c
53 (10,9) | (12,7) | (10,9 e c
54 (10,9) | (12,7) | (10,9) a a
5 el oo 0 | @n [wo | o | o | PedEmo oo
56 (10,9) | (12,7) | (10,9 e c
57 (12,7) | (11,8) | (10,9) f c
58 (12,7) | (11,8) | (10,9) a a
o e[ r[o o | @o [wa | ¢ | o | POt 00000
60 (10,9) | (11,8) | (10,9 b b
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Poli.kl | Poliil | PoliKl |pred[ik] |predik] result
61 (136) | (11.8) | (10,9) a d
62 (11.8) | (11.8) | (10,9) b b
oo |l ale| woo | wa s [ v | o | PETewETmdoae @
64 (136) | (11.8) | (10,9) b d
65 (109) | (11.8) | (10,9) c d
66 (11.8) | (11.8) | (10,9) b b
2 000 EEEIRE] R e
68 (136) | (11.8) | (10,9) b d
69 (109) | (11.8) | (10,9) c d
70 (109) | (11,8) | (10,9) a d
A LR EIETIEE] R e
72 (109) | (11.8) | (10,9) c d
73 (109) | (11.8) | (10,9) e d
74 (109) | (11.8) | (10,9) a d
75 127 | (11.8) | (10,9) e b
76 (109) | (11.8) | (10,9) e d
77 127) | (118) | (10,9) f d
78 127 | (11.8) | (10,9) a d
79 118 | (11.8) | (10,9 b b
o [0 [o| w0 | a0 [aen | o | o | P e,
81 (136) | (11.8) | (10,9) a a
82 118) | (11.8) | (12,7) b e
83 118 | (11.8) | (118) c c
84 (136) | (11.8) | (10,9) b e
85 (109) | (11,8) | (10,9) c e
86 118 | (11.8) | (12,7) b e
87 118 | (11.8) | (118) c c
88 (136) | (11.8) | (10,9) b e
89 (109) | (11.8) | (10,9) c e
90 (109) | (11.8) | (10,9) a a
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Poli.kl | Poliil | PoliKl |pred[ik] |predik] result
91 118 | (11.8) | (118) c c
92 (109) | (11.8) | (10,9) c e
93 (109) | (145) | (10,9) d e
94 (109) | (145) | (10,9) d a
o [olafc| won | wn | wn | v |+ | PEAEmE G
96 (109) | (145) | (10,9 d e
97 127 | (11.8) | (10,9) f e
98 127) | (118) | (10,9) a a
99 118) | (11.8) | (12,7) b e
100 118 | (11.8) | (11,8) c c
101 (136) | (136) | (12,7) a a
102 (11.8) | (136) | (11,8) b b
103 118) | (136) | (11,8) c c
104 (11.8) | (136) | (11,8) d d
s [ 1o ca9 | cao [(aan | & | o | PdemEs o
106 (11.8) | (136) | (11,8) b b
107 118) | (136) | (11,8) c c
108 (11,8) | (136) | (11,8) d d
109 (109) | (109) | (12,7) c f
110 (109) | (109) | (12,7) a a
111 118 | (109) | (11,8) c c
112 (11.8) | (109) | (11,8) d d
113 (109) | (109) | (12,7) d f
114 (109) | (109) | (12,7) d a
115 127) | (109) | (11,8) e b
116 145) | (109) | (11,8) d d
117 (109) | (109) | (12,7) e f
118 (109) | (109) | (12,7) a a
119 127) | (109) | (11,8) e b
120 (118) | (109) | (11,8) c c
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3.5.2. Situation #2

When 2 a >, e >, f >, ¢ >, b >, d ballots are added, then the pairwise
matrix N"" looks as follows:

NneW[*,a] NneW[*’ b] NneW[*’C] NneW[*,d] NneW[*’e] NI’]EW[*,ﬂ
N"[a*| - 15 11 11 11 9
N""[b,*] 6 11 11 10 13
N"™[c,*] 10 10 13 7 10
N"™[d*]| 10 10 8 14 10
N"e*]| 10 11 14 7 12
N[ *] 12 8 11 11 9

The corresponding digraph looks as follows:

Q)
-

1(11,10)] | (13,8) |

@ 11,100 H—» @
(11,10) (14,7)
v \ 4

O
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The strongest paths are:

..toa ..tob ..toc ..tod ..toe .. tof
from a a, (15,6),b |a, (11,10), c|a, (11,10),d|a, (11,10), e a,:(15,6:), b,
e 1 1 1 ] 1 1 ] b} 1 1 13 8 , f
fromb . b’:1%39':8);' —|b, (12.10), ¢|b, (12,20), d| (112 71)0 éd’ b, (13,8), f
c, (13,8), d,
c, (13,8), d,
fromec ... A (12,9), f, c, (13,8), d , (13.8), d, (14,7), e,
Az9.a | 156
d, (14,7), ¢,
d, (14,7), e,
fromd ... (12,9), f, (12.9). 1. | d. (14.7), e, -—- d, (14,7), e d, (14,7),fe,
12.9) a 12.9), a, 14,7), c (12,9),
(12.9), (15,6), b
e, (12,9), f
e, (129),f, | 7 T e, (14,7),c,
frome ... (12,9) a ((11%,%)), %, e, (14,7), c 13.8). d e (129),f
f, (12,9), a, f, (12,9), a,
fromf... | f (12,9), a (15.6), b f, (11,10), c | f, (11,10), d 11,10) e

We get 0™" = {ab, af, bf, ca, cb, cf, da, db, dc, de, df, ea, eb, ec, ef} and

S™ = {d}.

Thusthe 2a >, e >, f>, c>, b>,d voters change the unique winner from
alternative a to alternative d.

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the
C - (C-1) - (C-2) = 120 steps of the Floyd-Warshall algorithm.

We start with

Po[i,jl : = (N[i,j],N[j,i]) for all i € Aand j € A\ {i}.

pred[i,j]:=iforalli e Aandj € A\ {i}.
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Poli.kl | Poli,il | Poli,k] | pred[jk] | pred[ik] result
1 (11,10) | (6,15) | (11,10) b a
2 (11,20) | (6,15) | (11,10) b a
3 (10,11) | (6,15) | (11,10) b a
4 (13,8) | (6,15) | (9,12) b a
5 (10,11) | (10,11) | (15,6) c a
6 (13,8) | (10,11) | (11,10) c a
2 0o I I N e
8 (10,11) | (10,11) | (9,12) c a
9 (10,11) | (10,11) | (15,6) d a
10 19 |ow |0 | ¢ | | e fomdtoa
11 (14,7) | (10,11) | (11,10) d a
12 (10,11) | (10,11) | (9,12) d a
13 (11,10) | (10,11) | (15,6) e a
14 (14,7) | (10,11) | (11,10) e a
5 oo o] 029 [ oo (e | ¢ | o | PoREmE Gl tom)
16 (12,9) | (10,11) | (9,12) e a
o o[t o e [wa [wo | | o | PSR enows
18 (11,10) | (12,9) | (11,10) f a
19 (11,10) | (12,9) | (11,10) f a
o o]t o[ e [ o [an| |« | PR oo
21 (11,10) | (15,6) | (11,10) a b
22 (11,10) | (15,6) | (11,10) a b
23 (11,10) | (15,6) | (10,11) a b
2 o) | 5o | 0am | o | b | PETCmEin 6D
25 (10,11) | (10,11) | (6,15) c b
26 (13,8) | (10,11) | (11,10) c b
27 (10,11) | (10,11) | (10,11) a b
28 (10,11) | (10,11) | (13,8) c b
29 (10,11) | (10,11) | (6,15) d b
30 (10,11) | (10,11) | (11,10) a b
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Polikl | Poliil | Polikl | pred[ikl | predfik] result
31 a7 | o1y | @oay | d b
32 (10,11) | (10,11) | (138) | d b
33 (10,11) | (11,10) | (6.15) | e b
34 a7 | au10 | a1 | e b
35 (1011) | (11.10) | (1110) | a b PD[e";]r;[“e'[l)g]atiidugg::eélg’;n?;"télbl'10);
36 (129) | a110) | 138 | e b
37 129 | 129 | 615 | f b
38 (11,10) | (129) | aL10) | ¥ b
39 1110) | (129) | @L10) | b
40 (11,10) | (129) | @011 | a b
4 56 | a110) | @01y | a ¢
42 11,10) | 11,10) | (138) | a c
43 (11,10) | (11,10) | (2011) | a a
44 138) | a110) | @oay | b ¢
46 (11,10) | (11,10) | (138) | b ¢
47 (10,11) | (11,10) | (10,11) | b a
48 38) | a110) | @oay | b ¢
49 (10,11) | 1011) | (2011) | d ¢
50 (10,11) | (20,11) | (20,11) | d ¢
51 47 | o1y | @oty | d a
52 (10,11) | 1011) | (2011) | d ¢
53 (1011) | (147) | 2011) | e ¢
54 (11,10) | (147) | @011) | e ¢
o e[ o [won | 0 | |
56 129 | a7 | o1y | e ¢
57 129) | ar10) | ao1y | ¢
58 129 | @110 | @o1y | a ¢
59 (11,10) | 11,10) | (138) | f c
60 (11,10) | (11,10) | (2011) | a a
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Poli.kl | Poliil | PoliKl |pred[ik] |predik] result
61 (156) | (11,10) | (1011) | a d
62 (11,10) | (11,10) | (10,11) | a a
63 (11,10) | (11,10) | (14,7) a d
64 (138) | (11,10) | (1011) [ b d
65 (10,11) | (11,10) | (1011) | ¢ d
66 (11,10) | (11,10) | (1011) | b a
2 00E I R e v
68 (138) | (11,10) | (1011) [ b d
69 (10,11) | (138) | (1011) [ ¢ d
70 (10,11) | (138) | (1011) [ ¢ d
nolelefwan | wa [an | o | o | PSR GOme b
72 (10,11) | (138) | (1011) [ ¢ d
73 (10,11) | (138) | (1011) | e d
74 (11,10) | (138) | (1011) [ e d
75 (147) | (138) | (1011) | e a
76 (129) | (138) | (1011) | e d
77 (129) | (11,10) | (1011) | f d
78 (129) | (11,10) | (1011) | a d
79 (11,10) | (11,10) | (10,11) | f a
80 (11,10) | (11,10) | (14,7) a d
81 (156) | (11,10) | (11,10) | a e
82 (11,10) | (11,10) | (14,7) a e
83 (11,10) | (11,10) | (13,8) a c
84 (13.8) | (11,10) | (12,9) b e
85 (10,11) | (11,10) | (1011) [ ¢ e
86 (11,10) | (11,10) | (14,7) b e
87 (11,10) | (11,10) | (13,8) b c
88 (138) | (11,10) | (12,9) b e
89 (10,11) | (138) | (1011) [ ¢ e
o0 o[ [ o] woan | wa @i | o | o |PEHEmEE G Lo
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Poli.kl | Poli,il | Poli,k] | pred[jk] | pred[ik] result
91 (13,8) | (13,8) | (13,8) c c
A BN ) I O e
93 (10,11) | (14,7) | (10,11) d e
o e oo comm | wan [ | o | o |PEHEwEan com o
o5 [o]af | aom [[aan [aen | o | o | Plec o o 0047
oo [o]af | aom [[aan [z | o | o | P st o s 2o
97 (12,9) | (11,10) | (10,11) f e
98 (12,9) | (11,10) | (11,10) a e
99 (11,10) | (11,10) | (14,7) f e
100 (11,10) | (11,10) | (13,8) f c
101 (156) | (13,8) | (12,9) a a
102 (11,10) | (13,8) | (11,10) a f
103 (11,10) | (13,8) | (11,10) a f
104 (11,10) | (13,8) | (11,10) a a
a5 1o o[ con | wom |gz9 | o | v | PPAEwmn o 062
106 (11,10) | (13,8) | (11,10) b f
107 (11,10) | (13,8) | (11,10) b f
108 (11,10) | (13,8) | (11,10) d a
s 1o o[ aon | oo [ a9 | o | v | PEdEwn o 06
w1 [opo[mm | 029 | wo | o | 4 | ELEmesnGlo 00z
111 (13,8) | (12,9) | (11,10) c f
112 (13,8) | (12,9) | (11,10) d a
s [ 1o a aoay [ e [z | o [ | Pt coim e 020
we [t [o]o| o | 029 [ wo | o | 4 | Pweminan 00
115 (14,7) | (12,9) | (11,10) e f
116 (14,7) | (12,9) | (11,10) d a
wr {1 ]e o[ aon | wew |aag | o | v | Piedmmen o 062
s 1o o[ @10 | o |az9 | o | o | PERlmmaston @0 0020
119 (14,7) | (12,9) | (11,10) e f
120 (13,8) | (12,9) | (11,10) c f
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3.6. Example 6

When i x, j for every v € V, then we say “alternative i Pareto-dominates
alternative j”.

Suppose an alternative j is added such that:
(3.6.1) JieAMvveViiz!™j.
Vv

new
v h

(3.6.2) VgheA¥vveVig-"hog>

Then independence from Pareto-dominated alternatives (IPDA) says that
we must get:

(3.6.3) v g,h € A% gh € 0 < gh € O™".

(3.6.4) VgeAM geSMegeS™

The following example demonstrates that the Schulze method, as defined
in section 2.2, does not satisfy IPDA. This example has been proposed by

Eppley (2003).

3.6.1. Situation #1

Example 6 (old):
3 voters a>yb>,d>,c
5 voters a>,d>,b>,cC
1 voter a>y,d>,c>,b
2 voters b>ya>,d>,cC
2 voters b>,d>,c> a
4 voters c>ya>yb>,d
6 voters c>yb>,a>,d
2 voters d>,b>,c>a
5 voters d>,c>ya>/b

The pairwise matrix N° looks as follows:

N°'d[*,a] NOId[*,b] NOId[*,C] NOId[*,d]
N°[a,*] 18 11 21
N°[b,*] 12 14 17
N°[c,*] 19 16 10
N°[d,*] 9 13 20
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The corresponding digraph looks as follows:

O

*

(1911 | [(17.13)]

@@ (16,14)

The strongest paths are:

..toa ..tob ..toc ..tod
a, (21,9), d,
froma... a, (18,12), b (20.10), ¢ a, (21,9),d
b, (17,13), d,
fromb ... | (20,10).c, D ALS)d g g
(19,11), a (20.10). ¢
¢, (19,11), 4, ¢, (19,11), a,
fromc...| ¢, (19,11), a (18.12), b (21,9), d
d, (20,10), c,
fromd... | 2020 &1 (19.11) 3, | d, (2010), ¢
(19.11), (18,12), b

We get O™ = {ab, ac, ad, cb, db, dc} and S° = {a}.

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the
C - (C-1) - (C=2) = 24 steps of the Floyd-Warshall algorithm.

We start with

e Pp[i,j]: = (N[i,jIN[j,i]) forall i € Aand j € A\ {i}.

e predfij]:=iforallie Aandj e A\{i}.
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Poli,kl | Polj,il | Poli,k] | pred[j,k] | pred[ik] result
1 (14,16) | (12,18) | (11,19) b a
2 (17,13) | (12,18) | (21,9 b a
Pp[c,b] is updated from (16,14) to (18,12);
3 (16.14) | (19.11) | (18.12) ¢ a pred[c,b] is updated from c to a
Pp[c,d] is updated from (10,20) to (19,11);
4 (1020) | (19,11) | (21.9) ¢ a pred[c,d] is updated from c to a
5 (13,17) | (9,21) | (18,12) d a
6 (20,10) | (9,21) | (11,19) d a
Pp[a,c] is updated from (11,19) to (14,16);
! (11.19) | (18.12) | (14.16) a b pred[a,c] is updated fromato b
8 (21,9) | (18,12) | (17,13) a b
9 (19,11) | (18,12) | (12,18) c b
10 (19,11) | (18,12) | (17,13) a b
Pp[d,a] is updated from (9,21) to (12,18);
1 (9.21) | (13.17) | (12.18) d b pred[d,a] is updated from d to b
12 (20,10) | (13,17) | (14,16) d b
13 (18,12) | (14,16) | (18,12) a a
14 (21,9) | (14,16) | (19,11) a a
Pp[b,a] is updated from (12,18) to (14,16);
15 (12.18) | (14,16) | (19.11) b ¢ pred[b,a] is updated from b to c
16 (17,13) | (14,16) | (19,11) b a
Pp[d,a] is updated from (12,18) to (19,11);
17 (12.18) | (20.10) | (19.11) b ¢ pred[d,a] is updated from b toc
Pp[d,b] is updated from (13,17) to (18,12);
18 (13.17) | (20.10) | (18.12) d a pred[d,b] is updated from d to a
19 (18,12) | (21,9) | (18,12) a a
Pp[a,c] is updated from (14,16) to (20,10);
20 (14,16) | (219) | (20.10) b d pred[a,c] is updated from b to d
21 (14,16) | (17,13) | (19,11) c c Pp[b,a] is updated from (14,16) to (17,13)
Pp[b,c] is updated from (14,16) to (17,13);
22 (14.16) | (17.13) | (20.10) b d pred[b,c] is updated from b to d
23 (19,11) | (19,11) | (29,11) c c
24 (18,12) | (19,11) | (18,12) a a
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3.6.2. Situation #2

Suppose alternative e is added as follows:

Example 6 (new):
3 voters a>yb>,d>,ex>,c
5 voters a>,d>,e>,b>,c
1 voter a>,d>,e>,c>/b
2 voters b>,a>d>e>,cC
2 voters b>d>ye>,c>,a
4 voters c>ya>yb>,d>, e
6 voters c>yb>a>d>e
2 voters d>,b>,e>,c> a
5 voters d>,e>,c>ya>,b

The newly added alternative e is Pareto-dominated by alternative d,
because d >, e for every voter v € V. Therefore, (3.6.1) — (3.6.4) say that the
result should not change.

The pairwise matrix N"" looks as follows:

N™"[*,a] | N™[*,b] | N"™"[*.c] | N™[*,d] | N™"[*e]
N“[a*]| - 18 11 21 21
N*[o,<]| 12 14 17 19
N*“[c*]| 19 16 10 10
N™"[d,*] 9 13 20 30
N""[e,*] 9 11 20 0

The corresponding digraph looks as follows:

()—wz—(b)

™ e
[(19.11)]  [(19,11)]
[(21,9) ] [(17,13)]

©O) (R

\ (20,10) / >®
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The strongest paths are:

..toa ..tob ..toc ..tod ..toe
from a a,(1812),b | 2L 1 o519 4 | a (219) e
y ) [20 10)' C I ] ] )
b, (19,11), e,
b, (19.11), e, b, (19,11), e, | (20,10), c,
fromb...| (20,10),c, b, (19,11), e
PP (20,10), ¢ | (19,11), a,
(19.11), (21,9), d
¢, (19,11), 4, ¢, (19,11), a, | ¢, (19,11), 4,
fromc... | c, (19,11), a 18.12). b (21.9), d (21.9). ¢
d, (20,10), c,
fromd .. | & %oi110),a ¢ | (19,11). a, | d, (20,10), c d, (30,0), e
(19.11), (18,12), b
e, (20,10), c, e, (20,10), c,
frome ... | & 5290i110),ac, (19,11),a, | e, (20,10),c | (19,11), a,
(19.11), (18,12), b (21,9), d

We get 0™" = {ac, ad, ae, ba, bc, bd,

be, dc, de, ec} and S™" = {b}.

Example 6 shows that the Schulze method, as defined in section 2.2,
violates IPDA, as defined in (3.6.1) — (3.6.4). For example, we have
(1) ab € O°® and ba € 0™", (2) cb € 0 and bc € 0™, (3) db € 0™ and
bd € O™, (4)a e S™anda ¢ 8™, and (5) b ¢ S™and b € S™".

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the
C - (C-1) - (C-2) = 60 steps of the Floyd-Warshall algorithm.

We start with

Poli,jl : = (N[i,jl,N[j,i]) foralli e Aand j € A\ {i}.

pred[i,j]:=iforalli e Aandj € A\ {i}.
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Poli.kl | Poli,il | Poli,k] | pred[jk] | pred[ik] result
1 (14,16) | (12,18) | (11,19) b a
2 (17,13) | (12,18) | (21,9) b a
3 (19,11) | (12,18) | (21,9) b a
¢ aoad | Gsay | 812 | o | & | " e fometoa
: woan [aoa | @) | o | a [Pl smston (02 6 e
: wan [ o | @) | o | a [Pl (020 do)
7 (13,17) | (9,21) | (18,12) d a
8 (20,10) | (9,21) | (11,19) d a
9 (30,0) | (9,21) | (21,9) d a
10 (11,19) | (9,21) | (18,12) e a
11 (20,10) | (9,21) | (11,19) e a
2 [ale[o 0o [ om [@o | ¢ | o | PEdEmesTnGme o
i oo o[ @ @0 [ | @ | v | PRIsm o9 o)
14 (21,9) | (18,12) | (17,13) a b
15 (21,9) | (18,12) | (19,11) a b
16 (19,11) | (18,12) | (12,18) c b
17 (19,11) | (18,12) | (17,13) a b
18 (19,11) | (18,12) | (19,11) a b
) ORE A I ) N B e oo A
20 (20,10) | (13,17) | (14,16) d b
21 (30,0) | (13,17) | (19,11) d b
2 [o]e[of 00 [ wo [oam | o | o | e n 2 el
23 (20,10) | (11,19) | (14,16) e b
o [o[o]o] o0 [aio [wan | o | o | PEIEmErn ez
25 (18,12) | (14,16) | (18,12) a a
26 (21,9) | (14,16) | (19,11) a a
27 (21,9) | (14,16) | (19,11) a a
20 [c[0]af 0200 | 0aa0 [woan [ b [ o |PoPamessvondain et
29 (17,13) | (14,16) | (19,11) b a
30 (19,11) | (24,16) | (19,11) b a
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Poli,kl | Polj,il | Poli,k] | pred[j,k] | pred[ik] result

Pp[d,a] is updated from (12,18) to (19,11);

31 (12,18) | (20,10) | (19.11) b ¢ pred[d,a] is updated from b to c
Pp[d,b] is updated from (13,17) to (18,12);

32 (13.17) | (20,10) | (18,12) d a pred[d,b] is updated from d to a

33 (30,0) | (20,10) | (19,11) d a
Pp[e,a] is updated from (11,19) to (19,11);

34 (11,19) | (20,10) | (19.11) b ¢ pred[e,a] is updated from b to ¢
Pp[e,b] is updated from (11,19) to (18,12);

3 (11,19) | (20,10) | (18,12) € a pred[e,b] is updated from e to a
Pp[e,d] is updated from (11,19) to (19,11);

36 (11,19) | (20,10) | (19.11) b a pred[e,d] is updated from b to a

37 (18,12) | (21,9) | (18,12) a a
Pp[a,c] is updated from (14,16) to (20,10);

38 (14.16) | (219) | (2010) | b d ored[a,c] is updated from b to d

39 (21,9 | (219 (30,0) a d

40 (14,16) | (17,13) | (19,11) c c Pp[b,a] is updated from (14,16) to (17,13)
Pp[b,c] is updated from (14,16) to (17,13);

41 (14,16) | (17.13) | (20.10) b d pred[b,c] is updated from b to d

42 (19,11) | (17,23) | (30,0) b d

43 (19,11) | (19,11) | (19,11) c c

44 (18,12) | (19,11) | (18,12) a a

45 (19,11) | (19,11) | (30,0) a d

46 (19,11) | (19,11) | (19,11) c c

47 (18,12) | (19,11) | (18,12) a a

48 (20,10) | (19,11) | (20,10) e d

49 (18,12) | (21,9) | (18,12) a a

50 (20,10) | (21,9) | (20,10) d e

51 (21,9) (21,9) | (19,11) a a

52 (17,13) | (29,11) | (19,11) c c Pp[b,a] is updated from (17,13) to (19,11)
Pp[b,c] is updated from (17,13) to (19,11);

53 (17.13) | (19.11) | (20.10) d € pred[b,c] is updated fromd to e
Pp[b,d] is updated from (17,13) to (19,11);

>4 (17.13) | (19.11) | (19.11) b a pred[b,d] is updated from b to a

55 (19,11) | (19,11) | (29,11) c c

56 (18,12) | (19,11) | (18,12) a a

57 (19,11) | (19,11) | (29,11) a a

58 (19,11) | (30,0) | (19,11) c c

59 (18,12) | (30,0) | (18,12) a a

60 (20,10) | (30,0) | (20,10) d e
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3.7. Example 7

3.7.1. Situation #1

Example 7 (old):

5 voters
2 voters
4 voters
2 voters

a>yc>,d>,b
b>,c>,d>,a
b>yd>,a>,c
c>yd>ya>yb

The pairwise matrix N> looks as follows:

NP> a] | N[ b] | NO9[*,c] | NO[*d]
N°[a,*] 7 9 5
N[b,*] 6 6 6
NY[c,*] 4 7 9
N°[d, *] 8 7 4

The corresponding digraph looks as follows:

(7.6)

[04)]

@5

5]

©

(94
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The strongest paths are:

..toa ..tob ..toc ..tod
a, (9.4), c,
froma ... a, (7,6),b a, (94),c 9.4). d
fromb..| b, (6,7) a b, (6,7), c b, (6,7), d
Ci (914)5 da —
fromc ... 8.5) a c, (7,6), b c,(94),d
fromd..| d (85),a | d,(7.6),b d’(é&f))'ca'

We get O™ = {ab, ac, ad, cb, cd, db} and S° = {a}.

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the
C - (C-1) - (C-2) = 24 steps of the Floyd-Warshall algorithm.

We start with

e Pp[i,j]:=(N[i,jI,N[j,i]) foralli e Aand j € A\ {i}.

e pred[ij]:=iforallieAandje A\{i}.
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PoliKl | Polii] | Polik] |pred[ik] | pred[ik] result
1 ©7) | 67) | (94 b a
2 ©7) | 67) | (58) b a
3 76) | 49) | (7.6 c a
4 ©4) | 49 | 8) c a
5 (76) | 85 | (7.6) d a
o [olo[o[ @ [on [on [ o | & | Pogmmemmaces
7 ©4) | 76) | (67 a b
o [ofo[o] o0 |00 | @n | & | v | bdEmeinco e,
o [sc[a w0 |00 | @ | © | o | Medemmsinasuen
10 ©4) | (76) | (67) c b
11 85 | (76) | (67) d b
12 85 | (76) | (67) a b
13 76) | ©4) | (76 a c
w[ela[o[ o0 [om [on | v | o | bammmneoes
15 ©7) | 67) | (67 b b
16 ©7) | 67) | (4 b c
17 85 | 85 | (67) d b
18 76) | 85 | (76 d c
19 76) | ©4) | (7.6) a d
20 ©4) | ©4) | (85) a a
21 ©7) | 67) | (85) b d
22 ©7) | 67) | (85 b a
o [o]e[o o0 [0 [ o0 | v | o | Pharmeinenoes
24 76) | ©4) | (76 c d
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3.7.2. Situation #2

Suppose alternative e is added as follows:

Example 7 (new):

5 voters
2 voters
4 voters
2 voters

a>ye>,c>,d>,b
b>,c>d>,a> e
b>d>ya>,e>,cC
c>yd>ya>,b>,e

The newly added alternative e is Pareto-dominated by alternative a,
because a >, e for every voter v € V. Therefore, (3.6.1) — (3.6.4) say that the

result should not change.

The pairwise matrix N"" looks as follows:

N™¥[*,a] | N"™"[*b] | N™[*,c] | N™"[*d] | N™[*e]
N*[a*]| - 7 9 5 13
N""[b,*] 6 6 6 8
N""[c,*] 4 7 9 4
N™"[d,*] 8 7 4 8
N""[e,*] 0 5 9 5

The corresponding digraph looks as follows:

04)

(85).
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The strongest paths are:

..toa ..tob ..toc ..tod ..toe
froma ... a, (7,6),b a, (94),c a’:é%‘lﬂ: ,dc, a, (13,0), e
b, (8,5), e,
(9.4), ¢, b, 85) e | 0 &3)e
fromb ... (9.4). d 9.4), ¢ (9.9, c, b, (8,5), e
85) a e (94). d
Cl (914)5 dl —_— Cl (914)1 d!
fromec ... 8.5) a c, (7,6), b c,(94),d 8.5), e
fromd..| d,(85),a | d,(7.6), b d’(é&f))'ca' d, (8,5), e
e, (9,4), c,
e, (9,4), c, e, (9.4), c,
frome ... (%,Lé), i, (7.6), b e, (94),c 9,4), d

We get 0™ = {ac, ad, ae, ba, bc, bd, be, cd, ec, ed} and S™" = {b}.

Example 7 shows that the Schulze method, as defined in section 2.2,
violates IPDA, as defined in (3.6.1) — (3.6.4). For example, we have
(1) ab € 0°® and ba € 0™", (2) cb € 0@ and bc € 0™, (3) db € 0™ and
bd € O™, (4)a e S™anda ¢ 8™, and (5) b ¢ S™and b € S™".

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the
C - (C-1) - (C-2) = 60 steps of the Floyd-Warshall algorithm.

We start with

Poli,jl : = (N[i,jl,N[j,i]) foralli e Aand j € A\ {i}.

pred[i,j]:=iforalli e Aandj € A\ {i}.
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PoliKl | Polii] | Polikl |predfj] | pred[iK] result
1 ©7) | 67 | (94 b a
2 ©7) | 67 | (58 b a
3 85 | 67 | (130) b a
4 76) | 49 | (7.6 c a
5 ©4) | 49 | (58 c a
6 49 | 49 | (130) c a
7 76) | 85 | (7.6) d a
o [olo[e| @ |09 [ oo | o | « | PEAEmE=mGanEs:
9 @85 | (85 | (130) d a
10 G8) | (013) | (7.6) e a
11 ©4) | (013) | (9.4 e a
12 G8) | (013) | (58 e a
13 ©4) | (76 | (67 a b
1 69 | @0 | 61 | a | b | e uped romatob
15 130) | (7.6) | (85) a b
o [o[c|s| o9 |00 | @n | o | b | Tearmmsmaamnen
17 ©4) | (76 | (67 c b
o [ole[o| w0 | 0o | @9 | ¢ | v | PedEmmmGaes
19 @85 | (76 | (67 d b
20 85 | (76) | (67 a b
21 85 | (7.6) | (85) d b
2 o] e[a] 09 | b0 |0 | o | v | PEIEwEERODLES
23 ©4) | 8 | (67 e b
24 G8) | (58 | (67 e b
25 76) | 94 | (7.6 a c
o [ols[o| o0 | on | w0 | 0 | o | PLdmmmmehoes
27 130) | (94) | (7.6) a b
28 ©7) | 67 | (67 b b
29 ©7) | 67 | (94 b c
30 85 | 67 | (7.6) b b
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Poli.Kl | Poli.il | Polik] |pred[jk]|pred[ik] result
31 @5 | (85 | (67) d b
32 76) | (85 | (7.6 d c
33 @5 | (85 | (7.6) d b
34 (5,8) (9,4) 6,7) b b Pple,a] is updated from (5,8) to (6,7)
5 [ofe[s] @0 |00 [ao |« | o | PEHEmemEaes
5 [c|[e| @0 | @o [@n |+ | o | Pldsmsmencaoes
37 (7,6) (9,4) (7,6) a d
38 04 | 94 | 85) a a
39 (130) | (94 | (85) a d
40 67 | 67 | 85 b d
41 67 | 67 | 85 b a
42 @5 | (67 | (85) b d
o olela| @n [wn [wo | v | o | PEdemmEnees
44 76 | 94 | (7.6 c d
o [o]e[o[ @n [0 |9 | v | o | PLdrmErmcaces
o [o]ela| @n [@n [@o | v | o | Pldsmsenenons
47 (7,6) (9,4) (7,6) c d
48 (9,4) (9,4) (8,5) e a
49 7.6) | (130) | (7.6) a c
50 94) | (130) | (9,4 a e
51 9,4 | (130) | (94 c c
o [o]e[s[ o0 [ o9 [en | v | ¢ | “Edememmenes
5 60 | ©9 | ea | b | e | T icupd rombios
oo [ole[o o0 [ o9 | oa | v | o | hasmenerees
55 @5 | (85 | (85) d d
56 76 | (85 | (7.6 c c
57 94 | 85 | 9,4 c c
58 @5 | (85 | (85) d d
59 76) | (85 | (7.6) d c
60 85 | B85 | (94) a e
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3.8. Example 8

When each voter v € V casts a linear order >, on A, then all definitions
for >p, that satisfy presumption (2.1.1), are equivalent. However, when some
voters cast non-linear orders, then there are many possible definitions for the
strength of a link. The following example illustrates how the different
definitions for the strength of a link can lead to different winners.

Example 8:
6 voters a>,b>,c>,d
8 voters a=,b>,c=d
8 voters a=,c>,b=,d
18 voters a=,Cc>,d>Db
8 voters ax=,c~d>,b
40 voters b>,a=c=d
4 voters c>yb>,d>,a
9 voters c>yd>ya>yb
8 voters c=,d>,a=Db
14 voters d>ya>,b>,c
11 voters d>b>,c>a
4 voters d>,c>ya>/b

The pairwise matrix N looks as follows:

N[*a] | N[*b] | N[*c] | N[*d]
N[a,*] 67 28 40
N[b,*] 55 79 58
N[C,*] 36 59 45
N[d,*] 50 72 29

The corresponding digraph looks as follows:

@\ (67,55) /@

[

A

(36,28)| |(72,58)

(50,40) (79,59)

(S—n—(
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a) margin

We get: (N[b,c],N[c,b]) >margin (N[C,d],N[d,C]) >margin (N[d,b],N[b,d])
> margin (N[a,b],N[b,a]) > margin (N[d,a],N[a,d]) >margin (N[c,a],N[a,c]).

The pairwise victories are:

bc with a margin of N[b,c] — N[c,b] = 20
cd with a margin of N[c,d] — N[d,c] = 16

db with a margin of N[d,b] — N[b,d] = 14
ab with a margin of N[a,b] — N[b,a] = 12
da with a margin of N[d,a] — N[a,d] = 10

ca with a margin of N[c,a] — N[a,c] =8

The strongest paths are:

..toa ..tob ..toc ..tod
a, (67.55), b,
froma.. a, (67.,55), b a'(7697559§ ’Cb' (79,59), c,
€| (45,20), d
b, (79,59), ¢,
fromb ... | (45,29),d, b, (1959), ¢ | * {195 &
(50.40), a 45.29),
¢, (45.29), d, | ¢, (45,29), d,
fromc ... (50,40), a (72.58), b c, (45,29),d
d, (72.58), b,
fromd ... | d, (50,40),a | d, (72,58), b (79,59), ¢

We get Onargin = {ab, ac, ad, bc, bd, cd} and Spargin = {a}-

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the

C - (C-1) - (C-2) = 24 steps of the Floyd-Warshall algorithm.

We start with

o Prarginli,jl : = (N[i,jl,N[j,i]) forall i € Aand j € A\ {i}.

o npred[ij]:=iforallieAandje A\{i}.
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Pmar in[jvk] I:)mar in[iri] I:)mar in[irk] pI’Ed[j,k] pl’ed[l,k] reSUIt
9 g g
1 (79,59) | (55,67) | (28,36) b a
Pmargin[p.d] is updated from (58,72) to
2 (58,72) | (55,67) | (40.50) b a (55,67); pred[b,d] is updated from b to a
Pmargin[C,0] is updated from (59,79) to
3 (59.79) | (36.28) | (67.55) ¢ a (36,28); pred[c,b] is updated from c to a
4 (45,29) | (36,28) | (40,50) c a
5 (72,58) | (50,40) | (67,55) d a
Pmargin[d,C] is updated from (29,45) to
6 (29,45) | (50,40) | (28,36) d a (28,36); pred[d,c] is updated from d to a
Pmargin[a,C] is updated from (28,36) to
! (28,36) | (67.95) | (79.59) a b (67,55); pred[a,c] is updated fromato b
8 (40,50) | (67,55) | (55,67) a a
9 (36,28) | (36,28) | (55,67) c b
10 (45,29) | (36,28) | (55,67) c a
11 (50,40) | (72,58) | (55,67) d b
Pmargin[d,C] is updated from (28,36) to
12 (28,36) | (72,58) | (79.59) a b (72,58); pred[d,c] is updated fromato b
13 (67,55) | (67,55) | (36,28) a a
Pmargin[,d] is updated from (40,50) to
14 (40,50) | (67,95) | (4529) a ¢ (67,55); pred[a,d] is updated from a to ¢
Pmargin[b.a] is updated from (55,67) to
15 (55.67) | (79,59) | (36,28) b ¢ (36,28); pred[b,a] is updated from b to ¢
Pmargin[p.d] is updated from (55,67) to
16 (55.67) | (79.59) | (4529) a ¢ (45,29); pred[b,d] is updated from a to ¢
17 (50,40) | (72,58) | (36,28) d c
18 (72,58) | (72,58) | (36,28) d a
19 (67,55) | (67,55) | (72,58) a d
20 (67,55) | (67,55) | (72,58) b b
Pmargin[b.a] is updated from (36,28) to
21 (36,28) | (45,29) | (50.40) ¢ d (50,40); pred[b,a] is updated from ¢ to d
22 (79,59) | (45,29) | (72,58) b b
Pmargin[C,a] is updated from (36,28) to
23 (36,28) | (45,29) | (50,40) ¢ d (50,40); pred[c,a] is updated fromc to d
Pmargin[C,b] is updated from (36,28) to
24 (36,28) | (45,29) | (72,58) a d (72,58); pred[c,b] is updated from a to d
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b) ratio

We get: (N[c,d],N[d,c]) >ratic (N[b,C],N[C,b]) >ratic (N[C,a],N[a,C]) > ratio
(N[d,a],N[a,d]) > ratio (N[d,b],N[b,d]) >ratio (N[a,b],N[b,a]).

The pairwise victories are:

cd with a ratio of N[c,d] / N[d,c] = 1.552
bc with a ratio of N[b,c] / N[c,b] = 1.339
ca with a ratio of N[c,a] / N[a,c] = 1.286
da with a ratio of N[d,a] / N[a,d] = 1.250
db with a ratio of N[d,b] / N[b,d] = 1.241
ab with a ratio of N[a,b] / N[b,a] = 1.218

The strongest paths are:

..toa ..tob ..toc ..tod

a, (67,55), b,

froma.. a, (67.,55), b a'(7697559§ ’Cb' (79,59), c,

e (45,29), d
b, (79,59), c, b, (79,59), c,

fromb ... 36.28), b, (79,59), ¢ (4529). d

c, (45,29), d,
fromc ... | ¢, (36,28), a (72.58), b c, (45,29),d
d, (72,58), b,
fromd ... | d, (50,40),a | d, (72,58), b (79,59), ¢

We get Oraio = {ba, bc, bd, ca, cd, da} and Syaiio = {b}-
Suppose, the strongest paths are calculated with the Floyd-Warshall

algorithm, as defined in section 2.3. Then the following table documents the
C - (C-1) - (C-2) = 24 steps of the Floyd-Warshall algorithm.

We start with
o Praioli,j1 : = (N[i,jI,N[j,i]) forall i e Aand j € A\ {i}.

o pred[ij]:=iforallieAandje A\{i}.
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Pratioli,K] | Pratioli,i] | Pratio[i,K] | pred[j,k] | pred[i,k] result
1 (79,59) | (55,67) | (28,36) b a
2 (58,72) | (55,67) | (40,50) b a
s |afes[ @ wom [wsn | o | o | gmbimmeioneome
4 (45,29) | (36,28) | (40,50) c a
5 (72,58) | (50,40) | (67,55) d a
: eo |0 | @z | 0 | a | el et g
: @0 | 0159 | oaso) | 2 | b | Fukdemtinon
o |o]eo o [ [ | @ | 5 | geldsmeioncon o
9 (36,28) | (67,55) | (55,67) c b
10 (45,29) | (67,55) | (58,72) c b
11 (50,40) | (72,58) | (55,67) d b
2 [o]o]c| @mon [0 [mom | o [ b | Spledsmmrn i
13 (67,55) | (67,55) | (67,55) a a
i [o]aof [ [ | 0 | | Pabdeeirm e
15 [o]o]a| @son [ @0 |om | b | o | b esoye
o [o|o]of @ | os0 [wan| v | o | Pubdemacsn s
17 (50,40) | (72,58) | (36,28) d c
18 (72,58) | (72,58) | (67,55) d a
19 (67,55) | (67,55) | (72,58) a d
20 (67,55) | (67,55) | (72,58) b b
21 (36,28) | (79,59) | (50,40) c d
22 (79,59) | (79,59) | (72,58) b b
23 (36,28) | (45,29) | (50,40) c d
o [o]c[o[ @59 [ wsm [osn | o | | e e
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C) winning votes

We get: (N[b,c],N[c,b]) >win (N[d,b],N[b,d]) >win (N[a,b],N[b,a]) >win
(N[d.a],N[a,d]) >win (N[c,d],N[d,c]) >win (N[c,a],N[a,c])-

The pairwise victories are:

bc with a support of N[b,c] = 79
db with a support of N[d,b] = 72
ab with a support of N[a,b] = 67
da with a support of N[d,a] = 50
cd with a support of N[c,d] = 45
ca with a support of N[c,a] = 36

The strongest paths are:

...toa ..tob ..toc ..tod
a, (67,55), b,
froma.. a, (67.,55), b a'(7697559§ ’Cb' (79,59), c,
99), (45.29), d
b, (79,59), C,
fromb ... | (45.29).d, b, (79,59), ¢ | 51292%9)6&
(50.40), a (45.29),
¢, (45.29). d. | ¢, (45.29), d.
fromec ... (50,40), a (72.58), b c, (45,29),d
d, (72,58), b,
fromd ... | d, (50,40),a | d, (72,58), b (79,59), ¢

We get Oyin = {ab, ac, bc, da, db, dc} and Sy, = {d}.

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the
C - (C-1) - (C-2) = 24 steps of the Floyd-Warshall algorithm.

We start with

e Puinli,j]: = (N[ij,N[j,i]) foralli e Aand j € A\ {i}.

o npred[ij]:=iforallieAandje A\{i}.
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Pwin[jak] Pwin[iyi] Pwin[iyk] DFEd[j,k] prEd[l’k] result
1 (79,59) | (55,67) | (28,36) b a
Puwin[b,d] is updated from (58,72) to
2 (58,72) | (55,67) | (40.50) b a (55,67); pred[b,d] is updated from b to a
Puin[C,b] is updated from (59,79) to
3 (59.79) | (36.28) | (67.55) ¢ a (36,28); pred[c,b] is updated from c to a
4 (45,29) | (36,28) | (40,50) c a
5 (72,58) | (50,40) | (67,55) d a
Puwin[d,c] is updated from (29,45) to
6 (29,45) | (50,40) | (28,36) d a (28,36); pred[d,c] is updated from d to a
Puwin[a,c] is updated from (28,36) to
! (28,36) | (67.95) | (79.59) a b (67,55); pred[a,c] is updated fromato b
8 (40,50) | (67,55) | (55,67) a a
9 (36,28) | (36,28) | (55,67) c b
10 (45,29) | (36,28) | (55,67) c a
11 (50,40) | (72,58) | (55,67) d b
Puwin[d,c] is updated from (28,36) to
12 (28,36) | (72,58) | (79.59) a b (72,58); pred[d,c] is updated fromato b
13 (67,55) | (67,55) | (36,28) a a
Puwin[@,d] is updated from (40,50) to
14 (40,50) | (67,95) | (4529) a ¢ (45,29); pred[a,d] is updated from a to ¢
Puwin[b,a] is updated from (55,67) to
15 (55.67) | (79,59) | (36,28) b ¢ (36,28); pred[b,a] is updated from b to ¢
Puwin[b,d] is updated from (55,67) to
16 (55.67) | (79.59) | (4529) a ¢ (45,29); pred[b,d] is updated froma to ¢
17 (50,40) | (72,58) | (36,28) d c
18 (72,58) | (72,58) | (36,28) d a
19 (67,55) | (45,29) | (72,58) a d
20 (67,55) | (45,29) | (72,58) b b
Puwin[b,a] is updated from (36,28) to
21 (36,28) | (45,29) | (50.40) ¢ d (45,29); pred[b,a] is updated from ¢ to d
22 (79,59) | (45,29) | (72,58) b b
Puin[C,a] is updated from (36,28) to
23 (36,28) | (45,29) | (50,40) ¢ d (45,29); pred[c,a] is updated fromc to d
Puin[C,b] is updated from (36,28) to
24 (36,28) | (45,29) | (72,58) a d (45,29); pred[c,b] is updated from a to d
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d) losing votes

We get: (N[c,a],N[a,c]) >10s (N[c,d],N[d,C]) >10s (N[d,a],N[a,d]) >os
(N[a,b],N[b,a]) >10s (N[d,b],N[b,d]) >0s (N[b,c],N[c,b]).

The pairwise victories are:

ca with an opposition of N[a,c] = 28
cd with an opposition of N[d,c] = 29
da with an opposition of N[a,d] = 40
ab with an opposition of N[b,a] =55
db with an opposition of N[b,d] = 58
bc with an opposition of N[c,b] =59

The strongest paths are:

..toa ..tob ..toc ..tod

a, (67,55), b,

froma ... a, (67,55),b | & %75595),0b, (79,59), c,

(79.59), (45,29), d
b, (79,59), c, b, (79,59), c,

fromb ... (36,28). a b, (79,59), ¢ (4529). d
fromc ... | ¢, (36,28), a C’Ké?fézs?)'ba' c, (45,29), d

d, (50,40), a
fromd ... | d, (50,40), a d,é?oégm,ba (67,55), b,
(67.55), (79,59), ¢

We get O,s = {ab, ca, cb, cd, da, db} and S;,s = {c}.

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the

C - (C-1) - (C-2) = 24 steps of the Floyd-Warshall algorithm.

We start with

o Puosliii] : = (N[i,jl,N[i]) foralli e Aand j e A\ {i}.

o npred[ij]:=iforallieAandje A\{i}.
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Piosl Kl | Pioslsi] | Piosli,K] | pred[j,K] | pred[i,k] result
1 (79,59) | (55,67) | (28,36) b a
2 (58,72) | (55,67) | (40,50) b a
o |a[c[o] e o [@en| ¢ | | grukmimmen o
4 (45,29) | (36,28) | (40,50) c a
s |a[o[o] v [ w00 [ | o | o | Fummemoncame
6 (29,45) | (50,40) | (28,36) d a
: @0 | @159 | ouso) | 2 | b | eearwsein g
o |o[a]of o [ @9 [@rm| o | o | e engome
9 (36,28) | (67,55) | (55,67) c b
10 (45,29) | (67,55) | (58,72) c b
11 (50,40) | (67,55) | (55,67) d b
12 (29,45) | (67.%5) | (79.59) | d b (79?%055? SL'S [3p§a.t§ ?pr)gtr;ézf?éﬁ)dt?o b
13 (67,55) | (79,59) | (67,55) a a
i e]aof w0 [0 | 0 | o | Sefedmmmesron s
5 [o[o]a eson | o |@am | b | o | Samesn oo
o [co]o| s [0 [ | o | o | Jubammemmnceme
17 (50,40) | (79,59) | (36,28) d c
18 (67,55) | (79,59) | (67,55) a a
19 (67,55) | (79,59) | (67,55) a a
20 (79,59) | (79,59) | (79,59) b b
21 (79,59) | (79,59) | (50,40) c d
22 (79,59) | (79,59) | (79,59) b b
23 (36,28) | (45,29) | (50,40) c d
24 (67,55) | (45,29) | (67,55) a a
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3.9. Example 9

Example 9:
9 voters a>,d>,b>,e>,c
6 voters b>c>ya>,d>, e
5 voters b>,c>d>e>a
2 voters c>yd>b>e>a
6 voters d>,e>,c>b>,a
14 voters e>ya>yc>,b>,d
2 voters e>,Cc>ya>,b>,d
1 voter e>,d>ya>,c>/b

The pairwise matrix N looks as follows:

N[*a] | N[*b] | N[*c] | N[*d] | N[*e]
N[a,*] 26 24 31 15
N[b,*] 19 20 27 22
N[C,*] 21 25 29 13
N[d,*] 14 18 16 28
N[e,*] 30 23 32 17

The corresponding digraph looks as follows:

()
el

(24,21))  [(23,22)]
(30,15) (25,20)
(31,14) (27,18)
(32,13) >( ¢
(28,17) (29,16)
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The strongest paths are:

..toa ..tob ..toc ..tod ..toe
a, (31,14), d,
froma.. a, (2619),b | (2817). ¢, |a, (3114),d |® 232’31,1174),ed,
(32.13), ¢ (28.17),
b, (27.18), d, b, (27.18), d,
fromb .. | (2817). e, (28.17).e, | b, (27,18). d b,(2%7117£)3 ’ed’
(30.15), a (32.13), ¢ 17),
fromc C,ggl,?)’ed’ C(ggl#?)ed ¢, (2016),d | & (29:10).d
| G5 s | @os)a ! 4 T 28.17). e
15), (26.19). b
d, (28.17), e,
fromd .. d’(3%81g &1 (3015),a, d'(32281g - d, (28,17), e
15), (26.19). b 13),
e, (30,15), a, e, (30,15), a,
frome... | e, (30,15), a (26.19), b e (32,13), ¢ (31.14), d

We get O = {ad, ba, bc, bd, be, cd, ea, ec, ed} and S = {b}.

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the
C - (C-1) - (C-2) = 60 steps of the Floyd-Warshall algorithm.

We start with

pred[ij]:=iforalli e Aandj e A\ {i}.
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Poli.kl | Poli,il | Poli,k] | pred[jk] | pred[ik] result
1 (20,25) | (19,26) | (24,21) b a
2 (27,18) | (19,26) | (31,14) b a
3 (22,23) | (19,26) | (15,30) b a
4 (25,20) | (21,24) | (26,19) c a
5 (29,16) | (21,24) | (31,14) c a
: @ | @an | asw) | o | a | Pl 5 e 05D
7 (18,27) | (14,31) | (26,19) d a
8 (16,29) | (14,31) | (24,21) d a
9 (28,17) | (14,31) | (15,30) d a
10 @22 | @9 | @19 | e | a | O e ome 0
11 (32,13) | (30,15) | (24,21) e a
2 [o]e[a] @ram [0 [uag | o | 4 | PEd s (20 6 05
13 (24,21) | (26,19) | (20,25) a b
14 (31,14) | (26,19) | (27,18) a b
15 [o]a]e| asoo [ oo [ean | o | o | Pled i Gei0 o g2
16 (21,24) | (25,20) | (19,26) c b
17 (29,16) | (25,20) | (27,18) c b
10 [o]c[e| asoo [san [ ez | o [ o | Ple e ren 830 Gz
19 [o]a] ] aaan [ aaon [asan | o | b | Poleal st b o Goan
20 [o]a] | ase [nan [ oz | o | b | Pl msedtn Gaze o oz
21 (28,17) | (18,27) | (22,23) d b
22 (30,15) | (26,19) | (19,26) e b
23 (32,13) | (26,19) | (20,25) e b
24 (30,15) | (26,19) | (27,18) a b
25 (26,19) | (24,21) | (25,20) a c
26 (31,14) | (24,21) | (29,16) a c
27 (22,23) | (24,21) | (22,23) b b
20 [o[o]a asze o [@azg | b | o | PPt daz e ez
29 (27,18) | (20,25) | (29,16) b c
30 (22,23) | (20,25) | (22,23) b b

73




Markus Schulze, “The Schulze Method of VVoting”

Poli,kl | Polj,il | Poli,k] | pred[j,k] | pred[ik] result
31 (18,27) | (18,27) | (21,24) b c
32 (18,27) | (18,27) | (25,20) d c
33 (28,17) | (18,27) | (22,23) d b
34 (30,15) | (32,13) | (21,24) e c
35 (26,19) | (32,13) | (25,20) a c
36 (30,15) | (32,13) | (29,16) a c
37 (26,19) | (31,14) | (18,27) a d
38 (24,21) | (31,14) | (18,27) a b
Pp[a,e] is updated from (22,23) to (28,17);
39 (22.23) | (31,14) | (28,17) b d pred[a,e] is updated from b to d
40 (20,25) | (27,18) | (18,27) c b
41 (20,25) | (27,18) | (18,27) b b
Pp[b,e] is updated from (22,23) to (27,18);
42 (22.23) | (27.18) | (28.17) b d pred[b,e] is updated from b to d
43 (21,24) | (29,16) | (18,27) c b
44 (25,20) | (29,16) | (18,27) c d
Pp[c,e] is updated from (22,23) to (28,17);
45 (22.23) | (29.16) | (28,17) b d pred[c,e] is updated from b to d
46 (30,15) | (30,15) | (18,27) e b
47 (26,19) | (30,15) | (18,27) a d
48 (32,13) | (30,15) | (18,27) e b
49 (26,19) | (28,17) | (26,19) a a
Pp[a,c] is updated from (24,21) to (28,17);
50 (24.21) | (28,17) | (32.13) a € pred[a,c] is updated fromato e
51 (31,14) | (28,17) | (30,15) a a
Pp[b,a] is updated from (20,25) to (27,18);
52 (20.25) | (27.18) | (30.15) ¢ € pred[b,a] is updated fromc to e
Pp[b,c] is updated from (20,25) to (27,18);
53 (20.25) | (27.18) | (32.13) b € pred[b,c] is updated from b to e
54 (27,18) | (27,18) | (30,15) b a
Pp[c,a] is updated from (21,24) to (28,17);
55 (21,24) | (28,17) | (30,15) ¢ € pred[c,a] is updated from cto e
Pp[c,b] is updated from (25,20) to (26,19);
56 (2520) | (28,17) | (26,19) ¢ a pred[c,b] is updated from c to a
57 (29,16) | (28,17) | (30,15) c a
Pp[d,a] is updated from (18,27) to (28,17);
58 (18.27) | (28,17) | (30,15) b ¢ pred[d,a] is updated frombtoe
Pp[d,b] is updated from (18,27) to (26,19);
59 (18.27) | (28,17) | (26,19) d a pred[d,b] is updated from d to a
Pp[d,c] is updated from (18,27) to (28,17);
60 (18.27) | (28,17) | (32,13) b € pred[d,c] is updated from b to e

74




Markus Schulze, “The Schulze Method of VVoting”

3.10. Example 10

Example 10:
9 voters a>,d>,b>,e>,c
1 voter b>ya>,c>,ex>d
6 voters c>yb>a>,d>e
2 voters c>yd>b>e>a
5 voters c>yd>ye>ya> b
6 voters d>,e>yc>y,a>yb
14 voters e>yb>a>c>,d
2 voters e>yb>c>,a>d

The pairwise matrix N looks as follows:

N[*a] | N[*b] | N[*c] | N[*d] | N[*e]
N[a,*] 20 24 32 16
N[b,*] 25 26 23 18
N[C,*] 21 19 30 14
N[d,*] 13 22 15 28
N[e,*] 29 27 31 17

The corresponding digraph looks as follows:

(27,18)

(24,21)]

(29,16)

(32,13) (23,22)

(31,14)

(28,17) (30,15)
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The strongest paths are:

..toa ..tob ..toc ..tod ..toe
a, (32,13), d, | a, (32,13), d, a, (32,13), d
froma ... (28,17), e, (28,17),e, | a,(32,13),d ’28 '17 ,e ’
(27.18),b | (31,14), c (28.17),
b, (26,19), c,
(30,15), d, b, (26,19), c, | *(26:19). ¢,
fromb ... --- b, (26,19), ¢ (30,15), d,
(28,17), e, (30,15), d
(29,16), a (28,17). €
¢, (30,15), d, | ¢, (30,15), d, ¢ (3015), d
fromc..| (28,17), ¢, (28,17), e, ¢, (30,15),d | ™ 58 ’17 'e ’
(29,16),a | (27.18),b (28.17),
d, (28.17), ¢, | d, (28,17), &, | d, (28,17), e,
fomd..1 "o916),a | (27.18) b | (31,14)c d, (28.17). e
frome.. | e (29.16), a | e (27.18), b | e, (3L14), c e':(31’14:)'c'
e i) ) ) ) ) 1 30 15 , d

We get O = {ab, ad, cb, cd, db, ea, eb, ec, ed} and S = {e}.

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the
C - (C-1) - (C-2) = 60 steps of the Floyd-Warshall algorithm.

We start with

pred[ij]:=iforalli e Aandj e A\ {i}.
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Poli.kl | Poli,il | Poli,k] | pred[jk] | pred[ik] result
1 (26,19) | (25,20) | (24,21) b a
2 afo]o] @2 | @an | e | o | | PoPsmeien i s s
3 (18,27) | (25,20) | (16,29) b a
4 w2 |20 | @z | o | a | Pl Emmn 002 6@
5 (30,15) | (21,24) | (32,13) c a
: @ | @an | goo | o | o | Pl (e 162)
7 (22,23) | (13,32) | (20,25) d a
8 (15,30) | (13,32) | (24,21) d a
9 (28,17) | (13,32) | (16,29) d a
10 (27,18) | (29,16) | (20,25) e a
11 (31,14) | (29,16) | (24,21) e a
2 [a]e[a] @ram o0 | aun | o | 4 | Pled st (20 6 0016
13 (24,21) | (20,25) | (26,19) a b
14 (32,13) | (20,25) | (25,20) a a
15 [o]a]e| aso [ oz [asan | o | o | Pt Goz o oz
16 (21,24) | (20,25) | (25,20) c b
17 (30,15) | (20,25) | (25,20) c a
1 [o]c[e| asan oz [asan | o [ o | Pleel et ren Co29 Rz
19 [o]o]a ason [ 22 [esan | o [ o | Pl ion G200 o oz
20 [o]a] | asoo [ @2y [eoao | o | b | Plemstin s o G2z
21 (28,17) | (22,23) | (18,27) d b
22 (29,16) | (27,18) | (25,20) e b
23 (31,14) | (27,18) | (26,19) e b
24 (29,16) | (27,18) | (25,20) a a
25 (20,25) | (24,21) | (20,25) a a
26 (32,13) | (24,21) | (30,15) a c
27 (18,27) | (24,21) | (18,27) b b
28 (25,20) | (26,19) | (21,24) b c
2 e[o o[ @sen | oo [ | o | o |PPAEwEn e
30 (18,27) | (26,19) | (18,27) b b
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Poli.kl | Poli,il | Poli,k] | pred[jk] | pred[ik] result
31 (22,23) | (22,23) | (21,24) b c
32 (22,23) | (22,23) | (20,25) d a
33 (28,17) | (22,23) | (18,27) d b
34 (29,16) | (31,14) | (21,24) e c
35 (27,18) | (31,14) | (20,25) e a
oo [o]e] o] o [(@uan [eoan | o | o [ PEd st G20 G0
o7 [o]a] o] @0 [0 [@ean | o | o | Pl o o g2
38 (24,21) | (32,13) | (22,23) a b
oo [o]a] o] anen [y [eoan | » | o [Pt Gz e Goim
40 (25,20) | (26,19) | (22,23) b b
41 (26,19) | (26,19) | (22,23) b b
@ [o]o]e| ason [@wan [eoan | o | o |t Ga2 6 6o
 [o]c[a] @on [y [eeag | ¢ | b [Pt G o e
o[ e o] an o [z | o | o |PeeHE o o2 ooz
o5 [o]c[e| aaen [aoan [oan | b | o | Pl meastin Qa2 o Gasn
46 (29,16) | (30,15) | (22,23) e b
47 (27,18) | (30,15) | (22,23) e d
48 (31,14) | (30,15) | (22,23) e b
o |e[a[o] @an | o [ | @ | o [P wEn gz eer
0 [o]a] o] @an [@an [ug | o | o | Pl Gion o carm
51 (32,13) | (28,17) | (30,15) a c
s2 [o[o]a @sao [ oo [eoae) | b | o | PPt G G0
53 (26,19) | (26,19) | (31,14) b e
54 (26,19) | (26,19) | (30,15) c c
55 [ ]c] ] @20 [@oan [eoan | o | o | PlEa st G229 Goun
o o] c o] @29 | @ [ | & | o |PEsmm o2z e
57 (30,15) | (28,17) | (30,15) c c
so [o]a] | @29 [@oan [eoae | b | o | Pl st G2y o GOT
3 BRI ) 2 N B e
0 [oa[c| 2 @ [@an | b | o | Pl smstion G o cor)
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3.11. Example 11

Example 11:
5 voters a>,c>,b>,e>,d
5 voters a>,d>,e>,c>,b
8 voters b>,e>d>,a>,cC
3 voters c>ya>yb>,ex>,d
7 voters c>ya>ye>,b>,d
2 voters c>yb>a>,d>e
7 voters d>,c>,e>b>,a
8 voters e>yb>a>,d>,c

The pairwise matrix N looks as follows:

N[*a] | N[*b] | N[*c] | N[*d] | N[*e]
N[a,*] 20 26 30 22
N[b,*] 25 16 33 18
N[C,*] 19 29 17 24
N[d,*] 15 12 28 14
N[e,*] 23 27 21 31

The corresponding digraph looks as follows:

(26,19)  |(27,18)]

(24,21)

(28,17)
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The strongest paths are:

..toa ..tob ..toc ..tod ..toe
. a, (30,15), d, a, (30.15), d, a, (30,15), d,
roma... (28,17), c, 28.17). ¢ a, (30,15),d | (28,17),c,
(29,16), b (28.17), (24,21), e
b, (33,12), d b, (33,12), d,
fromb ... | b, (25,20), a --- ’ 58 ’17 ’c "I b, (33,12),d | (28,17),c,
(28.17), (24,21), e
Ci (29116)1 bl —_— C, @1_6)1 ba
fromc ... (25.20), a c, (29,16), b (33.12), d c,(24,21), e
d, (28,17), c,
fromd ... | (29.16). b, d'(238lg 1 d, (2817). ¢ | 58;17)';'
(25,20), a T (24.21),
e, (31,14), d,
frome (58’17)’)& e,(é?él,l,?))'cd' e (31,14), d, e, (31,14),d ---
"1 (29,16), b, 29 16)’ b' (28,17), c ' '
(25,20), a e

We get O = {ab, ac, ad, bd, cb, cd, ea, eb, ec, ed} and S = {e}.

Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the
C - (C-1) - (C-2) = 60 steps of the Floyd-Warshall algorithm.

We start with

pred[ij]:=iforalli e Aandj e A\ {i}.
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Poli,kl | Polj,il | Poli,k] | pred[j,k] | pred[ik] result

Pp[b,c] is updated from (16,29) to (25,20);
. (16,29) | (25,20) | (26,19) b a pred[b,c] is updated from b to a
2 (33,12) | (25,20) | (30,15) b a

Pp[b,e] is updated from (18,27) to (22,23);
3 (1827) | (25.20) | (2223) | b a ored[b,e] is updated from b to a
4 (29,16) | (19,26) | (20,25) c a

Pp[c,d] is updated from (17,28) to (19,26);
5 (17.28) | (19,26) | (30.15) ¢ a pred|[c,d] is updated from c to a
6 (24,21) | (19,26) | (22,23) c a

Pp[d,b] is updated from (12,33) to (15,30);
! (12.33) | (15.30) | (20.25) d a pred[d,b] is updated from d to a
8 (28,17) | (15,30) | (26,19) d a

Pp[d,e] is updated from (14,31) to (15,30);
9 (14.31) | (15.30) | (22.23) d a pred[d,e] is updated from d to a
10 (27,18) | (23,22) | (20,25) e a

Pple,c] is updated from (21,24) to (23,22);
1 (21,24) | (23,22) | (26,19) € a pred[e,c] is updated from e to a
12 (31,14) | (23,22) | (30,15) e a
13 (26,19) | (20,25) | (25,20) a a
14 (30,15) | (20,25) | (33,12) a b
15 (22,23) | (20,25) | (22,23) a a

Pp[c,a] is updated from (19,26) to (25,20);
16 (19.26) | (29,16) | (25220) ¢ b pred[c,a] is updated fromcto b

Pp[c,d] is updated from (19,26) to (29,16);
17 (19.26) | (29.16) | (33.12) a b pred[c,d] is updated fromato b
18 (24,21) | (29,16) | (22,23) c a
19 (15,30) | (15,30) | (25,20) d b
20 (28,17) | (15,30) | (25,20) d a
21 (15,30) | (15,30) | (22,23) a a

Pp[e,a] is updated from (23,22) to (25,20);
22 (2322) | (27,18) | (2520) € b pred[e,a] is updated frome to b
23 (23,22) | (27,18) | (25,20) a a Pp[e,c] is updated from (23,22) to (25,20)
24 (31,14) | (27,18) | (33,12) e b

Pp[a,b] is updated from (20,25) to (26,19);
25 (20.25) | (26,19) | (29.16) a ¢ pred[a,b] is updated fromatoc
26 (30,15) | (26,19) | (29,16) a b

Pp[a,e] is updated from (22,23) to (24,21);
27 (22.23) | (26,19) | (24.21) a ¢ pred[a,e] is updated from a to ¢
28 (25,20) | (25,20) | (25,20) b b
29 (33,12) | (25,20) | (29,16) b b

Pp[b,e] is updated from (22,23) to (24,21);
30 (22.23) | (25.20) | (24.21) a ¢ pred[b,e] is updated froma to ¢
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Poli.kl | Poli,il | Poli,k] | pred[jk] | pred[ik] result
o1 [c]afal asoo [nan [esan | o | o [Pl et Qa3 6 o5
o2 [c[af v asao [oan [eoan | o | o | Pl Ge20 6 Gorm
oo [c]a]e| asao [@nan [aan | o | o | P ssstion Qa0 iz
34 (25,20) | (25,20) | (25,20) b b
35 (27,18) | (25,20) | (29,16) e c
36 (31,14) | (25,20) | (29,16) e b
37 (26,19) | (30,15) | (28,17) c c Pp[a,b] is updated from (26,19) to (28,17)
oo [o]a] o] @10 [@oan [eoan | o | o | PR mmetien Gg 0 Goim
39 (24,21) | (30,15) | (24,21) c c
40 (25,20) | (33,12) | (25,20) b b
a [o]o]c| asow [@an [eoan | o | o | PRdEEin G 6 G
42 (24,21) | (33,12) | (24,21) c c
43 (25,20) | (29,16) | (25,20) b b
44 (29,16) | (29,16) | (28,17) c c
45 (24,21) | (29,16) | (24,21) c c
46 (25,20) | (31,14) | (25,20) b b
[ ale[of @ | ouan [ | @ | o [Peeuwesion 7. e
s [o]e]c| @ | @uan [oan | o | o | Pt on Ga0 o Gosn
49 (28,17) | (24,21) | (28,17) c c
50 (28,17) | (24,21) | (28,17) d d
51 (30,15) | (24,21) | (31,14) a e
52 (25,20) | (24,21) | (25,20) b b
53 (28,17) | (24,21) | (28,17) d d
54 (33,12) | (24,21) | (31,14) b e
55 (25,20) | (24,21) | (25,20) b b
56 (29,16) | (24,21) | (28,17) c c
57 (29,16) | (24,21) | (31,14) b e
58 (25,20) | (24,21) | (25,20) b b
59 (28,17) | (24,21) | (28,17) c c
60 (28,17) | (24,21) | (28,17) d d
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3.12. Example 12

Example 12:

2 voters a>,b>,c
2 voters b>,c>,a
1 voter c>yax>yb

The pairwise matrix N looks as follows:

N[*a] | N[*b] | N[*c]
N[a,*] 3 2
N[b,*] 2 4
N[c,*] 3 1

The corresponding digraph looks as follows:

O —or—(

©

The following table lists the strongest paths. The critical links of the
strongest paths are underlined:

..toa ..tob ..toc
a, (3,2), b,
froma ... a, (3,2),b @1, ¢
b, (4,1), c,

fromb ... 3.2) a b, (4,1),c

c, (3.2), a,
fromc..| ¢ (32),a (3.2), b

We get O = {bc} and S = {a, b}.
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Suppose, the strongest paths are calculated with the Floyd-Warshall
algorithm, as defined in section 2.3. Then the following table documents the
C - (C-1) - (C-2) = 6 steps of the Floyd-Warshall algorithm.

We start with

e Poli,jl: = (N[i,jIN[,i]) foralli e Aand j € A\ {i}.

o predfij]:=iforallie Aandje A\ {i}.

i|jlk] Poli.k] | Poli,il | Poli,k] |pred[jk] | pred[i,K] result
albjc] @42 (2,3) (2,3) b a
Pp[c,b] is updated from (1,4) to (3,2);
ajcibl (14 (3.2) (3.2) ¢ a pred[c,b] is updated from c to a
Pp[a,c] is updated from (2,3) to (3,2);
brajcl (23) (3.2 “.1) a b pred[a,c] is updated fromato b
biclal (32 (3,2) (2,3) c b
cla|b] 32 (3,2) (3,2) a a
Pp[b,a] is updated from (2,3) to (3,2);
clbjal (23) (4.1) (3.2) b ¢ pred[b,a] is updated from b to c
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4. Analysis of the Schulze Method
4.1. Transitivity

In this section, we will prove that the binary relation O, as defined in
(2.2.1), is transitive. This means: If ab € O and bc € O, then ac € O. This
guarantees that the set S of potential winners, as defined in (2.2.2), is non-
empty. When we interpret the Schulze method as a method to find a set S of
potential winners, rather than a method to generate a binary relation O, then
the proof of the transitivity of O is an essential part of the proof that the
Schulze method is well defined.

Definition:

An election method satisfies transitivity if the following holds for all
a,b,c e A:

Suppose:
(4.1.1) ab € 0.
(4.1.2) bc € O.
Then:
(4.1.3) ac e 0.

Claim:

The binary relation O, as defined in (2.2.1), is transitive.
Proof:

With (4.1.1), we get

(4.1.4) Po[a,b] >p Po[b,a].

With (4.1.2), we get

(415) PD[b,C] >D PD[C,b].
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With (2.2.5), we get

(4.1.6) minp { Pp[a,b], Pp[b,c] } =p Pp[a,c].
(417) minD { PD[b,C], PD[C,a] } <D PD[b,a].
(4.1.8) minp { Pp[c,a], Po[a,b] } =p Pp[c,b].

Case 1: Suppose

(4.1.9a) Pola,b] =p Po[b,c].

Combining (4.1.5) and (4.1.9a) gives

(4.1.10a) Po[a,b] > Po[c,b].

Combining (4.1.8) and (4.1.10a) gives

(4.1.11a) Polc,a] =p Polc,b].

Combining (4.1.6) and (4.1.9a) gives

(4.1.12a) Po[b,c] =p Pp[a,c].

Combining (4.1.11a), (4.1.5), and (4.1.12a) gives
(4.1.133) Pp[c,a] =p Pp[c,b] <p Pp[b,c] =p Pp[a.c].
With (4.1.13a), we get (4.1.3).

Case 2: Suppose

(4.1.9b) Pp[a,b] <p Po[b,c].

Combining (4.1.4) and (4.1.9b) gives

(4.1.10b) Pp[b,a] <p Pp[b,c].

Combining (4.1.7) and (4.1.10b) gives

(4.1.11b) Po[c,a] =p Pp[b,a].

Combining (4.1.6) and (4.1.9b) gives

(4.1.12b) Pola,b] =p Pola,c].

Combining (4.1.11Db), (4.1.4), and (4.1.12b) gives
(4.1.13b) Pp[c,a] =p Pp[b,a] <p Pp[a,b] =p Pp[a,c].
With (4.1.13b), we get (4.1.3). O

The proof, that the Schulze method is transitive, has first been published
by Schulze (1998).
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The following corollary says that the set S of potential winners, as
defined in (2.2.2), is non-empty.

Corollary (4.1.14):

For the Schulze method, as defined in section 2.2, we get
(4.1.14) VbegS3JaeS:abeO.
Proof of corollary (4.1.14):

As b ¢ S, there must be a c(1) € A with c(1),b € O.

If c(1) € S, then the corollary is proven. If c(1) ¢ S, then there must be a
c(2) e A with c(2),c(1) € O. With the asymmetry and the transitivity of O,
we get ¢(2),b € O and ¢(2) ¢ {b, c(1)}.

We now proceed as follows: If c(i) € S, then the corollary is proven. If
c(i) ¢ S, then there must be a c(i+1) € A with c(i+1),c(i) € O. With the
asymmetry and the transitivity of O, we get c(i+1),b € O and c(i+1) ¢ {b,
c(1), ..., c(i)}.

We proceed until c(i) € S for some i € N. Such an i e N exists because A
is finite. O

The following corollary says that alternative a € A is the unique winner if
and only if alternative a disqualifies every other alternative b € A\ {a}.

Corollary (4.1.15):

For the Schulze method, as defined in section 2.2, we get
(4.1.15) S={a}=abecOVbeA\{a}

Proof of corollary (4.1.15):

<Ifab e OV b e A\ {a}, then a € A disqualifies every b € A\ {a}
according to (2.2.2). Therefore, we get S = {a}.

= With (4.1.14) and S = {a}, we get
(4.1.16) VbegS:abeO.
With S = {a}, we get
(4.1.17) beg SebeA\{a}.
With (4.1.16) and (4.1.17), we get
(4.1.18) VbeA\{a}:abeO. O

In example 2 (section 3.2), we have ba ¢ O and ac ¢ O and bc € O. This
shows that the Schulze relation, as defined in (2.2.1), is not necessarily
negatively transitive.
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4.2. Resolvability

Resolvability basically says that usually there is a unique winner S = {a}.
There are two different versions of the resolvability criterion. We will prove
that the Schulze method, as defined in section 2.2, satisfies both.

4.2.1. Formulation #1
Definition:

An election method satisfies the first version of the resolvability criterion
if ( for every given number of alternatives ) the proportion of profiles
without a unique winner tends to zero as the number of voters in the profile
tends to infinity.

Claim:

If >p satisfies (2.1.1), then the Schulze method, as defined in section 2.2,
satisfies the first version of the resolvability criterion.

Proof (overview):

Suppose (X1,X2),(Y1,Y2) € No x Ng. Then, according to (2.1.1), there is a
vy € Ny such that for all wy e Ng:

1. Wy < Vi = (X,%2) >p (W1,Y2).
2. Wy > Vi = (X,X2) <p (W1,Y2).

When the number of voters tends to infinity ( i.e. when Xy, X5, Y1, and y,
become large ), then the proportion of profiles, where the condition “y; = v;”
happens to be satisfied, tends to zero. Therefore, when the number of voters
tends to infinity, then the proportion of profiles, where two links ef and gh
happen to have equivalent strengths (N[e,f],N[f,e]) =b (N[g,h],N[h,g]), tends
to zero.

Therefore, we will prove that, unless there are links ef and gh of
equivalent strengths, there is always a unique winner. We will prove this by
showing that, when we simultaneously presume (a) that there is more than
one potential winner and (b) that there are no links ef and gh of equivalent
strengths, then we necessarily get to a contradiction.

Proof (details):

Suppose that there is more than one potential winner. Suppose alternative
a € A and alternative b € A are potential winners. Then

(4.2.11)  VieA\{a} Pplai] o Poli,al.
(4.2.12) ¥ je A\{b}: Po[b,j] =o Poli.bl.

(4.2.1.3) Pola,b] =p Pp[b,a].
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Suppose there are no links ef and gh of equivalent strengths (N[e,f],N[f,e])
~p (N[g,h],N[h,g]). Then Pp[a,b] ~p Pp[b,a] means that the weakest link in
the strongest path from alternative a to alternative b and the weakest link in
the strongest path from alternative b to alternative a must be the same link,
say cd. Therefore, the strongest paths have the following structure:

As cd is the weakest link in the strongest path from alternative a to
alternative b, we get

(4.2.1.4) Po[a,d] =p Pp[a,b].
(4.2.1.5) Pp[d,b] >p Pp[a,b].

As cd is the weakest link in the strongest path from alternative b to
alternative a, we get

(4.2.1.6) Pp[b,d] =p Pp[b,a].

(4.2.1.7) Pp[d,a] >p Pp[b,a].

With (4.2.1.7), (4.2.1.3), and (4.2.1.4), we get

(4.2.1.8) Pp[d,a] >p Pp[b,a] =p Pp[a,b] =p Pp[a,d].
But (4.2.1.8) contradicts (4.2.1.1).

Similarly, with (4.2.1.5), (4.2.1.3), and (4.2.1.6), we get
(4.2.1.9) Po[d,b] > Po[a,b] = Pp[b,a] =p Po[b,d].

But (4.2.1.9) contradicts (4.2.1.2). m
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4.2.2. Formulation #2

The second version of the resolvability criterion says that, when there is
more than one potential winner, then, for every alternative a € S, it is
sufficient to add a single ballot w so that alternative a becomes the unique
winner.

Definition:

An election method satisfies the second version of the resolvability
criterion if the following holds:

v a e 8 Itis possible to construct a strict weak order w with
the following two properties:

4.221) VvfieA\{a}.a>,f.
(4.2.22)  S™ ={a}for V™=V + {w}.
Claim:

If >p satisfies (2.1.1), then the Schulze method, as defined in section 2.2,
satisfies the second version of the resolvability criterion.

Proof:

Suppose a € S*°. Then we get
(4.2.2.3) VbeA\{a}: P2 [ab] xp PY [b.a].

Suppose pred®[x,y] is the predecessor of alternative y in the strongest path
from alternative x € A to alternative y € A\ {x}, as calculated in section 2.3.

Suppose the strict weak order w is chosen as follows:

(4.2.2.4) v f e A\ {a}: pred®[a,f] > f.

old

(4.2.2.5) VefeA\{a}: (PY [ea]l>p P2 [fa] = e >y f).
With (4.2.2.4), we get (4.2.2.1).
We will prove the following three claims:

Claim #1: It is not possible that (4.2.2.4) requires e >, f
and that simultaneously (4.2.2.5) requires f >, e.

new old

Claim#2:vgeA\{a}: P, [ag9]>oPp [a.9]

old

Claim#3: vV ge A\{a}:P5 " [g.a] <o P’ [a,0].
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With claim #2 and claim #3, we get
Py '[a,g]>o Py [0,a] forallg € A\ {a}
sothatag € O™ forall g € A\ {a}

so that S™" = {a}.

Proof of claim #1:

Suppose e,f € A\ {a}. With (2.2.3), we get

(4.2.2.6) P2 [e,f] o (N"[e,f],N[f.e]).

With (2.2.5), we get

4.227) ming{PY [ef], PA'[f,a]} =0 P2’ [e,a].

With (4.2.2.3), we get

old old

4.2.2.8) P [af] xo P2 [fa].

Suppose (4.2.2.4) requires e >, f. Then e = pred®“[a,f]. Therefore, the link
ef was in the strongest path from alternative a to alternative f. Thus, we get

(4.2.2.9) P2 [a,f] =0 (N°“[e,f],N"[f.e]).

Suppose (4.2.2.5) requires f >, e. Then

old old

(4.2.2.10)  PY[fa]>p P [e.a].

With (4.2.2.6), (4.2.2.9), (4.2.2.8), and (4.2.2.10), we get

old old

(42.211) P2 [ef] xo (N“[e,f,N[f,e]) 2o P Y [a.f] 20 P2 [fa]l o P& [ea].

But (4.2.2.10) and (4.2.2.11) together contradict (4.2.2.7).

Proof of claim #2:

With (2.1.1) and (4.2.2.4), we get: The strength of each link of the
strongest paths from alternative a to each other alternative g € A\ {a} is
increased. Therefore

new old

(4.2.2.12) vgeA\{a}: P, [a0]>pPp [a0]
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Proof of claim #3:

Suppose g € A\ {a}. Suppose

(4.2.2.13)

old old

7(0) : = ({ay v {h e A\{a}|P, [ha]>pPp [a,0] }).

With (4.2.2.3) and (4.2.2.13), we get

(4.2.2.14)

g ¢ 7(g9) and a € 7(9)

and, therefore, & # 9(g) ¢ A. Furthermore, we get

(4.2.2.15)

old

Vieq(9) Ve a(): (N [LLN"[i]) <o Po’ [ag]

Otherwise, there was a path from alternative i to alternative a via

old

alternative j with a strength of more than P, [a,g]. But (as i ¢ g(g) ) this
would contradict the definition of 9/(g).

With (4.2.2.5), (4.2.2.1), and (4.2.2.13), we get

(4.2.2.16)

Vieg@) V)jeq@):j>wl

With (2.1.1) and (4.2.2.16), we get

(4.2.2.17)

Vieq(9) Ve a(): (N[IiIN"[,i) <o (N[LilN"[,i])-

With (4.2.2.15) and (4.2.2.17), we get

(4.2.2.18)

old

Vigq(g) Ve g(): N[LILN[]) <o Pp [ag].

With (4.2.2.14) and (4.2.2.18), we get

(4.2.2.19)

new old

Py [9.a]l <o Pp [a,0] o

The proof in section 4.2.2 has first been published by Schulze (2011). It
immediately attracted attention, because it doesn’t only prove that there is
a tie-breaking ballot w, it also shows how this tie-breaking ballot w can be
calculated in a polynomial runtime. Parkes and Xia (2012) pointed to the fact
that this proof can also be interpreted as saying that it is possible to calculate
a voting strategy in a polynomial runtime. This observation by Parkes and Xia
has been extended by Gaspers (2012), Menton (2013a, 2013b), J. Miiller
(2013), Reisch (2014), Schend (2015), and Hemaspaandra (2016). Surveys,
that are including the Schulze method, on the complexity of calculating a
voting strategy have been written by Durand (2015), Baumeister and Rothe
(2016), Conitzer and Walsh (2016), and Faliszewski and Rothe (2016).
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4.3. Pareto

The Pareto criterion says that the election method must respect
unanimous opinions. There are two different versions of the Pareto criterion.
The first version addresses situations with “ a >, b for all v e V ”, while the
second version addresses situations with “ a x, b for all v e V ” ( for some
pair of alternatives a,b € A ). The first version says that, when every voter
strictly prefers alternative a to alternative b (i.e. a >, b for all v € V), then
alternative a must perform better than alternative b. The second version says
that, when no voter strictly prefers alternative b to alternative a (i.e. a =y b
for all v e V), then alternative b must not perform better than alternative a.
We will prove that the Schulze method, as defined in section 2.2, satisfies
both versions of the Pareto criterion.

4.3.1. Formulation #1
Definition:

An election method satisfies the first version of the Pareto criterion if the
following holds:

Suppose:
(4.3.1.1) VYveV.a>,h.

Then:
(4.3.1.2) ab € O.
(4.3.1.3) vVfeA\{ab}:bf e O = af € O.
(4.3.1.4) vVieA\{ab}:facO=1feO.
(4.3.1.5) beds.

Claim:

If >p satisfies (2.1.1), then the Schulze method, as defined in section 2.2,
satisfies the first version of the Pareto criterion.

Proof:
With (2.1.1) and (4.3.1.1), we get
(43.16)  VefeA: (N[ab],N[b,al) o (N[e,f,N[f.e]).
4.3.17)  [(N[ab]N[b,a]) =o (N[efN[f.e)) ] [V Ve Vie=,f].

With (2.2.4), we get: ab € O, unless the link ab is in a directed cycle that
consists of links of which each is at least as strong as the link ab.

However, as we presumed that the individual ballots >, are strict weak
orders, it is not possible that there is a directed cycle of unanimous opinions.
Therefore, it is not possible that the link ab is in a directed cycle that consists of
links of which each is at least as strong as the link ab. Therefore, with (2.2.4),
(4.3.1.6), and (4.3.1.7), we get (4.3.1.2). With (4.3.1.2), we get (4.3.1.5). With
(4.3.1.2) and the transitivity of O, we get (4.3.1.3) and (4.3.1.4). m
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4.3.2. Formulation #2
Definition:

An election method satisfies the second version of the Pareto criterion if
the following holds:

Suppose:
(4.3.2.1) VveViaxb.

Then:
(4.3.2.2) ba ¢ O.
(4.3.2.3) v fe A\{ab}:bf e O= af € O.
(4.3.2.4) vVie A\{ab}:facO=1f eO.
(4.3.2.5) beS=aes

Claim:

If >p satisfies (2.1.1), then the Schulze method, as defined in section 2.2,
satisfies the second version of the Pareto criterion.

Proof:

With (4.3.2.1), we get

(4.3.2.6) Vv e € A\ {a,b}: N[a,e] > N[b,e].

With (4.3.2.1), we get

(4.3.2.7) Vv e € A\ {a,b}: N[e,b] > N[e,a].

With (2.1.1), (4.3.2.6), and (4.3.2.7), we get

(4.3.2.8) v e € A\ {a,b}: (N[a,e],N[e,a]) =p (N[b,e],N[e,b]).

With (2.1.1), (4.3.2.6), and (4.3.2.7), we get

(4.3.2.9) Vv e e A\ {a,b}: (N[e,b],N[b,e]) =p (N[e,a],N[a,e]).

Suppose c(1),...,c(n) € A is the strongest path from alternative b to
alternative a. With (4.3.2.8) and (4.3.2.9), we get: a,c(2),...,c(n-1),b is a path
from alternative a to alternative b with at least the same strength. Therefore

(4.3.2.10)  Pp[a,b] xp Po[b,a].

With (4.3.2.10), we get (4.3.2.2).

Suppose ¢(1),...,c(n) € A is the strongest path from alternative b to

alternative f € A\ {a,b}. With (4.3.2.8), we get: a,c(m+1),...,c(n), where c(m)
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is the last occurrence of an alternative of the set {a,b}, is a path from
alternative a to alternative f with at least the same strength. Therefore

(43211) VvV feA\ {a,b}: PD[a,ﬂ ZD PD[b,f]

Suppose c(1),....c(n) € A is the strongest path from alternative
f e A\ {a,b} to alternative a. With (4.3.2.9), we get: ¢(1),...,c(m-1),b, where
c(m) is the first occurrence of an alternative of the set {a,b}, is a path from
alternative f to alternative b with at least the same strength. Therefore

(4.3.212) Vv feA\{ab}: Pp[fb] =p Po[fal.
Part 1: Suppose f € A\ {a,b}. Suppose
(4.3.2.13a) bf € O.
With (4.3.2.13a), we get
(4.3.2.14a) Pp[b,f] >p Polf,b].
With (4.3.2.11), (4.3.2.14a), and (4.3.2.12), we get
(4.3.2.15a) Pola,f] o Po[b,f] >p Polf,b] xo Polf.a].
With (4.3.2.15a), we get (4.3.2.3).
Part 2: Suppose f € A\ {a,b}. Suppose
(432.13b) faeO.
With (4.3.2.13b), we get
(4.3.2.14b) Po[f.a] >p Po[a,f].
With (4.3.2.12), (4.3.2.14b), and (4.3.2.11), we get
(4.3.2.15b) Po[f,b] =p Ppl[f,a] o Po[a,f] =p Po[b,f].
With (4.3.2.15b), we get (4.3.2.4).
Part 3: Suppose
(43213c) besS.
With (4.3.2.13c), we get
(4.3.2.14¢) vfeA\{b}: b ¢ O.
With (4.3.2.4) and (4.3.2.14c), we get
(4.3.2.15¢) vfeA\{ab}: fag O.
With (4.3.2.2) and (4.3.2.15c¢), we get
(4.3.2.16¢) vieA\{a}: fa¢O.

With (4.3.2.16¢), we get (4.3.2.5). O
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4.4. Reversal Symmetry

Reversal symmetry as a criterion for single-winner election methods has
been proposed by Saari (1994). This criterion says that, when >, is reversed
for all v € V, then also the result of the elections must be reversed; see
(4.4.2). S must not be a strict subset of S™"; S™" must not be a strict
subset of S°%; see (4.4.3). It should not be possible that the same alternatives
are elected in the original situation and in the reversed situation, unless all
alternatives are tied; see (4.4.4).

Basic idea of this criterion is that, when there is a vote on the best
alternatives and then there is a vote on the worst alternatives and when in
both cases the same alternatives are chosen, then this questions the logic of
the underlying heuristic of the used election method.

Definition:

An election method satisfies reversal symmetry if the following holds:

Suppose:

(4.4.1) VefeAVveVies2"

new

fef>,

e.
Then:
(4.4.2) Vab e A abe 0™ < bae0™.

(4.4.3) (FieAieS"Aie S™)
(FjeAjeSMAjeS™).

(4.4.9) SM=8" = SM=A
Claim:

The Schulze method, as defined in section 2.2, satisfies reversal symmetry.
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Proof:
With (4.4.1), we get
(4.4.5) v e,f e A: N%[e,f] = N™[fe].
With (4.4.5), we get
(4.4.6) Ve f e A (N"[e,f,N"[f.e]) ~p (N"[f,e],N""[e,f]).

With (4.4.6), we get: When c(1),...,c(n) € A was a path from alternative
g € Ato alternative h € A\ {g}, then c(n),...,c(1) is a path from alternative h
to alternative g with the same strength. Therefore

old

(4.4.7) vgh e APy [ghl = P5" [hgl.

With (4.4.7), we get (4.4.2).

Part 1:

Suppose Ji e A:i e S™and i ¢ S™. Withi ¢ 8™ and (4.1.14), we get
that there is a j € S™ with ji € O™". With (4.4.2), we get ij € 0° and,
therefore, j ¢ S°. With j ¢ S” and j € S™", we get the “=" direction of
(4.4.3). The proof for the “«<=" direction of (4.4.3) is analogous.

Part 2:

Suppose S”® = A. Then we get 0 = @&. Otherwise, if there was an
ij € 0 we would immediately get j ¢ S° and, therefore, S™ # A. With
0™ = & and (4.4.2), we get O™ = & and, therefore, S™" = A. With S”* = A
and 8™ = A, we get S = ™.

Part 3:

Suppose S”® £ A. Then there isa j ¢ S°. With (4.1.14), we get that there
is an i e S with ij € 0. With (4.4.2), we get ji € O™ and, therefore,
i ¢ 8™ WithieS™andi ¢ 8™, we get 8™+ S™". With part 2 and part
3, we get (4.4.4). o
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4.5. Monotonicity

Monotonicity says that, when some voters rank alternative a € A higher
[see (4.5.1) and (4.5.2)] without changing the order in which they rank the
other alternatives relatively to each other [see (4.5.3)], then this must not
hurt alternative a [see (4.5.4) — (4.5.6)]. Monotonicity is also known as
mono-raise and non-negative responsiveness.
Definition:

An election method satisfies monotonicity if the following holds:

Suppose a € A. Suppose the ballots are modified in such a manner
that the following three statements are satisfied:

(4.5.1) VieA\{a}vveVia>2f=a>"" 1

new
mew f,

(4.5.2) vieA\{a}vveV:iaz" f=ax

(4.5.3) vefeA\{a}vveViex2foes""T
Then:

(4.5.4) VbeA\{a}:ab e 0" =ab e O™

(4.5.5) Vb e A\{a}: ba ¢ 0= ba ¢ O™".

(4.5.6) acSM=ae S8

If >p satisfies (2.1.1), then the Schulze method, as defined in section 2.2,
satisfies monotonicity.

Proof:
Part 1:
With (4.5.1), we get
(4.5.7) v f e A\ {a}: N"[a,f] < N"[a,f].
With (4.5.2), we get
(4.5.8) v f e A\ {a}: N®[f,a] > N"™"[fa].
With (4.5.3), we get
(4.5.9) Ve fe A\ {a}: N"e,f] = N"™[e,f].
With (2.1.1), (4.5.7), and (4.5.8), we get

(4.5.10) v fe A\ {a}: (N"[a,f,N"[f,a]) =o (N"“[a,f],N"™"[f,a]).
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With (2.1.1), (4.5.7), and (4.5.8), we get

(4.5.11) v f e A\ {a}: (N"[f,a],N"“[a,f]) =p (N™"[f,a],N""[a,f]).
With (4.5.9), we get

(4.5.12) v efe A\ {a}: (N"[e,f],N"[f.e]) =o (N""[e,f],N""[f e]).

Suppose ¢(1),...,c(n) € A was the strongest path from alternative a to
alternative b € A\ {a}. Then with (4.5.10) and (4.5.12), we get: c(1),...,c(n)
is a path from alternative a to alternative b with at least the same strength.
Therefore

(4.5.13) VbeA\{a}: Py [ab] xp Py [ab].

Suppose ¢(1),...,c(n) € A is the strongest path from alternative b € A\ {a}
to alternative a. Then with (4.5.11) and (4.5.12), we get: c(1),...,c(n) was a
path from alternative b to alternative a with at least the same strength.
Therefore

old

(4.5.14) VbeA\{a}: P ' [ba]lzp Py [ba].
With (4.5.13) and (4.5.14), we get (4.5.4) and (4.5.5).

Part 2:

It remains to prove (4.5.6). Suppose a € S°. Then “a e 8™ ” follows
directly from (4.5.5). To prove “ 8™ = S° ” we have to prove: h ¢ S =
h E Snew.

Asa e 8™ we get

old old

(4.5.15) Vb e A\{a}: P2 [ab] xo P [b,a].

Suppose h ¢ 8%, Then, according to (4.1.14), there must have been an
alternative g € S° with

4516) P2 [gh]>oP 2 [hgl.

With (4.5.10) — (4.5.12) and (4.5.16), we get: P [g,h] >0 P [h,g],
unless at least one of the following two cases occurred.

Case 1: xa was a weakest link in the strongest path from
alternative g to alternative h.

Case 2: ay was the weakest link in the strongest path from
alternative h to alternative g.

old old old old

With (4.5.15), we get: P, [a,h] =p P [h,a]. For P [a,h] >p P [h,a],
we would, with (4.5.4), immediately get P5" [a,h] >p P5 [h.a], so that
alternative h is still not a potential winner. Therefore, without loss of
generality, we can presume g € S\ {a} and

(4.5.17) P2 [a,h] =p P27 [h,a].
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Witha e 8™ and g € S\ {a}, we get
old old

(4.5.18) Po [a,0]~p Py [0.a].

With (2.2.5), we get
(4.5.19) mino { P’ [g,h], P5’ [h,a] } =0 Py’ [g,al.

(4.5.20) mino { P2’ [h,a], P% [a,g] } <o P " [h.g].

Case 1: Suppose xa was a weakest link in the strongest path from
alternative g to alternative h. Then

(4.5.21a) P [9.h]~o P’ [g.a] and

(4.5.22a) P3' [ah] =0 Py [9.h]

Now (4.5.18), (4.5.21a), and (4.5.16) give

old old old

(4.5.230) P [a,9] =0 P2 [g,a] =p P 2" [9,n] >b P 2° [h,g],
while (4.5.17), (4.5.22a), and (4.5.16) give

(4.5.24a) P5 [hal=oP5 [ahl=o P o' [9,h]>0P % [hgl.
But (4.5.23a) and (4.5.24a) together contradict (4.5.20).

Case 2: Suppose ay was the weakest link in the strongest path from
alternative h to alternative g. Then

old old

(4.5.21b) Po [hal~ Py [ag]and
(4.5.22b) P2’ [hal>o Py’ [hg].

Now (4.5.22b), (4.5.21b), and (4.5.18) give

(4.5.23b) P2 [hal>o P2 [hgl~o P2 [a,0]~o P2 [0.a],
while (4.5.16), (4.5.21b), and (4.5.18) give

(4.5.24b) P2 [gh] >0 P gl =0 P 3’ [ag] =0 P [9.a].
But (4.5.23b) and (4.5.24b) together contradict (4.5.19).

We have proven that neither case 1 nor case 2 is possible. Therefore
(4.5.25) P [g.h]>oPy5 [hgl.

With (4.5.25), we get: h ¢ S™". O
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4.6. Independence of Clones

Independence of clones as a criterion for single-winner election methods
has been proposed by Tideman (1987). This criterion says that running a
large number of similar alternatives, so-called clones, must not have any
impact on the result of the elections.

The precise definition for a set of clones stipulates that every voters ranks
all the alternatives of this set in a consecutive manner; see (4.6.1) and
(4.6.2). Replacing an alternative d € A by a set of clones K should not
change the winner; see (4.6.7) and (4.6.8).

This criterion is very desirable especially for referendums because, while
it might be difficult to find several candidates who are simultaneously
sufficiently popular to campaign with them and sufficiently similar to misuse
them for this strategy, it is usually very simple to formulate a large number
of almost identical proposals. For example: In 1969, when the Canadian city
that is now known as Thunder Bay was amalgamating, there was some
controversy over what the name should be. In opinion polls, a majority of the
voters preferred the name The Lakehead to the name Thunder Bay. But when
the polls opened, there were three names on the referendum ballot: Thunder
Bay, Lakehead, and The Lakehead. As the ballots were counted using
plurality voting, it was not a surprise when Thunder Bay won. The votes
were as follows: Thunder Bay 15870, Lakehead 15302, The Lakehead 8377
(Cretney, 2000).

Definition:
An election method is independent of clones if the following holds:
Suppose d € A®. Suppose A™" : = ( A% U K )\ {d}.

Suppose alternative d is replaced by the set of alternatives K in
such a manner that the following three statements are satisfied:

(4.6.1) Vee A\{d}VgeKVveVie>"doe>I"g

old

new
v f

(4.6.2) VieAM\{d}VgeKVveV:d>) fegs>)

4.63) VefeA\{d}vveViesfees 1

Then the following statements are satisfied:
(4.6.4) VaeA"™\{d}VgeK: ade0™<ageO™.
(4.6.5) VbeAM\ {d}VgeK: dbe 0™ gbe ™.
(4.6.6) vV ab e A%\ {d}: ab € 0" <= ab € O™".
(4.6.7) de Mo S™NK+@.

(4.6.8) Vae A\ {d}:aecS <= aecS™.
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The Schulze method, as defined in section 2.2, is independent of clones.
Proof:
With (4.6.1), we get
(4.6.9) Ve e A%\ {d} V g € K: N"[e,d] = N™"[e,g].
With (4.6.2), we get
(4.6.10) v fe A%\ {d} V g e K: N®[d,f] = N""[g,f].
With (4.6.3), we get
(4.6.11) Ve, f e A%\ {d}: N"[e,f] = N™[e,f].
With (4.6.9) and (4.6.10), we get
(4.6.12) VeeAM\{d} Vg e K: (N"[e,d],N"[d,e]) ~o (N""[e,g],N""[g,e]).
With (4.6.9) and (4.6.10), we get
(4.6.13) v fe AN\ {d} V g e K: (N°[d,f],N°[f,d]) =5 (N"“[g,f],N"*"[f,g]).
With (4.6.11), we get
(4.6.14) Ve f e A%\ {d}: (N"“[e,f1,N"[f,e]) ~o (N"*[e,f],N""[f.e]).

Suppose c(1),...c(n) e A” was the strongest path from alternative
a e A"\ {d} to alternative d. Then with (4.6.12) and (4.6.14), we get:
c(1),...,c(n-1),g is a path from alternative a to alternative g € K with the
same strength. Therefore

(4.6.15) VaeAY\{d}VgeK Py [ag]xoP2 [ad].

Suppose ¢(1),...c(n) € A™" is the strongest path from alternative
a e A™\ K to alternative g € K. Then with (4.6.12) and (4.6.14), we get:
c(1),...,c(m-1),d, where c(m) is the first occurrence of an alternative of the
set K, was a path from alternative a to alternative d with at least the same
strength. Therefore

new

(4.6.16) VaeA™\KVgeK: P2 [ad] P~ [ag]

Suppose ¢(1),....c(n) € A™ was the strongest path from alternative d to
alternative b e A” \ {d}. Then with (4.6.13) and (4.6.14), we get:
0,¢(2),...,c(n) is a path from alternative g € K to alternative b with the same
strength. Therefore

(4.6.17) VbeA"\{d}VgeK: Py [g,b] 2o P2 [d,b].

Suppose ¢(1),...,c(n) € A" is the strongest path from alternative g € K to
alternative b € A™ \ K. Then with (4.6.13) and (4.6.14), we get:
d,c(m+1),...,c(n), where c(m) is the last occurrence of an alternative of the set
K, was a path from alternative d to alternative b with at least the same
strength. Therefore

old

(4.6.18) Vbe A®™\KVgeK: P [dbl=o Py [g.b]
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(o) Suppose the strongest path c(1),...c(n) e A% from alternative
a e A%\ {d} to alternative b € A® \ {a,d} did not contain alternative d.
Then with (4.6.14), we get: ¢(1),...,c(n) is still a path from alternative a to
alternative b with the same strength. Therefore: P 5" [a,b] xp P 2" [a,b].

(B) Suppose the strongest path c(1),...c(n) e A°® from alternative
a e A%\ {d} to alternative b e A°®\ {a,d} contained alternative d. Then
with (4.6.12), (4.6.13), and (4.6.14), we get: c(1),...,c(n), with alternative d
replaced by an arbitrarily chosen alternative g e K, is still a path from

alternative a to alternative b with the same strength. Therefore:
old

Py [ab] =0 Py [a,b].
With (a) and (B), we get
(4.6.19) Vab e A\ {d}: P3"[a,b] xo P2 [a,b].

(y) Suppose the strongest path c(1),...c(n) € A™ from alternative
a e A®™ \ K to alternative b ¢ A™ \ ( K U {a} ) does not contain
alternatives of the set K. Then with (4.6.14), we get: c¢(1),...,c(n) was a path
from alternative a to alternative b with the same strength. Therefore:
P35 [ab] =0 P 5" [a,b].

(8) Suppose the strongest path c(1),...c(n) € A™" from alternative
a e A™\ K to alternative b ¢ A™"\ ( K U {a} ) contains some alternatives
of the set K. Then with (4.6.12), (4.6.13), and (4.6.14), we get:
c(1),...,c(s-1),d,c(t+1),...,c(n), where c(s) is the first occurrence of an
alternative of the set K and c(t) is the last occurrence of an alternative of the
set K, was a path from alternative a to alternative b with at least the same
strength. Therefore: P2 [a,b] xp P 5" [a,b].

With (y) and (9), we get

(4.6.20) VabeA™\K: P2 [ab] xp P 2" [a,b].
Combining (4.6.15) and (4.6.16) gives

(4.6.21) VaeA"\{d}VgeK P2 [ad~ Py [ag]
Combining (4.6.17) and (4.6.18) gives

(4.6.22) VbeA"\{d}VgeK: P2 [db] =~ Pp"[g.b].

Combining (4.6.19) and (4.6.20) gives

old

(4.6.23) Vabe A"\ {d}: P [ab]l~p Py [a,b].
With (4.6.21) — (4.6.23), we get (4.6.4) — (4.6.6).

Part1:
Suppose d € S, Then

(4.6.24) vV ae A%\ {d}: ad ¢ O°,
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With (4.6.4) and (4.6.24), we get
(4.6.25) Vae A®™\KVgeK:ag ¢ O™

Since the binary relation O"™", as defined in (2.2.1), is asymmetric and
transitive, there must be an alternative k € K with

(4.6.26) V1eK\{k} Ik e O™".
With (4.6.25) and (4.6.26), we get k € S™" m K and, therefore, 8™ N K # &.
Part 2:
Suppose d ¢ S Then
(4.6.27) Jae A%\ {d}: ad € O™
With (4.6.4) and (4.6.27), we get
(4.6.28) Jae A®™\KVgeK:ageO0™.
With (4.6.28), we get: S™ " K = .
With part 1 and part 2, we get (4.6.7).
Part 3:
Suppose a € A%\ {d} and a € S°“. Then
(4.6.29) da ¢ 0.
(4.6.30) Vb e A%\ {a,d}: ba ¢ O
With (4.6.5) and (4.6.29), we get
(4.6.31) v geKi gagO™
With (4.6.6) and (4.6.30), we get
(4.6.32) VbeA™\ (Ku{a}): ba g O™
With (4.6.31) and (4.6.32), we get: a € S™".
Part 4.

Suppose a € A%\ {d} and a ¢ S°. Then at least one of the following
two statements must have been valid:

(4.6.33a) da e O,
(4.6.33b)  3be A%\ {ad}: ba e O™

With (4.6.5), (4.6.6), and (4.6.33), we get that at least one of the
following two statements must be valid:

(4.6.34a) vV geK: gaeO™
(4.634b)  3be A™\(Ku{a}): bae O™
With (4.6.34), we get: a ¢ S™".

With part 3 and part 4, we get (4.6.8). m
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4.7. Smith Criterion, Condorcet Winners, Condorcet Losers

The Smith criterion and Smith-11A (where 11A means “independence of
irrelevant alternatives”) say that weak alternatives should have no impact on
the result of the elections.

Suppose:
(471) @#BlgA,@#BgQA,BlkJBg:A,BlﬁBg:@.
(4.7.2) V a e B; Vb e B,: N[a,b] >N[b,a].

Then a weak alternative in the Smith paradigm is an alternative b € B;.
Adding or removing a weak alternative b € B, should have no impact on the
set S of potential winners.

Definition:
An election method satisfies the Smith criterion if the following holds:
Suppose (4.7.1) and (4.7.2). Then:
(4.7.3) VaeB;VbeB,abeO.
(4.7.9) & +8 By
Remark:
If B, consists of only one alternative a € A, then this alternative is the
so-called Condorcet winner and the Smith criterion becomes the so-called

Condorcet criterion (Condorcet, 1785). In short:

(4.7.5) Alternative a € A is a Condorcet winner : <
N[a,b] > N[b,a] for all b € A\ {a}.

(4.7.6) An election method satisfies the Condorcet criterion if the
following holds:

Alternative a € A is a Condorcet winner. = S = {a}.
If B, consists of only one alternative b € A, then this alternative is the
so-called Condorcet loser and the Smith criterion becomes the so-called

Condorcet loser criterion. In short:

(4.7.7) Alternative b € A is a Condorcet loser : &
N[a,b] > N[b,a] for all a € A\ {b}.

(4.7.8) An election method satisfies the Condorcet loser criterion if
the following holds:

Alternative b € A is a Condorcet loser. = b ¢ S.
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Claim:

If >p satisfies (2.1.5), then the Schulze method, as defined in section 2.2,
satisfies the Smith criterion.

Proof:

The proof is trivial. Presumption (2.1.5) guarantees that any pairwise
victory is stronger than any pairwise defeat. If a € B; and b € B,, then already
the link ab is a path from alternative a to alternative b that consists only of a
pairwise victory. On the other side, (4.7.2) says that there cannot be a path
from alternative b to alternative a that contains no pairwise defeat. So already
the link ab is stronger than any path from alternative b to alternative a. O
Definition:

An election method satisfies Smith-11A if the following holds:

Suppose (4.7.1) and (4.7.2). Then:

(4.7.9) If d € B, is removed, then
(8 VefeBpefe 0o efe ™.
(b) Sold - Snew

(4.7.10) If d € B; is removed, then
Vefe B, ef e 0« ef e O™

Claim:

If >p satisfies (2.1.5), then the Schulze method, as defined in section 2.2,
satisfies Smith-11A.
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Proof:
We will prove (4.7.9)(a). The proof for (4.7.10) is analogous.
(4.7.9)(b) follows directly from (4.7.4) and (4.7.9)(a).

Part 1: Suppose e,f € B;. Suppose ef € O™. Then

old old

(4.7.11) P> [efl>o Py [fel.
With (2.2.3), we get

(4.7.12) P2 [e,f] xo (N[e,f],N[f.e]).

With (4.7.11) and (2.2.3), we get

(4.7.13) P [e.f] >0 P Y [f.e] o (N[f.e],N[ef]).

With (4.7.12) and (4.7.13), we get

(4.7.14) P2 [e,f] =0 maxo { (N[e,f],N[f.e]), (N[f,e],N[e,f]) }.

With (4.7.2), we get: Any path from alternative e € B; to alternative

f e B; that contained alternative d € B, necessarily contained a pairwise
defeat.

As it is not possible that the link ef is a pairwise defeat and that
simultaneously the link fe is a pairwise defeat, maxp { (N[e,f],N[f.e]), (N[f.e],
N[e,f]) } is stronger than any pairwise defeat [ because of (2.1.5) ]. Therefore,
with (4.7.2) and (4.7.14), we get: The strongest path from alternative e € B;
to alternative f € B; did not contain alternative d € B,. Therefore

(4.7.15) P™ [e,f] =o P2 [e,f].

As the elimination of alternative d € B, only removes paths, we get
(4.7.16) P™ [fe] =o P2 [f,e].

With (4.7.15), (4.7.11), and (4.7.16), we get

(4.7.17) Prefl=o Py [e.f] >0 PO [fe] xo P " [fel.

With (4.7.17), we get: ef € O™".

Part 2: The proof for “ P "D'd [f.el>p P ‘E,'d [e,f] " is analogous.
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ol

Part 3: When we have Pgd [e.f] =~p PDd [f.e] then, with the same
argumentation as in Part 1, we get

(4.7.18) P % [e,f] xo maxp { (N[e,fI,N[f.e]), (N[f.e],N[e,f]) }.

old

(4.7.19) P % [f.] xp maxo { (N[e,f],N[f.e]), (N[f.e],N[e,f]) }.

So with the same argumentation as in Part 1, we can show that neither the
strongest path from alternative e € B; to alternative f € B, nor the strongest
path from alternative f € B, to alternative e € B; did contain alternative
de Bz. O

The majority criterion for solid coalitions says that, when a majority of
the voters strictly prefers every alternative of a given set of alternatives to
every alternative outside this set of alternatives, then the winner must be
chosen from this set. In short, an election method satisfies the majority
criterion for solid coalitions if the following holds:

Suppose  (4.7.1).
Suppose  |[{veV|vaeB VbeBya>b}| >N
Then S c B

If B; consists of only one alternative a € A, then this is the so-called
majority criterion. If B, consists of only one alternative b € A, then this is
the so-called majority loser criterion.

Participation says that adding a list W of ballots, on which every
alternative of a given set of alternatives is strictly preferred to every
alternative outside this set, must not hurt the alternatives of this set. In short,
an election method satisfies participation if the following holds:

Suppose  (4.7.1).

Suppose YVaeB VbheB,VweW:a>,h.

Suppose V™ =vel 4w,

Then (47200 VeeB,VfeB,efe0™=efecO™.
(4.721) VeeB VfeB,feg0™=fee ™.
(4722) S™NB#T=8S"NB#.
(4.7.23) SMNB=F=>8"NB,=U.

The Smith criterion implies the majority criterion for solid coalitions, the
Condorcet criterion, and the Condorcet loser criterion. The majority criterion
for solid coalitions implies the majority criterion and the majority loser
criterion. The Condorcet criterion implies the majority criterion. The
Condorcet loser criterion implies the majority loser criterion. Unfortunately,
the Condorcet criterion is incompatible with the participation criterion

(Moulin, 1988). Example 5 shows a drastic violation of the participation
criterion.
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4.8. MinMax Set

For all & #B & A, we define

(4.8.1) I'n(B) : = maxp { (N[x,y],N[y,x]) | x ¢ B,y € B }.

Furthermore, we define
(4.8.2) Bpo:=minp {Tp(B)|D#B < A}.

8p is the MinMax set. 8p has the following properties:
1. &#d.

2. If 8p consists of only one alternative a € A, then alternative a is
the unique Simpson-Kramer winner ( i.e. that alternative a € A
with minimum maxp { (N[b,a],N[a,b]) |b € A\ {a} }).

3. If d € 8p is replaced by a set of alternatives K as described in
(4.6.1) - (4.6.3), then g5 = (8w K)\{d}.

4. If d ¢ Bp is replaced by a set of alternatives K as described in
(4.6.1) - (4.6.3), then 8" = Bp.

So, in some sense, the MinMax set 8p is a clone-proof generalization of
the Simpson-Kramer winner.

When we want primarily that the used election method is independent of
clones and secondarily that the strongest link ef, that is overruled when
determining the winner, is minimized, then we have to demand that the
winner is always chosen from the MinMax set 8p.

The Schulze method, as defined in section 2.2, has the following
properties:

(4.8.4) YVae@ Vbeg@p:abeO.
(4.8.5) Sc 8o
Proof:

Suppose a € 8p. Then we get
(4.8.6) 30#B <& A:Tp(B)~p Ppand a € B.
Suppose b ¢ Bp. Then we get

(487) yD:=minD{FD(B)|®¢B§Aandbe B}>D BD'
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We will prove the following claims:

Claim #1: Pp[b,a] =p Pp.
Claim #2: Pp[a,b] =p vp.

With claim #1, claim #2, and (4.8.7), we get

(4.8.8) Pola,b] xo vo >b Bo o Po[b.al.

With (4.8.8), we get (4.8.4). With (4.8.4), we get (4.8.5).

Proof of claim #1:

With (4.8.6) and (4.8.7), we get

(4.8.9) 30#B & A:Tp(B)~pPpanda e Bandb ¢ B.

Suppose c(1),...,c(n) € A is the strongest path from alternative b to
alternative a. Suppose c(i) is the last alternative with c(i) ¢ B. Then we get
(N[c(i),c(i+1)],N[c(i+1),c(i)]) =b Pp- Therefore, we get

(4810) PD[b,a] <D BD-

Proof of claim #2:

We can construct a path from alternative a to alternative b with a strength
of at least yp as follows:

)

)

®3)

We start with E; : = {a} and i : = 1. Trivially, we get b ¢ E; and
Po[a,h] =p yp forall h € E; \ {a}.

At each stage, we consider the set B; : = A\ E;.

With b € B; and with (4.8.7), we get

(4.8.11) I'p(Bi) =p maxp { (N[y.XIN[x.y]) | y ¢ Bi, x € Bi } zp vo.

We choose f € Ejand g € B; with

(4.8.12) (N[f,9].N[g.f]) ~p maxp { (N[y.XI.N[x.y]) | y ¢ Bi, x € Bi } =p vo.
We define Ei.; : = Ej U {g}-

With f € E;, with Pp[a,h] =p vyp for all h € E; \ {a}, with (N[f,g],
N[g.f]) =b vo, and with Ej,; : = E; U {g}, we get

(4.8.13) Pp[a,h] =p yp for all h € Ej;; \ {a}.

We repeat stage 2 with i — i+1, until g = b.

Therefore, we get

(4814) PD[a,b] ZD YD- O
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Example 6 shows that IPDA and the desideratum, that the winner is
always chosen from the MinMax set ®p, are incompatible. In example
6(old), we get 8% = {a, ¢, d}. In example 6(new), we get 85" = {b}.

new

Therefore, @,"D'd N 8p = . Thus, the desideratum, that the winner is
always chosen from the MinMax set 8p, implies that the winner is changed.

Actually, the Schulze method can be described completely with the
desideratum to find a binary relation O on A that, primarily, is independent
of clones (as defined in section 4.6) and that, secondarily, tries to rank the
alternatives according to their worst defeats.

For all a,b € A, we define

(4.8.15) yola,b] : =minp {Tp(B) | D#B & Aandag Bandb € B }.
(4.8.16) ab € O: < vypla,b] >p yp[b,a].

To prove that (4.8.16) is identical to (2.2.1), we have to prove yp[a,b] =
Pp[a,b]. This proof is identical to the proof for (4.8.4).

Example 1

In example 1 (section 3.1), we have:
I'p(B) : = maxp { (N[x,yI,N[y,x]) | x ¢ B,y e B}.

I'p({a}) = (13,8).
I'o({b}) = (19,2).
I'p({c}) = (14,7).
I'p({d}) = (12,9).
1—‘D({a!b}) = (19’2)
I'p({a,c}) = (13,8).
I'p({a,d}) = (13,8).
I'p({b,c}) = (19,2).
I'p({b,d}) = (15,6).
I'o({c,d}) = (14,7).
I'o({ab,c}) = (19,2).
I'p({a,b,d}) = (15,6).
I'o({a.c,d}) = (13,8).
I'o({b,c,d}) = (14,7).

Bo:=minp {I'p(B) |D#B S A}
Bo = (12,9)
(BD=U{®7£B§A|FD(B)zDﬁD}

8o = {d}.

So with (4.8.5), we get S = {d}.
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yo[X,y]l:=minp {I'p(B) | d#B Aandx ¢ Bandy € B }.

YD[avb] = rD({b!C’d}) = (1417)

vola.c] = T'o({c}) = To({c,d}) = I'p({b.c.d}) = (14,7).

vola,d] = I'n({d}) = (12,9).

volb.a] = I'n({a}) = T'o({a.c}) = I'({a.d}) = I'n({a,c.d}) = (13,8).
volb.cl = I'n({a,c}) = I'n({a,c,d}) = (13,8).

volb.d] = I'p({d}) = (12,9).

volc.a] = I'n({a}) =I'v({a,d}) = (13,8).

YD[C!b] = 1—‘D({:bvd}) = 1—‘D({a’bvdz}') = (15’6)

volc,d] = I'p({d}) = (12,9).

vold,a] = I'n({a}) = I'n({a,c}) = (13,8).

vold,b] = I'p({b}) = I'n({a,b}) = I'o({b,c}) = I'n({ab,c}) = (19,2).
yold.c] = I'n({a,c}) = (13,8).

4.9. Prudence

Prudence as a criterion for single-winner election methods has been
proposed by Koéhler (1978) and generalized by Arrow and Raynaud (1986).
This criterion says that the strength Ap of the strongest link ef, that is not
respected by the binary relation O, should be as weak as possible. So
Ao =maxp { (N[e,f],N[f,e]) | ef ¢ O } should be minimized.

A directed cycle is a sequence of alternatives ¢(1),...,c(n) € A with the
following properties:

1. c(1) =c(n).
2. neNwith3<n<oo,
3. Foralli=1,..,(n-1): c(i+1) € A\ {c(i)}.

It is obvious that, when there is a directed cycle c(1),...,c(n), then the
strongest link, that is not respected by the binary relation O, is at least as
strong as the weakest link c(i),c(i+1) of this directed cycle. Therefore, we get:

(4.9.1) Ao o Mino { (N[c(i),c(i+1)T,N[c(i+1),c()]) | i = 1,....(n-1) }.

As we have to make this consideration for all directed cycles, the
maximum, that we can ask for, is the following criterion.

Definition:

Suppose Ap € Ny x Ny is the strength of the strongest directed cycle.

(4.9.2) Ao : = maxp { minp { (N[c(i),c(i+1)],N[c(i+1),c()]) | i =1,....,(n-1) }
| ¢(2),...,c(n) is a directed cycle }.

Then an election method is prudent if the following holds:
(4.9.3) Vv a,b € A: (N[a,b],N[b,a]) >p Ap = ab € O.

(4.9.4) ¥ ab e A: (N[a,b],N[b,a]) o Ao = b ¢ S.
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Claim:
The Schulze method, as defined in section 2.2, is prudent.

Proof:

The proof is trivial. With (2.2.4), we get: ab € O, unless the link ab is in
a directed cycle that consists of links of which each is at least as strong as
the link ab. m
Example 1

In example 1 (section 3.1), the strongest directed cycle (measured by the
strength of its weakest link) is a,(14,7),c,(15,6),b,(13,8),a with a strength of
Ao ~p (13,8). So prudence says that the collective ranking O must respect all
links that are stronger than (13,8).

(N[d,b],N[b,d]) = (19,2) >p (13,8) =p Ap = db € O.

(N[c,b],N[b,c]) = (15,6) >p (13,8) ~p Ap = cb € O.

(N[a,c],N[c,a]) = (14,7) >p (13,8) =p Ap = ac € O.

Withdb € O,cb € O,andac € O,we geth ¢ Sandc ¢ S.

113



Markus Schulze, “The Schulze Method of VVoting”

4.10. Schwartz

The Schwartz criterion as a criterion for single-winner election methods
has been proposed by Schwartz (1986). The Schwartz criterion implies the
Smith criterion.

A chain from alternative x € A to alternative y € A is a sequence of
alternatives c(1),...,c(n) € A with the following properties:

X =c(1).

y =c(n).

2<n<oo.

Foralli=1,..,(n-1): c(i+1) € A\ {c(i)}.
Foralli=1,...,(n=1): N[c(i),c(i+1)] > N[c(i+1),c(i)].

s E

Definition:
An election method satisfies the Schwartz criterion if the following holds:

Suppose there is a chain from alternative a € A to alternative b € A
and no chain from alternative b to alternative a. Then:

(4.10.2) ab € 0.
(4.10.2) bedS.
Claim:

If >p satisfies (2.1.5), then the Schulze method, as defined in section 2.2,
satisfies the Schwartz criterion.

Proof:

The proof is trivial. m
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4.11. Weak Condorcet Winners and Weak Condorcet Losers

4.11.1. Weak Condorcet Winners

A Condorcet winner is an alternative a e A that wins every head-to-head
contest with some other alternative b € A\ {a}. In other words:

(4.11.1.2) Alternative a € A is a Condorcet winner : <
N[a,b] > N[b,a] forall b € A\ {a}.

A weak Condorcet winner is an alternative a € A that doesn’t lose any
head-to-head contest with some other alternative b € A\ {a}. In other words:

(4.11.1.2) Alternative a € A is a weak Condorcet winner : <
N[a,b] > N[b,a] forall b € A\ {a}.

Suppose & is the set of weak Condorcet winners. Then we get:

(4.11.1.3) ae &:< N[ab]>N[b,a] forallb € A\ {a}.

115



Markus Schulze, “The Schulze Method of VVoting”

A frequently stated desideratum says that, when there is a weak
Condorcet winner, then it should win.

When there happens to be exactly one potential winner x € A and exactly
one weak Condorcet winner y € A, it is obvious what the above desideratum
means: Alternative x and alternative y must be the same alternative.

In other words:
(4.11.1.4) |E]=1land |S|=1=>&E=S.

However, when there happens to be more than one potential winner or
more than one weak Condorcet winner, the proper formulation for the above
desideratum isn’t obvious. The most intuitive formulation is:

(411.15) &+P=8cé.

Formulation (4.11.1.5) says that, when there is at least one weak
Condorcet winner, then every potential winner should be a weak Condorcet
winner. Unfortunately, the following example demonstrates that (4.11.1.5) is
incompatible with reversal symmetry:

Suppose there are four alternatives A = ga,b,c,d}. SuEPpose
N°“[a,b] = N%[b,al, N°[ac] = N"[c,a], N"[a,d] = N°°[d,a],
N°“[b,c] > N®[c,b], N®[c,d] > N°[d,c], and N°“[d,b] > N°“[b,d].
Then we get & = {a}. With (4.11.1.5) and the requirement that S°°
must not be empty, we get S = {a}.

When the individual preferences are reversed, as defined
in (44.1), we get N*"[a,b] = N™[b,a], N®[a,c] = N"™[c,a],
N""[a,d] = N™"[d,a], N""[b,c] < N""[c,b], N"™"[c,d] < N"™"[d,c], and
N"™"[d,b] < N"™[b,d]. Therefore, we get &™" = {a}. With (4.11.1.5)
and the requirement that S"" must not be empty, we get S™" = {a}.

But S = {a} and S™" = {a} together contradict (4.4.4).

In short: It can happen that the same alternative is the unique weak
Condorcet winner in the original situation and, simultaneously, the unique
weak Condorcet winner in the reversed situation. Therefore, (4.11.1.5)
cannot be compatible with reversal symmetry.
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Furthermore, the following example demonstrates that (4.11.1.5) is
incompatible with independence of clones:

Suppose there are only two alternatives A®™ = {a,b}. Suppose
N[a,b] = N[b,a]. Then we get & = {a,b}. With (4.11.1.5), we get
S™  {a,b}.

Case I: Suppose a e S°. When alternative a is replaced by
alternatives aj,a,,a; such that N[aj,a;] > N[az,a1], N[az,as] > N[as,a,],
and N[as,a;] > N[a;,as] and such that (4.6.1) — (4.6.3) are satisfied, we
get 8™ = {b}. With (4.11.1.5) and the requirement that S™" must not
be empty, we get S™ = {b}. But with (4.6.7) and a € S°, we get
S™ ~ {ay,azas} # . As 8™ = {b} and S™" N {a1,aza3} # J are
incompatible, we get a & S°“.

Case Il: Suppose b e S°. When alternative b is replaced by
alternatives by,by,bs such that N[by,b,] > N[b,,bi], N[b2,bs] > N[bs,b,],
and N[bs,b;] > N[by,bs] and such that (4.6.1) — (4.6.3) are satisfied, we
get 8™ = {a}. With (4.11.1.5) and the requirement that S™" must not
be empty, we get S™ = {a}. But with (4.6.7) and b € S”°, we get
S"™ ~ {by,by,b3} # @. As 8™ = {a} and S™" ~ {by,b,,b3} # & are
incompatible, we getb ¢ S°°.

However, a ¢ S° and b ¢ S° together are incompatible with the
requirement that S must not be empty.

In short: When a weak Condorcet winner is replaced by a set of clones, as
defined in (4.6.1) — (4.6.3), it is not guaranteed that at least one of these
clones is a weak Condorcet winner. Therefore, (4.11.1.5) cannot be
compatible with independence of clones.

The above examples demonstrate that, to satisfy reversal symmetry and
independence of clones, we have, in some situations, to allow alternatives,
which are not weak Condorcet winners, to be among the potential winners.

So the maximum, that we could ask for, is:
(4.11.1.6) EcS.

Formulation (4.11.1.6) says that every weak Condorcet winner should be
a potential winner, but it makes no stipulations about those alternatives which
are not weak Condorcet winners. In (4.11.1.6), the presumption “ & # & ” is
not needed. We don’t have to write “ & # @ = & < S ” because the empty
set is, by definition, subset of every set.
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The following proof demonstrates that the Schulze method satisfies
(4.11.1.6) and that, therefore, (4.11.1.6) is compatible with reversal
symmetry and independence of clones.

Claim:

If >p satisfies (2.1.4) and (2.1.5), then the Schulze method, as defined in
section 2.2, satisfies (4.11.1.6).

Proof:

Step 1.

(2.1.4) says that all ties have equivalent strengths. So without loss of
generality, we can set

(4.11.1.7) Vv x € Ng: (x,X) =p (1,1).

Step 2:

Suppose a € A is a weak Condorcet winner. Then, for every b € A\ {a},
the link ab is already a path from alternative a to alternative b that contains
no defeat. Therefore, with (2.1.5) and (4.11.1.7), we get

(4.11.1.8) Vae&VbeA\{a}: Ppla,b] =p (N[a,b],N[b,a]) =p (1,1).
Step 3:

Suppose a € A is a weak Condorcet winner. Suppose b € A\ {a}.
Suppose the link ca is the last link in the strongest path from alternative b to
alternative a. As alternative a is a weak Condorcet winner, the link ca is
either a tie or a defeat. Therefore, with (2.1.5) and (4.11.1.7), we get

(4.11.1.9) Vae&EVbeA\{a}3dceA\{a}: Pp[b,a] =p (N[c,a],N[a,c]) =p (1,1).
With (4.11.1.8) and (4.11.1.9), we get

(411.1.10)0 Vae&VbeA\{a}: Ppla,b]=pPp[b,a].

With (4.11.1.10), we get

(4111.11) aec&=aesS.

With (4.11.1.11), we get (4.11.1.6). o
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The following desideratum reduces the scenarios where some alternative,
that is not a weak Condorcet winner, can be a potential winner:

(4.11.1.12) Vae&Vbe (S\&): N[ab]=Nb,a].

Desideratum (4.11.1.12) says that some alternative, that is not a weak
Condorcet winner, can be a potential winner only when it pairwise ties all
weak Condorcet winners.

Claim:

If >p satisfies (2.1.5), then the Schulze method, as defined in section 2.2,
satisfies (4.11.1.12).

Proof:
Supposea e Eandb € (S\&E).

Step 1:

N[a,b] < N[b,a] is a contradiction to the presumption that alternative a is
a weak Condorcet winner.

Step 2:
It remains to be proven that N[a,b] > N[b,a] is not possible.

So suppose N[a,b] > N[b,a]. Then ab is already a path from alternative a
to alternative b that contains no tie and no defeat. Therefore, we get

(4.11.1.13)  Ppla,b] xo (N[a,b],N[b,a]).

Suppose the link ca is the last link in the strongest path from alternative b
to alternative a. Then we get

(4.11.1.14) Pp[b,a] =p (N[c,a],N[a,c]).

As alternative a is a weak Condorcet winner, the link ca is either a tie or
a defeat. Therefore, with (2.1.5), we get

(4.11.1.15)  (N[a,b],N[b,a]) >b (N[c,a],N[a,c]).
With (4.11.1.13), (4.11.1.14), and (4.11.1.15), we get
(4.11.1.16) Pp[b,a] =p (N[c,a],N[a,c]) <o (N[a,b],N[b,a]) =p Pp[a,b].

So alternative a disqualifies alternative b. But this is a contradiction to
the presumption that alternative b is a potential winner. m
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4.11.2. Weak Condorcet Losers
A Condorcet loser is an alternative a € A that loses every head-to-head
contest with some other alternative b € A\ {a}. In other words:

(4.11.2.1) Alternative a € A is a Condorcet loser : <
N[a,b] < N[b,a] forall b € A\ {a}.

A weak Condorcet loser is an alternative a € A that doesn’t win any
head-to-head contest with some other alternative b € A\ {a}. In other words:

(4.11.2.2) Alternative a € A is a weak Condorcet loser : <
N[a,b] <N[b,a] forall b € A\ {a}.

Suppose ¥ is the set of weak Condorcet losers. Then we get:

(411.23) aefF:< N[ab]<N[ba]forallbeA\{a}.
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A frequently stated desideratum says that a weak Condorcet loser should
not be a potential winner. So with (4.11.2.3), we get

(4.11.2.4) VaeAi(aeF=agS8).

However, a problem with desideratum (4.11.2.4) is that it can happen that
every alternative is a weak Condorcet loser. In this case, (4.11.2.4) is
incompatible with the requirement that S must not be empty.

It can also happen that every weak Condorcet loser is, simultaneously, a
weak Condorcet winner. In this case, (4.11.2.4) is incompatible with
(4.11.1.6).

Example: Suppose there are only C = 2 alternatives a,b € A. Suppose
there is a pairwise tie, N[a,b] = N[b,a]. Then both alternatives are weak
Condorcet losers and, simultaneously, weak Condorcet winners. (4.11.1.6)
says:ae Sandb e S.(4.11.24)says:a¢ Sandb ¢ S.

So the maximum, that we could ask for, is:
(4.11.2.5) VacA (aeFandagE=agS).

Desideratum (4.11.2.5) says that a weak Condorcet loser should not win,
unless it is also a weak Condorcet winner. The following proof demonstrates
that the Schulze method satisfies (4.11.2.5) and that, therefore, there is no
need to weaken (4.11.2.5) any further.

If >p satisfies (2.1.5), then the Schulze method, as defined in section 2.2,
satisfies (4.11.2.5).

Proof:
With a € F, we get
(4.11.2.6) Vb e A\{a}: N[a,b] <N[b,a].
With a ¢ &, we get
(4.11.2.7) 3b e A\{a}: N[a,b] < N[b,a].

When we take the alternative b € A\ {a} from (4.11.2.7), then the link ba
is already a path from alternative b to alternative a that contains no tie or
defeat.

Suppose the link ac is the first link in the strongest path from alternative
a to alternative b. As alternative a is a weak Condorcet loser, the link ac is
either a tie or a defeat. Therefore, with (2.1.5), (4.11.2.6), and (4.11.2.7), we
get

(4.11.2.8) Po[b,a] =p (N[b,a],N[a,b]) >p (N[a,c],N[c,a]) =p Pp[a,b].

So alternative b disqualifies alternative a. So a ¢ S. o
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Another frequently stated desideratum says that a weak Condorcet loser
should not be a unique winner. So with (4.11.2.3), we get

(4.11.2.9) VaeA (aeF=8#{a}).
Claim:

If >p satisfies (2.1.4) and (2.1.5), then the Schulze method, as defined in
section 2.2, satisfies (4.11.2.9).

Proof:

Step 1:

(2.1.4) says that all ties have equivalent strengths. So without loss of
generality, we can set

(4.11.2.10) V x e Ng (x,x) ~p (1,1).

Step 2:

Suppose a € A is a weak Condorcet loser. Then, for every b € A\ {a},
the link ba is already a path from alternative b to alternative a that contains
no defeat. Therefore, with (2.1.5) and (4.11.2.10), we get

(4.11.2.11) Vae FVYbeA\{a}: Pp[ba] xo (N[b,a],N[a,b]) =o (1,1).

Step 3:

Suppose a € A is a weak Condorcet loser. Suppose b € A\ {a}. Suppose
the link ac is the first link in the strongest path from alternative a to
alternative b. As alternative a is a weak Condorcet loser, the link ac is either
a tie or a defeat. Therefore, with (2.1.5) and (4.11.2.10), we get

(411.212) Vae¥FVbeA\{a}3ceA\{a}: Pp[ab] =p (N[a,c],N[c,a]) =p (1,1).
With (4.11.2.11) and (4.11.2.12), we get
(411.213) Vae¥FVDbeA\{a}: Ppb,a] =p Pp[a,b].

Step 4:

As O is transitive, there is an alternative d in A \ {a} that is not
disqualified by any other alternative in A\ {a}. We get

(4.11.2.14) 3JdeA\{a}VveeA\{ad}. ed ¢ O.

With (4.11.2.13), we get that alternative a doesn’t disqualify alternative
d. With (4.11.2.14), we get that no other alternative e € A\ {a,d} disqualifies
alternative d. Therefore, alternative d is a potential winner. Therefore, we get
d € S. Therefore, we get S # {a}. Therefore, we get (4.11.2.9). O
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4.12. Increasing Sequential Independence

Increasing sequential independence says that, when alternative a € A isa
winner, then there must be an alternative d € A \ {a} such that, when the
used election method is applied to A\ {d}, then alternative a is still a winner.

The name for this criterion comes from the fact that — when the used
election method satisfies this criterion and when alternative a € A is a winner
and alternative d(1) € A \ {a} is an alternative such that, when the used
election method is applied to A\ {d(1)}, then alternative a is still a winner —
the same criterion can then be applied to A\ {d(1)} to identify an alternative
d(2) € A\ {a,d(1)} such that, when the used election method is applied
to A\ {d(1),d(2)}, then alternative a is still a winner. When we continue
applying this criterion, we get a linear order d(1),...,d(C-1) of the alternatives
in A\ {a} such that, for every i € {1,...,(C-1)}, alternative a is still a winner
when the used election method is applied to A\ {d(1),...,d(i)}.

The motivation for this criterion is that an alternative a € A should
be able to win only by disqualifying all the other alternatives directly or
indirectly in some manner. It should not be possible that some alternatives
& # {d(2),...,d(H} & A disqualify each other in such a manner that the final
winner comes from outside of {d(1),...,d(i)}. When increasing sequential
independence is satisfied, then one alternative after the other is disqualified,
so that the final winner a € A can come from outside of {d(1),...,d(i)} only
when the last remaining alternative d(j) € {d(1),...,d(i)} is disqualified by
some alternatives outside of {d(1),...,d(i)}.

Increasing sequential independence and decreasing sequential
independence (section 4.14) as criteria for single-winner election methods
have been proposed by Arrow and Raynaud (1986) and generalized by
Lansdowne (1996).

Definition #1:

An election method satisfies the first version of increasing sequential
independence if the following holds:

Suppose alternative a € A is a unique winner when this election
method is applied to A. Then there must be a (not necessarily
unique) alternative d € A\ {a} such that, when this election method
is applied to A\ {d}, then alternative a is still a unique winner.

Claim #1:

The Schulze method, as defined in section 2.2, satisfies the first version
of increasing sequential independence.

Proof of claim #1:

Suppose alternative a € A is a unique winner when this election method
is applied to A. Then, according to (4.1.15), alternative a disqualifies every
other alternative b € A\ {a}. Therefore, we get

(4.12.1) VbeA\{a}: P2 [ab]>p Py [b.a].
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Suppose pred®“[a,x] is the predecessor of alternative x € A \ {a} in the
strongest path from alternative a to alternative x, as calculated in section 2.3.
Then a leaf is an alternative y € A \ {a} such that there is no alternative
x e A\ {a} with pred®“[a,x] = y. As the strongest paths from alternative a to
every other alternative x € A \ {a}, as calculated by the Floyd-Warshall
algorithm, form an arborescence, there must be at least one leaf. Alternative d
is chosen arbitrarily from these leaves.

Suppose alternative d is removed. As alternative d is a leaf, alternative d

is not in the strongest path from alternative a to any other alternative
b € A\ {a,d}. Therefore, we get

(4.12.2) VbeA\{ad} Py [ab] = P [a,b].

On the other side, when an alternative is removed, then the strengths of
the strongest paths can only decrease. Therefore, we get

(4.12.3) vbeA\{ad} Py [ba] <o P2 [b.al.
With (4.12.2), (4.12.1), and (4.12.3), we get
(4.12.4) VbeA\{ad:Pr [ab]=p P2 [ab] >o Py [b,a] xo P 5" [b,a]

so that alternative a is still a unique winner when alternative d is
removed. m

Definition #2:

An election method satisfies the second version of increasing sequential
independence if the following holds:

Suppose alternative a € A is a potential winner when this election
method is applied to A. Then there must be a (not necessarily
unique) alternative d € A\ {a} such that, when this election method
is applied to A\ {d}, then alternative a is still a potential winner.

Claim #2:

The Schulze method, as defined in section 2.2, satisfies the second version
of increasing sequential independence.

Proof of claim #2:

Suppose alternative a € A is a potential winner when this election method
is applied to A. Then, we get

(4.12.5) vbeA\{a}: P2 [ab] =p PY [b.a].

The rest of this proof is identical to the proof of claim #1. m
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4.13. k-Consistency

The Condorcet criterion says that, when some candidate a € A wins every
head-to-head contest, then this candidate a should also be the overall winner
(Condorcet, 1785).

However, many countries have a strong 3-party, 4-party or 5-party
system where no single party can win a majority and where every party is
willing to coalesce with every other party. In such a scenario, it seems to be
rather uninteresting which candidate might win in a head-to-head contest. It
is more interesting to ask whether there is some candidate who wins
regardless of which candidates are nominated by the other parties.

So for example in the 3-party case with party o, party B, and party v, it
might be more interesting to ask whether there is a candidate from party o
who wins every 3-way contest between himself and a candidate from party
and a candidate from party vy. If there is such a candidate, then this candidate
should also be the overall winner.

More generally, if there is a k € N with k > 2 such that there is an
alternative a € A such that alternative a wins every k-way contest, then
alternative a should also be the overall winner. This criterion is called
k-set-consistency (Heitzig, 2004) or k-consistency (Simmons, 2004).

k-consistency as a criterion for single-winner election methods has been
proposed by Heitzig (2004) and Simmons (2004). However, a similar
idea had already been formulated by Saari (Saari, 2001, pages 154-156;
Lagerspetz, 2015, page 207). To question the relevance of the Condorcet
criterion, Saari argued that it could happen that some alternative a € A wins
every 2-way contest, some other alternative b € A\ {a} wins every 3-way
contest, some other alternative ¢ € A\ {a,b} wins every 4-way contest, etc.,
so that, with the same justification, every alternative could claim to be
the overall winner. However, the fact that the Schulze method satisfies
k-consistency for every k € N with k > 2 means that there are election
methods where it is impossible to create examples such that there are
m,n € N with 2 <m < n < C such that some alternative a € A wins every
m-way contest and some other alternative b € A \ {a} wins every n-way
contest. So for these election methods, Saari’s scenario is not possible, so
that his criticism of the Condorcet criterion doesn’t work.
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There are five different versions for k-consistency.

The first version addresses unique winners. This version says that, when
alternative a € A is a unigue winner in every k-way contest, then alternative a
should also be a unigue winner overall. For k = 2, the first version of
k-consistency is identical to the Condorcet criterion (section 4.7).

The second version addresses potential winners. This version says that,
when alternative a € A is a potential winner in every k-way contest, then
alternative a should also be a potential winner overall. For k = 2, the second
version of k-consistency is identical to the desideratum that weak Condorcet
winners should always be potential winners; equation (4.11.1.6).

The third version addresses the set of potential winners. This version says
that, when in every k-way contest (that contains at least one alternative of the
set & # B ¢ A) the winner comes from the set B, then the winner must also
come from the set B when the method is applied to A. For k = 2, the third
version of k-consistency is identical to the Smith criterion (section 4.7).

The fourth version says that, when alternative a € A is not a unique
winner in any k-way contest, then alternative a should also be not a unigue
winner overall. For k = 2, the fourth version of k-consistency is identical to
the desideratum that a weak Condorcet loser should not be a unique winner;
equation (4.11.2.9).

The fifth version says that, when alternative a € A is not a potential
winner in any k-way contest, then alternative a should also be not a potential
winner overall. For k = 2, the fifth version of k-consistency is identical to the
Condorcet loser criterion (section 4.7).
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4.13.1. Formulation #1
Definition:

Suppose k € N with k> 2. An election method satisfies the first version
of k-consistency if the following holds:

Suppose C > k is the number of alternatives in A. Suppose alternative
a € Ais a unigue winner whenever this election method is applied to
some subset A — A with | A| =k and a € A. Then alternative a is also
a unigue winner when this election method is applied to A.

Claim:

If >p satisfies (2.1.5), then the Schulze method, as defined in section 2.2,
satisfies the first version of k-consistency for every k e N with k> 2.

Proof (overview):

We will show how, when alternative a € A is not a unique winner (when
this election method is applied to A), we can create, for every k € N with
2<k<C,asubset Ac Awith |A|=kanda e A such that, when the
Schulze method is applied to A, alternative a is not a unique winner.

Proof (details):

Suppose alternative a € A is not a unique winner when the Schulze
method is applied to A. Then there must be an alternative b € A\ {a} with

(4.13.1.1)  Pp[b,a] xp Pp[a,b].

We set

(4.13.1.2) (z1,22) : = Pp[b,a]

to stress that this value is constant for the rest of this proof.

Suppose c¢(1),...,c(n) is the strongest path from alternative b = c(1) to
alternative a = c(n). Then we get

(4.13.1.3) Vv i=1,.,(n-1): (N[c(i),c(i+1)],N[c(i+1),c()]) =b (21,2).

Especially, we get

(4.13.1.4) (N[c(n-1),c(n)],N[c(n),c(n-1)]) =b (21,22).

When there is more than one path from alternative b to alternative a of
strength (z1,2;) then, without loss of generality, we take the shortest of these
paths (in terms of its number of links). Therefore, we get

(4.13.1.5) Vv ij e {1,...n} with j—i>2: (N[c(i),c())],N[c(),c(D]) <b (21,22).

Otherwise, if there was a link c¢(i),c(j) with (N[c(i),c(j)],N[c(j),c(D]) =b
(z1,22) and j — i > 2, then we could find a shorter path of strength (z;,z;) by
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omitting the alternatives c(i+1),...,c(j-1). This would be a contradiction to
the presumption that c(1),...,c(n) is the shortest path of strength (z;,2,).

With (2.1.5), we get that every path that contains no defeat is always
stronger than every path that contains a defeat.

It is easy to prove that, for every pair of alternatives x,y € A, there is a
path from alternative x to alternative y that contains no defeat or a path from
alternative y to alternative x that contains no defeat. To prove this, we only
have to consider the links xy and yx because the link xy is already a path
from alternative x to alternative y and the link yx is already a path from
alternative y to alternative x. If N[x,y] > N[y,x], then the link xy is a path
from alternative x to alternative y that contains no defeat. If N[x,y] < N[y,x],
then the link yx is a path from alternative y to alternative x that contains no
defeat. If N[x,y] = N[y,x], then the link xy is a path from alternative x to
alternative y that contains no defeat and the link yx is a path from alternative
y to alternative x that contains no defeat.

With (4.13.1.1) and the above considerations, we get that the path
c(1),...,c(n) contains no defeat. {Otherwise: Suppose the path c(1),...,c(n)
contains a defeat. Then [as, for every pair of alternatives x,y € A, there is a
path from alternative x to alternative y that contains no defeat or a path from
alternative y to alternative x that contains no defeat] there must be a path
d(1),...,d(r) from alternative b to alternative a that contains no defeat or a
path e(1),...,e(s) from alternative a to alternative b that contains no defeat. If
there is a path d(1),...,d(r) from alternative b to alternative a that contains no
defeat then, according to (2.1.5), this path is stronger than the path
c(1),...,c(n) that contains a defeat; this is a contradiction to the presumption
that the path c(1),...,c(n) is the strongest path from alternative b to alternative
a. If there is no path from alternative b to alternative a that contains no
defeat, but a path e(1),...,e(s) from alternative a to alternative b that contains
no defeat then, according to (2.1.5), this path is stronger than the path
c(1),...,c(n) that contains a defeat; this is a contradiction to (4.13.1.1).}
Especially, the link c¢(n-1),c(n) is not a defeat. Therefore, we get

(4.13.1.6)  Vi=1,.,(n-1): N[c(i),c(i+1)] > N[c(i+1).c(i)].
Especially, we get

(4.13.1.7)  N[c(n-1),c(n)] = N[c(n),c(n-1)].

With (2.1.5) and (4.13.1.7), we get

(4.13.1.8) (N[c(n=1),c(m],N[c(n),c(n-1)]) =p (N[c(n),c(n-1)],N[c(n-1),c(n)]).
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With the above considerations, we can now show how the subset A — A
can be chosen.

Case #1.

Case #2:

Case #3:

k=2.

When >p satisfies (2.1.5), then the first version of 2-consistency,
applied to the Schulze method, means that the Schulze method
should satisfy the Condorcet criterion. However, it has already
been proven in section 4.7 that the Schulze method satisfies the
Condorecet criterion when >p satisfies (2.1.5).

3<k<n.
Here, we choose A : = {c(1),...,c(k-2),c(n-1),c(n)}.

When the Schulze method is applied to A, then there is a path from
c(n-1) to c(n) of at least (N[c(n-1),c(n)],N[c(n),c(n-1)]) =p (21,22)
because, according to (4.13.1.4), already the link c(n-1),c(n) is a
path from c(n-1) to c(n) of this strength.

On the other side, there cannot be a path in A from c(n) to c(n-1)
of more than (N[c(n-1),c(n)],N[c(n),c(n-1)]) because, according to
(4.13.1.5), every link from ¢(1), ..., c(k=2) to c(n-1) is weaker than
(z1,z2) and, according to (4.13.1.8), the link c(n),c(n-1) is not
stronger than (N[c(n-1),c(n)],N[c(n),c(n-1)]).

Therefore, alternative c(n) cannot disqualify alternative c(n-1). So
either alternative c(n-1) is also a potential winner or, according to
(4.1.14), alternative c(n—-1) must be disqualified by some other
potential winner. In both cases, alternative c(n) is not a unique
winner.

k>n.

Here, A consists of the alternatives c(1),...,c(n) and k-n additional
alternatives from A.

As {c(1),....c(n)} < A, there is a path in A from alternative c(1) to
alternative c(n) of strength (z;,z,). On the other side, we get, with
(4.13.1.1), that there cannot be a path in A from alternative c(n) to
alternative c(1) of more than (z;,2,) because, when alternatives are
removed from A, then the strength of the strongest path from
alternative c(n) to alternative c(1) can only decrease.

Therefore, alternative c(n) cannot disqualify alternative c(1). So
either alternative c(1) is also a potential winner or, according to
(4.1.14), alternative c(1) must be disqualified by some other
potential winner. In both cases, alternative c(n) is not a unique
winner. o
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4.13.2. Formulation #2
Definition:

Suppose k € N with k > 2. An election method satisfies the second
version of k-consistency if the following holds:

Suppose C > k is the number of alternatives in A. Suppose alternative
a € A is a potential winner whenever this election method is applied
to some subset A — A with | A | = k and a € A. Then alternative a is
also a potential winner when this election method is applied to A.

Claim:

If >p satisfies (2.1.4) and (2.1.5), then the Schulze method, as defined in
section 2.2, satisfies the second version of k-consistency for every k € N
with k > 2.

Proof (overview):

We will show how, when alternative a € A is not a potential winner
(when this election method is applied to A), we can create, for every k e N
with 2 <k < C, a subset A = A with | A| =k and a € A such that, when the
Schulze method is applied to A, alternative a is not a potential winner.

Proof (details):

Suppose alternative a € A is not a potential winner when the Schulze
method is applied to A. Then there must be an alternative b € A\ {a} with

(4.13.2.1)  Pp[b,a] >p Pp[a,b].

We set

(4.13.2.2) (21,2) : = Pp[b,a]

to stress that this value is constant for the rest of this proof.

Suppose ¢(1),...,c(n) is the strongest path from alternative b = c(1) to
alternative a = c(n). Then we get

(4.132.3)  Vi=1,.,(n-1): (N[c(i),c(i+1)]LN[c(i+1),.c()]) =p (21.22)-
Especially, we get

(413.2.4)  (N[c(n-1),c(n)]N[c(n),c(n-1)]) zp (z1,22).

With the same arguments as for (4.13.1.5), we get

(4.1325)  Vije {1,..n}withj—i>2: (N[c(i),cG)NICG).c()]) <o (z,22).
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With (2.1.4) and (2.1.5), we get that every path that contains no defeat or
tie is always stronger than every path that contains a defeat or tie.

It is easy to prove that the path c(1),...,c(n) contains no defeat or tie.
Therefore, we get

(4.13.26)  Vi=1,.,(n-1): N[c(i).c(i+1)] > N[c(i+1),c(i)]
Especially, we get

(4.13.2.7)  N[c(n-1),c(n)] > N[c(n),c(n-1)].

With (2.1.5) and (4.13.2.7), we get

(413.2.8)  (N[c(n-1),c(n)],N[c(n),c(n-1)]) >p (N[c(n),c(n-1)],N[c(n-1),c(n)]).
Proof for (4.13.2.6):

It has already been shown in the proof in section 4.13.1 that, when
>p satisfies (2.1.5), then the path c(1),...,c(n) contains no defeat. So it
remains to be proven that the path c(1),...,c(n) contains no tie.

To prove that the path ¢(1),...,c(n) contains no tie, we presume
that (2.1.4), (2.1.5), and (4.13.2.1) are satisfied and that the path
c(1),...,c(n) contains a tie and then we will show that this leads to a
contradiction.

(2.1.4) says that all ties have equivalent strengths. (2.1.5) says that
every win is stronger than every tie. So when the path c(1),...,c(n)
contains no defeat, but at least one tie then, without loss of generality,
we can set

(4.13.2.9) Ppo[b,a] =p (1,1).
To get to a contradiction, it is sufficient to consider the link ab.

Case #A: If the link ab is a win ( i.e. N[a,b] > N[b,a] ) or a tie
(i.e. N[a,b] = N[b,a] ), then this link is already a path from alternative
a to alternative b that contains no defeat. Therefore, with (2.1.4),
(2.1.5), and (4.13.2.9), we get Pp[a,b] =p (N[a,b],N[b,a]) =p (1,1) ~p
Pp[b,a]. But this is a contradiction to (4.13.2.1).

Case #B: If the link ab is a defeat ( i.e. N[a,b] < N[b,a] ), then the
link ba is a path from alternative b to alternative a that contains no
defeat or tie. But then, according to (2.1.5), the link ba is stronger than
the path c(1),...,c(n) that contains a tie. But this is a contradiction to
the presumption that the path c(1),...,c(n) is the strongest path from
alternative b to alternative a.
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With the above considerations, we can now show how the subset A — A
can be chosen.

Case #1.

Case #2:

Case #3:

k=2.

When >p satisfies (2.1.4) and (2.1.5), then the second version
of 2-consistency, applied to the Schulze method, means that
the Schulze method should satisfy the desideratum that a weak
Condorcet winner is always a potential winner. However, it has
already been proven in section 4.11 that the Schulze method
satisfies this desideratum when > satisfies (2.1.4) and (2.1.5).

3<k<n.
Here, we choose A : = {c(1)....,c(k-2),c(n-1),c(n)}.

When the Schulze method is applied to A, then there is a path from
c(n-1) to c(n) of at least (N[c(n-1),c(n)],N[c(n),c(n-1)]) =pb (21,22)
because, according to (4.13.2.4), already the link c(n-1),c(n) is a
path from c¢(n-1) to c(n) of this strength.

On the other side, there cannot be a path in A from ¢(n) to ¢(n-1)
of at least (N[c(n-1),c(n)],N[c(n),c(n-1)]) because, according to
(4.13.2.5), every link from c(1), ..., c(k-2) to c(n-1) is weaker than
(z1,2,) and, according to (4.13.2.8), the link c(n),c(n-1) is weaker
than (N[c(n-1),c(n)],N[c(n),c(n-1)]).

Therefore, alternative c(n-1) disqualifies alternative c(n), so that
alternative c(n) is not a potential winner.

k>n.

Here, A consists of the alternatives c(1),...,c(n) and k-n additional
alternatives from A.

As {c(1),....c(n)} < A, there is a path in A from alternative c(1) to
alternative c(n) of strength (z,,z;). On the other side, we get, with
(4.13.2.1), that there cannot be a path in A from alternative c(n) to
alternative c(1) of at least (z;,2,) because, when alternatives are
removed from A, then the strength of the strongest path from
alternative c(n) to alternative c(1) can only decrease.

Therefore, alternative c(1) disqualifies alternative c(n), so that
alternative c(n) is not a potential winner. o
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4.13.3. Formulation #3
Definition:

Suppose k € N with k> 2. An election method satisfies the third version
of k-consistency if the following holds:

Suppose C > k is the number of alternatives in A. Suppose S| is
the set of potential winners when this election method is applied to
@ + A  A. Suppose @ # B < A. Suppose S|z < B whenever this
election method is applied to some subset A ¢ A with | A | = k and
B N A+ @. Then we must also get S|x < B. In short:

VO#BcA ((VAcAwith|A|=kandBNA#£D:SlscB)=(S.cB)).

If >p satisfies (2.1.5), then the Schulze method, as defined in section 2.2,
satisfies the third version of k-consistency for every k e N with k > 2.

Proof (overview):

We will show how, when S|s ¢ B, we can create, for every k € N with
2<k<C, asubsetAgAwi'Eh|A|: k and B N A # & such that, when the
Schulze method is applied to A, we get S|z ¢ B.

Proof (details):

Suppose r : = | B | is the number of alternatives in B. With & #B & A, we
get: 0<r<C.

Suppose S|a ¢ B. Then there must be an alternative b € A with b € Sa
and b ¢ B. With b € S|, we get

(4.13.3.1) Vv a € A\ {b}: Pp[b,a] =p Pp[a,b].
Case #1: k=2.
When >p satisfies (2.1.5), then the third version of 2-consistency,
applied to the Schulze method, means that the Schulze method
should satisfy the Smith criterion. However, it has already been

proven in section 4.7 that the Schulze method satisfies the Smith
criterion when >p satisfies (2.1.5).
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Case #2: k>C —rr.

In section 4.12, we have proven that, when alternative b € A is a
potential winner, then there is a linear order d(1),...,d(C-1) of the
alternatives in A \ {b}, such that, when the Schulze method is
applied to A\ {d(1),...,d(C—k)}, then alternative b is still a potential
winner.

As k> C —r, every set A — A with | A | = k contains at least
k + r— C > 1 alternatives of B. Therefore, we get B " A # & for
every set A = A with | A | = k. Therefore, we can choose A : =
A\{d(D),....d(C—K)}.

Case #3: 3<k<C-r.

We take some b € A with b € S|, and b ¢ B. We sort the alternatives
{a(1),...,.a(C-1)} in A\ {b} such that

VijeNwithl<i<Cand1l<j<C:(predba()]=a()=i<j).

Suppose y € N with 1 <y < C is the smallest number with a(y) € B. Then
we get a(x) ¢ B for all x e N with 1 <x <y. Furthermore, when d(1),...,d(m)
is the strongest path from alternative b = d(1) to alternative a(y) = d(m) then,
with the definition for pred[i,j] and with the definition for the order of
{a(1),...,a(C-1)}, we get {d(1),...,d(m-1)} < {b,a(1),...,a(y-1)} c A\ B.

We set

(4.13.3.2) (z1,22) : = Pp[b,a(y)]

to stress that this value is constant for the rest of this proof.

We now shorten the path d(1),...,d(m) by removing possible short cuts.
So when there is a link d(i),d(j) with (N[d(i),d()],N[d(),d(i)]) =b (z1,22) and
j —1>2, we remove the alternatives d(i+1),...,d(j-1) from this path. We
continue removing possible short cuts, until the resulting path contains no
short cuts anymore. The resulting path will be called c(1),...,c(n).

We get c(i) ¢ B for all i € N with 1 <i < n, because we have already
established d(i) ¢ B for all i e N with 1 <i < m and because, when we
shortened the path d(1),...,d(m), we only removed and didn’t add alternatives.

With the same arguments as for (4.13.1.3) — (4.13.1.8), we get (4.13.3.3) — (4.13.3.8):

(4.13.3.3) Vi=1,.,(n-1): (N[c(i),c(i+1)],N[c(i+1),c()]) =b (21,22).

(4.13.3.4) (N[c(n-1),c(n)],N[c(n),c(n-1)]) =b (21,22).

(4.13.3.5) Vij e {1,..,n}withj—i>2: (N[c(i),c()],N[c(),c(i)]) <o (z1,22).

(4.1336)  Vi=1,.,(n-1): N[c(i),c(i+1)] = N[c(i+1),c(i)].
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(4.13.3.7)

(4.13.3.8)

N[c(n-1),c(n)] > N[c(n),c(n-1)].

(N[c(n-1),c(m1,N[e(n),c(n-1)]) =o (N[c(n),c(n-1)],N[c(n-1),c(m)]).

With the above considerations, we can now show how the subset A — A

can be chosen.

Case #3a: 3 <k <n.

Here, we choose A : = {c(1)....,c(k-2),c(n-1),c(n)}.

When the Schulze method is applied to A, then there is a path from
c(n-1) to c(n) of at least (N[c(n-1),c(n)],N[c(n),c(n-1)]) =p (21,22)
because, according to (4.13.3.4), already the link c(n-1),c(n) is a
path from c(n-1) to c(n) of this strength.

On the other side, there cannot be a path in A from c(n) to c(n-1)
of more than (N[c(n-1),c(n)],N[c(n),c(n-1)]) because, according to
(4.13.3.5), every link from c(1), ..., c(k-2) to c(n-1) is weaker than
(z1,22) and, according to (4.13.3.8), the link c¢(n),c(n-1) is not
stronger than (N[c(n-1),c(n)],N[c(n),c(n-1)]).

Therefore, alternative c(n) cannot disqualify alternative c(n-1). So
either alternative c(n-1) is also a potential winner or, according to
(4.1.14), alternative c(n-1) must be disqualified by some other
potential winner in A. As c(i) ¢ B for all i € Nwith 1 <i < n, this
potential winner comes from outside B.

Case #3b:n<k<C-r.

Here, A consists of the alternatives c(1),...,c(n) and k-n additional
alternatives from A\ B.

As {c(1),....c(n)} < A, there is a path in A from alternative c(1) to
alternative c(n) of strength (z;,z;). On the other side, we get, with
(4.13.3.1), that there cannot be a path in A from alternative c(n) to
alternative c(1) of more than (z;,2,) because, when alternatives are
removed from A, then the strength of the strongest path from
alternative c(n) to alternative c(1) can only decrease.

Therefore, alternative c(n) cannot disqualify alternative c(1). So
either alternative c(1) is also a potential winner or, according to
(4.1.14), alternative c(1) must be disqualified by some other
potential winner in A. As e ¢ B for all e € A\ {c(n)}, this potential
winner comes from outside B. m
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4.13.4. Formulation #4
Definition:

Suppose k € N with k> 2. An election method satisfies the fourth version
of k-consistency if the following holds:

Suppose C > k is the number of alternatives in A. Suppose
alternative a € A is not a unigue winner whenever this election
method is applied to some subset A < A with | A |=kand a € A.
Then alternative a is also not a unique winner when this election
method is applied to A.

The Schulze method, as defined in section 2.2, satisfies the fourth version
of k-consistency for every k e N with k> 2.

Remark:

Presumptions (2.1.4) and (2.1.5) are not needed in the following proof.
However, only when >p satisfies (2.1.4) and (2.1.5), the fourth version of
k-consistency with k = 2 is identical to the desideratum that a weak
Condorcet loser should not be a unique winner.

Proof (overview):

We will show how, when alternative a € A is a unigue winner (when
this election method is applied to A), we can create, for every k € N with
2<k<C,asubset Ac Awith |A|=kanda e A such that, when the
Schulze method is applied to A, alternative a is a unique winner.

Proof (details):

In section 4.12, we have proven that, when alternative a € A is a unique
winner, then there is a linear order d(1),...,d(C-1) of the alternatives in
A\ {a} such that, for every i € {1,...,(C-1)}, alternative a is still a unique
winner when the Schulze method is applied to A\ {d(1),...,d(i)}.

Therefore, for k € N with 2 < k < C, we can simply choose
A:=A\{d(1),...d(C-k)}. m
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4.13.5. Formulation #5
Definition:

Suppose k € N with k > 2. An election method satisfies the fifth version
of k-consistency if the following holds:

Suppose C > k is the number of alternatives in A. Suppose
alternative a € A is not a potential winner whenever this election
method is applied to some subset A < A with | A |=kand a € A.
Then alternative a is also not a potential winner when this election
method is applied to A.

The Schulze method, as defined in section 2.2, satisfies the fifth version
of k-consistency for every k e N with k> 2.

Remark:
Presumption (2.1.5) is not needed in the following proof. However, only
when >p satisfies (2.1.5), the fifth version of k-consistency with k = 2 is

identical to the Condorcet loser criterion.

Proof (overview):

We will show how, when alternative a € A is a potential winner (when
this election method is applied to A), we can create, for every k € N with
2<k<C,asubset Ac Awith|A|=kanda e A such that, when the
Schulze method is applied to A, alternative a is a potential winner.

Proof (details):

In section 4.12, we have proven that, when alternative a € A is a potential
winner, then there is a linear order d(1),...,d(C-1) of the alternatives in
A\ {a} such that, for every i € {1,...,(C-1)}, alternative a is still a potential
winner when the Schulze method is applied to A\ {d(1),...,d(i)}.

N Therefore, for k € N with 2 < k < C, we can simply choose
A =A\{dQ),....d(C-k)}. ]
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4.14. Decreasing Sequential Independence

Decreasing sequential independence says that, when alternative a € A is
not a winner, then there must be an alternative d € A \ {a} such that, when
the used election method is applied to A\ {d}, then alternative a is still not a
winner.

The name for this criterion comes from the fact that — when the used
election method satisfies this criterion and when alternative a € A is not a
winner and alternative d(1) € A\ {a} is an alternative such that, when the
used election method is applied to A\ {d(1)}, then alternative a is still not a
winner — the same criterion can then be applied to A\ {d(1)} to identify an
alternative d(2) € A\ {a,d(1)} such that, when the used election method is
applied to A\ {d(1),d(2)}, then alternative a is still not a winner. When we
continue applying this criterion, we get a linear order d(1),...,d(C-1) of the
alternatives in A \ {a} such that, for every i e {1,...,(C-1)}, alternative a
is still not a winner when the used election method is applied to

A\{d(L),....d(i)}.

Increasing sequential independence and decreasing sequential
independence address opposite problems. On the one side, increasing
sequential independence says that it should not be possible that alternatives
& # {d(),...,d(1)} & A harm each other in such a manner that the final
winner comes from outside of {d(1),...,d(i)}. On the other side, decreasing
sequential independence says that, when no proper subset of {d(1),...,d(i)}
can disqualify every alternative outside of {d(1),...,d(i)}, then the
alternatives {d(1),...,d(i)} should not help each other in such a manner that
{d(2),...,d(i)} together disqualify every alternative outside of {d(1),...,d(i)}.

The fact that the Schulze method satisfies decreasing sequential
independence follows directly from the fact that the Schulze method satisfies
the first and the second version of k-consistency for every k € N with
2 <k < C (sections 4.13.1 and 4.13.2).
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Definition #1:

An election method satisfies the first version of decreasing sequential
independence if the following holds:

Suppose there are at least C > 3 alternatives. Suppose alternative
a € A is not a unique winner when this election method is applied
to A. Then there must be a (not necessarily unique) alternative
d € A\ {a} such that, when this election method is applied to
A\ {d}, then alternative a is still not a unique winner.

Claim #1:

If >p satisfies (2.1.5), then the Schulze method, as defined in section 2.2,
satisfies the first version of decreasing sequential independence.

Proof of claim #1:

Suppose alternative a € A is not a unique winner when this election
method is applied to A. In section 4.13.1, we have shown that, when
alternative a € A is not a unique winner (when this election method is
applied to A), we can create, for every k e N with 2 <k < C, a subset A ¢ A
with | A| =k and a e A such that, when the Schulze method is applied to A,
alternative a is still not a unique winner. When we choose k = C-1, we get
the first version of decreasing sequential independence. O

Definition #2:

An election method satisfies the second version of decreasing
sequential independence if the following holds:

Suppose there are at least C > 3 alternatives. Suppose alternative
a € A is not a potential winner when this election method is
applied to A. Then there must be a (not necessarily unigue)
alternative d € A \ {a} such that, when this election method is
applied to A\ {d}, then alternative a is still not a potential winner.

Claim #2:

If >p satisfies (2.1.4) and (2.1.5), then the Schulze method, as defined in
section 2.2, satisfies the second version of decreasing sequential independence.

Proof of claim #2:

Suppose alternative a € A is not a potential winner when this election
method is applied to A. In section 4.13.2, we have shown that, when
alternative a € A is not a potential winner (when this election method is
applied to A), we can create, for every k e N with 2 <k < C, a subset A c A
with | A | = k and a e A such that, when the Schulze method is applied to A,
alternative a is still not a potential winner. When we choose k = C-1, we get
the second version of decreasing sequential independence. O
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4.15. Weak Independence from Pareto-Dominated Alternatives

Suppose an alternative j is added such that:

(3.6.1) JieAMvveViiz™j.
(3.6.2) VgheA¥vveVig-"heg>"h

Then independence from Pareto-dominated alternatives (IPDA) says that
we must get:

3.6.3 v g,h e A% gh € 0% < gh € O™".
( g g g
(3.6.4) VgeAMgeSMegesS™

In example 6 (section 3.6) and example 7 (section 3.7), we have seen that
the Schulze method violates IPDA. In example 6, the winner is changed from
alternative a € A to alternative b e A® \ {a} by adding an alternative e with

(4.15.1) 3de A\ {ab}VveV:d=z" e

In example 7, the winner is changed from alternative a € A% to
alternative b € A®\ {a} by adding an alternative e with

(4.15.2) VveViaxz, " e

It has already been mentioned in section 4.8 that IPDA and (4.8.5) are
incompatible. In example 6(old), we have 43%“ = {a, c, d}. In example
6(new), we have 85" = {b}. Therefore, 82" ~ 85" = &. So (4.8.5) says
that the winner must change. In example 7(old), we have 8, ={a, ¢, d}. In

old
example 7(new), we have 85 = {b} so that, again, (4.8.5) says that the

winner must change.

So we cannot exclude that the winner is changed from alternative a € A
to alternative b e A\ {a} by adding an alternative e with (4.15.1) or
(4.15.2). But we will prove that the winner cannot be changed by adding an
alternative e with

(4.15.3) vveV:ibz" e

Definition:

An election method satisfies weak independence from Pareto-
dominated alternatives (wIPDA\) if the following holds:

Suppose b ¢ S
Suppose an alternative e is added with (3.6.2) and

(4154) VveV:bz"e

Then we get: b ¢ S™".
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Claim:

If >p satisfies (2.1.1), then the Schulze method, as defined in section 2.2,
satisfies weak independence from Pareto-dominated alternatives.

Proof:

Suppose b ¢ S%. Then, there was an alternative a € A°® \ {b} with
ab € 0. With ab € O°, we get

(4.15.5) P [a,b] >p P2 [b,a].

Suppose an alternative e is added with (3.6.2) and (4.15.4).

Suppose ¢(1),...,c(n) was the strongest path from alternative a to
alternative b in A”?. Then c(1),....c(n) is still a path from alternative a to
alternative b in A™" of the same strength. Therefore, we get

(4.15.6) P [a,b] xp P [a,b].

Suppose d(1),...,d(m) is the strongest path from alternative b to alternative
ain A™,

Case I: Suppose d(1),...,d(m) does not contain alternative e. Then
d(1),....d(m) was a path from alternative b to alternative a in A”® with the
same strength. Therefore, we get: P2 [b,a] xp P 5" [b,a].

Case Il: Suppose d(1),...,d(m) contains alternative e. Suppose d(s) is the last
occurrence of alternative e in the path d(1),...,d(m). With (2.1.1), (4.15.4), and
d(s) = e, we get: (N[b,d(s+1)],N[d(s+1),b]) =p (N[d(s),d(s+1)],N[d(s+1),d(S)]).
So b,d(s+1),...,d(m) was a path from alternative b to alternative a in A°® of
at least the same strength as d(1),...,d(m). Therefore, we get: P°DId [b,a] =p
Py [b,al.

So, with Case | and Case 11, we get

(4.15.7) P [b,a] xp P " [b.al.

With (4.15.6), (4.15.5), and (4.15.7), we get

(4.15.8) P [a,b] xp P Y [a,b] =5 P Y’ [b,a] xp P 5" [b.al.

With (4.15.8), we get ab € O™" and, therefore, b ¢ S™". O
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5. Tie-Breaking

It can happen that the weakest link in the strongest path from alternative a
to alternative b and the weakest link in the strongest path from alternative b
to alternative a are the same link, say cd. In this case, the Schulze method is
indifferent between alternative a and alternative b, i.e. ab ¢ O and ba ¢ O.
See sections 3.3, 3.8, 3.9, and 4.2.

In this section, we recommend that, to resolve this indifference, the link
cd should be declared forbidden and the strongest paths from alternative a
to alternative b and from alternative b to alternative a, that don’t contain
forbidden links, should be calculated. Either this indifference is now
resolved or, again, the weakest link in the strongest path from alternative a
to alternative b and the weakest link in the strongest path from alternative b
to alternative a are the same link, say ef. In the latter case, the link ef is
declared forbidden and the strongest paths that don’t contain forbidden links
are calculated. This procedure is repeated until this indifference is resolved.

The resulting Schulze relation will be called Oyina. The resulting set of
potential winners will be called Ssny. The precise definitions for Oyny and
Stinar Will be given in (5.1.2) and (5.1.3).

In example 3 (section 3.3), the link cd is the weakest link in the strongest
path from alternative a to alternative b and the weakest link in the strongest
path from alternative b to alternative a. Therefore, the link cd is declared
forbidden. The strongest path from alternative a to alternative b, that doesn’t
contain forbidden links, is a,(33,30),b. The strongest path from alternative b
to alternative a, that doesn’t contain forbidden links, is b,(30,33),a. Therefore,
we get ab € Ofinal-

5.1. Calculating a Complete Ranking Using
a Tie-Breaking Ranking of the Links

Suppose LOaxa is the set of linear orders on A x A. Then a Tie-Breaking
Ranking of the Links (TBRL) is a linear order 6 € LOaxa With the following
property:

(5.1.1) (N[i,jiI,NiiT) >o (N[m,nL,N[n,m]) = ij >, mn.

Suppose 6 € LOax iS a linear order on A x A with property (5.1.1). Then
we calculate Ofina(o) and Ssina(o) as described in stages 1-4:

Stage 1 (initialization):

fori:=1toC
begin
forj:=1t0C
begin
if (i#])then
begin
Poli,j]: =]
end
end
end

QOWOoONOOITE,E WN P

[
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Stage 2 (calculation of the strengths of the strongest paths):

11 (fori:=1toC

12 | begin

13 forj:=1t0C

14 begin

15 if (i#]) then

16 begin

17 fork:=1to C

18 begin

19 if (1#k) then
20 begin

21 if (j#k) then
22 begin

23 if (Po[j,K] < ming { Ps[),i], Ps[ik] } ) then
24 begin

25 Psl.K] : = ming { Po[j,i], Po[i,k] }
26 end

27 end

28 end

29 end

30 end

31 end

32 | end

Stage 3 (calculation of the binary relation O and the set of potential winners):

33 Ofinal(c) =

34 | Shina(c) : = A

35| fori:=1toC

36 | begin

37 forj:=1t0C

38 begin

39 if (i£])then

40 begin

41 if (Po[j,i] >4 Ps[i,j]) then
42 begin

43 Oiinal(0) : = Ofinai(0) + {ji}
44 Siinal(6) = Stinai(o) \ {i}
45 end

46 end

47 end

48 | end
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Stage 4 (tie-breaking):

49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

xy:=mings{ij|ij e {1,...C} i#]}
form:=1to C-1
begin
forn:=m+ltoC
begin
if (Ps[m,n] =, Ps[n,m]) then
begin
fori:=1t0C
begin
forj:=1toC
begin
if (1#])then
begin
forbidden[i,j] : = false
Qqlij] - = Pofi.j]
end
end
end
booll : = false
while (' booll = false )
begin
fori:=1toC
begin
forj:=1toC
begin
if (1#]) then
begin
if (Qs[m,n]~,ij)then
begin
forbidden[i,j] : = true
end
end
end
end
fori:=1t0C
begin
forj:=1toC
begin
if (1#])then
begin
if (forbidden[i,j] = true ) then
begin
Qq[i,j] : = xy
end
else
begin
Qq[ijl: =1j
end
end
end
end
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100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125

126
127
128
129
130
131
132

133
134
135
136
137
138

fori:=1toC
begin
forj:=1t0C
begin
if (i#])then
begin
fork:=1toC
begin
if (i#k) then
begin
if (j#k) then
begin
if ( QolJ,KI <o ming { Qoj,i], Qs[iK] }) then
begin
Qoli K] : = ming { Qs i], Qs[i K] }
end
end
end
end
end
end
end
if (Qs[m,n] >s Qq[n,m]) then
begin
Ofinal(6) : = Ofinai(0) + {mn}
Siinal(0) : = Stinai(o) \ {n}

booll : =true
end
else
if (Qo[m,n] <5 Qs[n,m] ) then
begin

Ofinal(c) ‘= Ofinal(c) + {nm}
Siinal(0) : = Stinai(c) \ {m}
booll : =true
end
end
end

end

end

For each pair of alternatives m,n € A, we check whether P,[m,n] =,
P,[n,m] (lines 50-55). In this case, the link ij with P,[m,n] =, ij is declared
forbidden (lines 70-82) and the strongest paths, that don’t contain forbidden
links, are calculated (lines 83—-121). This procedure is repeated (lines 67—68)
until this indifference is resolved (lines 122-134).

We define
(5.1.2) Ot - =N { Onat(0) | 6 € LOmea With (5.1.1) 3.
(5.1.3) Stinal - = U { Stinai(c) | 6 € LOaa With (5.1.1) }.
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5.2. Calculating a Tie-Breaking Ranking of the Candidates
and a Tie-Breaking Ranking of the Links

The Schulze relation O, as defined in (2.2.1), is only a strict partial order.
However, sometimes, a linear order is needed. In this section, we will show
how the Schulze relation O can be completed to a linear order without
having to sacrifice any of the desired criteria.

Step 1:

A Tie-Breaking Ranking of the Links (TBRL), a linear order >, on
A x A, and a Tie-Breaking Ranking of the Candidates (TBRC), a linear
order >, on A, are calculated as follows:

a)

b)

d)

In the beginning:

o V(i))(mn) e Ax A (N[ijIN.iT) >o (N[m,nL,N[nm]) = ij > mn.

oV (i,j),(mn) e A x A: (N[i,jil,N[i,il) =o (N[m,n],N[n,m]) = ij =, mn.

o VijeAliz].
Pick a random ballot v € V and use its rankings. That means:
e VYV (ij),(mn)eAxA:Ifij=;mnand
(5.2.1) (Cizyj)Aa(m=<yn))v((i>j)a(m=yn))
then replace “ ij =, mn” by “ ij >, mn ”.
e VijeAlfiz,jandi>,j, thenreplace “i~=,j” by “i>,j".
When the bylaws require that the chairperson decides in the case
of a tie, then, for the calculations of the TBRL and the TBRC, the

ballot of the chairperson has to be chosen first.

Continue picking ballots randomly from those that have not yet
been picked and use their rankings.

If you go through all ballots and there are still alternatives i,j € A
with i =, j, then proceed as follows:

dl) Pick a random alternative k and complete the TBRC in its
favor. ( That means: For all alternatives | € A\ {k} withk =, I:
Replace “ k=, 1”7 by “k>,1".)

d2) Continue picking alternatives randomly from those that have
not yet been picked and complete the TBRC in their favor.
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Step 2:

Suppose there are still (i,j),(m,n) € A x A with ij =, mn, then proceed
as follows:

Variant 1: When at least one of the following conditions is satisfied,
then replace “ ij~,mn” by “ ij >, mn ”;

(5.22a) i>,jandn>, m.

(5.2.3a) i>,jandm>,nandi>,m.
(5.24a) j>,iandn>,mandn>,]j.
(5.25a) i=mandn>,]j.

(5.2.6a) j=nandi>,m.

Variant 2: When at least one of the following conditions is satisfied,
then replace “ ij =;mn ” by “ ij >, mn

(5.2.2b) i>,jandn>, m.

(5.23b) i>,jandm>,nandn>,j.
(5.2.4b) j>,iandn>,mandi>,m.
(5.25b) i=mandn>,]j.

(5.2.6b) j=nandi>,m.

(5.2.2a) — (5.2.6a) and (5.2.2b) — (5.2.6b) are chosen in such a manner
that e.g. when the TBRC >, is abcdefgh then links of otherwise
equivalent strengths are sorted ah, ag, af, ae, ad, ac, ab, bh, bg, bf, be,
bd, bc, ch, cg, cf, ce, cd, dh, dg, df, de, eh, eg, ef, th, fg, gh, hg, of, hf,
fe, ge, he, ed, fd, gd, hd, dc, ec, fc, gc, hc, cb, db, eb, fb, gb, hb, ba, ca,
da, ea, fa, ga, ha in variant 1 resp. ah, bh, ch, dh, eh, fh, gh, ag, bg, cg,
dg, eg, fg, af, bf, cf, df, ef, ae, be, ce, de, ad, bd, cd, ac, bc, ab, ba, cb,
ca, dc, db, da, ed, ec, eb, ea, fe, fd, fc, fb, fa, gf, ge, gd, gc, gb, ga, hg,
hf, he, hd, hc, hb, ha in variant 2.

Step 3:

Osinai(0) and Siinai(o) are calculated as defined in section 5.1. The final
winner is alternative a € A with ba ¢ Oyna(o) for every b € A\ {a}.
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5.3. Transitivity

In section 4.1, we have proven that the binary relation O, as defined in
(2.2.1), is transitive. Nevertheless, it isn’t intuitively clear whether also the
binary relation Osinai(0), as defined in section 5.1, is transitive. It seems to be
possible that ties P4[x,y] = Po[y.x] are resolved based on different sets of
non-forbidden links, so that the transitivity of Ona(c) doesn’t follow directly
from the transitivity of O.

However, in the following proof, we will see that also the binary relation
Orinai(0), as defined in section 5.1, is transitive. We will prove that ties
Ps[X,y] =5 PsLy,X] are either resolved based on the same set of non-forbidden
links (sections 5.3.1, 5.3.4, and 5.3.5) or — in those cases, where these ties

happen to be resolved based on different sets of non-forbidden links — they
cannot violate transitivity (sections 5.3.2 and 5.3.3).

5.3.1. Part 1

Suppose, before we start declaring links forbidden, we have:

(5.3.1.1) P.[a,b] >, Ps[b,a].

(5.3.1.2) P,[b,c] >, Ps[c,b].

(5.3.1.3) PJ[c,a] =s Ps[a,c].

With (5.3.1.1), we get ab € O and, therefore, ab € Oyinal(0).

With (5.3.1.2), we get bc € O and, therefore, bc € Ofinal(0).

This situation is not possible because, when no link has been declared
forbidden, then all paths are calculated based on the same set of non-
forbidden links. But in section 4.1, we have proven that, when all paths are
calculated based on the same set of links, then the binary relation O, as
defined by P4[x,y] >+ Psly,X], is transitive. So, with P,[a,b] >, P,[b,a] and
Ps[b,c] > Ps[c,b], we immediately get P.[a,c] >, Ps[c,a].

5.3.2. Part 2

Suppose, before we start declaring links forbidden, we have:

(5.3.2.1) P.[a,b] <, P,[b,a].

(5.3.2.2) P,[b,c] > Ps[c,b].

(5.3.2.3) P.[c,a] =; Ps[a,c].

With (5.3.2.1), we get ba € O and, therefore, ba € Ofinal(0).

With (5.3.2.2), we get bc € O and, therefore, bc € Ofinai().

Suppose there are no pairwise links of equivalent strengths. Suppose
(5.3.2.1) — (5.3.2.3). Then the weakest link in the strongest path from

alternative a to alternative ¢ and the weakest link in the strongest path from
alternative c to alternative a must be the same link, say de.
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Therefore, the strongest paths have the following structure:

In this case, it can actually happen that the paths are based on different
sets of non-forbidden links. In example 9 (section 3.9), we have a situation
with P.[a,b] <, Ps[b,a], Ps[b,c] >, Ps[c,b], and Py[c,a] =, Ps[a,c] and where
the link de is the weakest link in the strongest path from alternative a to
alternative ¢ and simultaneously the weakest link in the strongest path from
alternative c to alternative a. So when we resolve P,[c,a] =, Ps[a,c], the link
de has to be declared forbidden. The strongest path from alternative a to
alternative c, that doesn’t contain the link de, is a,(24,21),c. The strongest
path from alternative ¢ to alternative a, that doesn’t contain the link de,
is ¢,(25,20),b,(22,23),e,(30,15),a. So P,c,a] =, P,[a,c] is resolved to
ac € Orinal(0).

Now the interesting observation is that the link de is also in the strongest
path from alternative b to alternative a. And the strongest path b,(22,23).e,
(30,15),a from alternative b to alternative a, that doesn’t contain the link de,
is weaker than the strongest path a,(26,19),b from alternative a to alternative
b, that doesn’t contain the link de. Therefore, if we had to recalculate the
strengths of the strongest paths from alternative a to alternative b and from
alternative b to alternative a based on the fact that the link de has been
declared forbidden { what we don’t have to do, because each of (5.3.2.1) —
(5.3.2.3) is resolved separately, based on its own set of non-forbidden links },
we would get Ps[a,b] >, Ps[b,a].

Furthermore, the link de is in the strongest path from alternative b to
alternative c. And the strongest path b,(22,23),e,(32,13),c from alternative b
to alternative c, that doesn’t contain the link de, is weaker than the strongest
path c,(25,20),b from alternative c to alternative b, that doesn’t contain the
link de. Therefore, if we had to recalculate the strengths of the strongest
paths from alternative b to alternative ¢ and from alternative c to alternative
b based on the fact that the link de has been declared forbidden, we would
get P.[b,c] <. P4[c,b].

So example 9 (section 3.9) demonstrates that it can happen that (5.3.2.1)
— (5.3.2.3) are resolved based on different sets of non-forbidden links.
However, this is not a problem because — it doesn’t matter whether P,[c,a]
=~; Ps[a,c] is resolved to P.c,a]l >, Ps[a,c] or to Ps[c,a]l <, Ps[a,c] —
transitivity will never be violated.
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5.3.3. Part 3

Suppose, before we start declaring links forbidden, we have:

(5.3.3.1) Ps[a,b] >, Po[b,a].

(5.3.3.2) P.[b,c] <, Ps[c,b].

(5.3.3.3) P.[c,a] =; Ps[a,c].

With (5.3.3.1), we get ab € O and, therefore, ab € Oyinal(0).

With (5.3.3.2), we get cb € O and, therefore, cb € Ojina(0).

Suppose there are no pairwise links of equivalent strengths. Suppose
(5.3.3.1) — (5.3.3.3). Then the weakest link in the strongest path from

alternative a to alternative ¢ and the weakest link in the strongest path from
alternative c to alternative a must be the same link, say de.

Therefore, the strongest paths have the following structure:

In this case, it can actually happen that the paths are based on different
sets of non-forbidden links. In example 10 (section 3.10), we have a situation
with P.[a,b] >, Ps[b,a], Ps[b,c] <, Ps[c,b], and P4[c,a] =, Ps[a,c] and where
the link de is the weakest link in the strongest path from alternative a to
alternative ¢ and simultaneously the weakest link in the strongest path from
alternative c to alternative a. So when we resolve P,[c,a] =, Ps[a,c], the link
de has to be declared forbidden. The strongest path from alternative a to
alternative c, that doesn’t contain the link de, is a,(24,21),c. The strongest
path from alternative ¢ to alternative a, that doesn’t contain the link de,
is ¢,(30,15),d,(22,23),b,(25,20),a. So P4c,a] =, Poa,c] is resolved to
ac € Orinai(0).

Now the interesting observation is that the link de is also in the strongest
path from alternative a to alternative b. And the strongest path a,(32,13),d,
(22,23),b from alternative a to alternative b, that doesn’t contain the link de,
is weaker than the strongest path b,(25,20),a from alternative b to alternative
a, that doesn’t contain the link de. Therefore, if we had to recalculate the
strengths of the strongest paths from alternative a to alternative b and from
alternative b to alternative a based on the fact that the link de has been
declared forbidden { what we don’t have to do, because each of (5.3.3.1) —
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(5.3.3.3) is resolved separately, based on its own set of non-forbidden links },
we would get Ps[a,b] <, Ps[b,a].

Furthermore, the link de is in the strongest path from alternative ¢ to
alternative b. And the strongest path c,(30,15),d,(22,23),b from alternative ¢
to alternative b, that doesn’t contain the link de, is weaker than the strongest
path b,(26,19),c from alternative b to alternative c, that doesn’t contain the
link de. Therefore, if we had to recalculate the strengths of the strongest
paths from alternative b to alternative ¢ and from alternative c to alternative
b based on the fact that the link de has been declared forbidden, we would
get P4[b,c] >, Ps[c,b].

So example 10 (section 3.10) demonstrates that it can happen that
(5.3.3.1) — (5.3.3.3) are resolved based on different sets of non-forbidden
links. However, this is not a problem because — it doesn’t matter whether
P.[c,a] =, Ps[a,c] is resolved to P,[c,a] >, Ps[a,c] or to P,[c,a] <, Ps[a,c] —
transitivity will never be violated.

5.3.4. Part 4
Suppose, before we start declaring links forbidden, we have:
(5.3.4.1) P.[a,b] =, P.[b,a].
(5.3.4.2) Ps[b,c] = Ps[c,b].
(5.3.4.3) P.[c,a] >, Ps[a,c].
With (5.3.4.3), we get ca € O and, therefore, ca € Ofinal(0).

As the tie (5.3.4.1) and the tie (5.3.4.2) are resolved separately, it seems
to be possible that they are resolved based on different sets of non-forbidden
links, so that the transitivity of Ofina(c) doesn’t follow directly from the
transitivity of O. It seems to be possible that the tie (5.3.4.1) is resolved to
P.[a,b] >, Ps[b,a] and that simultaneously — as other links are declared
forbidden during the process of resolving the tie (5.3.4.2), so that the
strengths of the strongest paths are determined based on different sets of
non-forbidden links — the tie (5.3.4.2) is resolved to P.[b,c] >, Ps[c,b], so
that the transitivity of Osna(o) is violated. However, the following proof
shows that transitivity will never be violated.

Claim:

Suppose (5.3.4.1) — (5.3.4.3) are resolved as prescribed in section 5.1.
Then transitivity will never be violated.

Proof:

Suppose there are no pairwise links of equivalent strengths. Suppose
(5.3.4.1) — (5.3.4.3). Then the weakest link in the strongest path from
alternative a to alternative b and the weakest link in the strongest path from
alternative b to alternative a must be the same link, say de. Furthermore, the
weakest link in the strongest path from alternative b to alternative ¢ and the
weakest link in the strongest path from alternative ¢ to alternative b must be
the same link, say fg.
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Therefore, the strongest paths have the following structure:

f

O
ol

~
((N[de].N[ed])| | |Polb.d]] Polg.b] | | [(N[f.oL.N[g.f]) |

\
A/pc[e,a] E[CE\ @

:

»

As de is the weakest link in the strongest path from alternative a to
alternative b, we get

(5.3.44)  P.Jad]>. (N[d,e],N[e,d]).
(5.3.45)  P.[e,b] > (N[d,e],N[e,d]).

As de is the weakest link in the strongest path from alternative b to
alternative a, we get

(5.3.4.6)  P.[b,d] > (N[d,e],N[e,d]).
(5.3.47)  P.e,a] =, (N[d,e],N[e,d]).

As fg is the weakest link in the strongest path from alternative b to
alternative c, we get

(5.3.4.8) Ps[b,f] > (N[f,gl.N[g,f]).

(5.3.4.9) Ps[9.¢] >+ (N[f,g].N[g,f]).

As fg is the weakest link in the strongest path from alternative ¢ to
alternative b, we get

(5.3.4.10)  P.[c,f] > (N[f,g],N[g,]).
(5.3.4.11)  P.[g,b] >+ (N[f,g].N[g,f]).

With (5.3.4.4), (5.3.4.5), (5.3.4.8), and (5.3.4.9), weget:a—d —e — b
— f — g — cis a path from alternative a to alternative ¢ with a strength of
min, { (N[d,e],N[e,d]), (N[f,g],N[g,f]) }. Therefore, with (5.3.4.3), we get

(5.3.4.12) Ps[c.a] >, min, { (N[d,e],N[e,d]), (N[f,0],N[g.f]) }.

152



Markus Schulze, “The Schulze Method of VVoting”

Case 1. Suppose
(5.3.4.13a)  (N[d,e],N[e,d]) >, (N[f,9].N[9,f]).

Then, with (5.3.4.12), (5.3.4.4), (5.3.4.13a), and (5.3.4.5), we get: ¢ — a
— d — e — b is a path from alternative c to alternative b with a strength of
more than (N[f,g],N[g,f]). But this is a contradiction to the presumption that
fg is the weakest link in the strongest path from alternative c to alternative b.

Case 2: Suppose
(5.3.4.13b)  (N[d,e],N[e,d]) <, (N[f,9].N[9,f]).

Then, with (5.3.4.8), (5.3.4.13b), (5.3.4.9), and (5.3.4.12), we get: b — f
— g — € — a is a path from alternative b to alternative a with a strength of
more than (N[d,e],N[e,d]). But this is a contradiction to the presumption that
de is the weakest link in the strongest path from alternative b to alternative a.

As (5.3.4.13a) and (5.3.4.13b) are not possible, we get
(5.3.4.13c)  (N[d,e],N[e,d]) =5 (N[f,0],N[g,f]).

As there are no links of equivalent strengths, (5.3.4.13c) means that de
and fg are the same link. So to resolve (5.3.4.1) and (5.3.4.2), the same link
is declared forbidden.

Therefore, the strongest paths have the following structure:

(N[d.e].N[e,d])

‘ P,[b,d] ‘ ‘ Ps[e,b] ‘ PG[C,d]‘

. \?
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Without loss of generality, we can also say that the same link is declared
forbidden in the process of resolving (5.3.4.3). The reason: With (5.3.4.12),
we get that the link de cannot be in the strongest path from alternative c to
alternative a. Therefore, the strongest path from alternative c to alternative a
cannot be weakened by declaring the link de forbidden. The strongest path
from alternative a to alternative ¢ can be weakened by declaring the
link de forbidden. But as we already know from (5.3.4.3) that the strongest
path from alternative c to alternative a is stronger than the strongest path
from alternative a to alternative c, declaring the link de forbidden cannot
have an impact on the resolution of (5.3.4.3).

When the link de is declared forbidden, we get one of the following
cases:

Case A: We still get P[a,b] =, Ps[b,a] and P4[b,c] =, Ps[c,b]. In this
case, with the same argumentation as in cases 1-2 we get that the same link,
say d’e’, is the weakest link in the strongest path from alternative a to
alternative b, the weakest link in the strongest path from alternative b to
alternative a, the weakest link in the strongest path from alternative b to
alternative c, and the weakest link in the strongest path from alternative c to
alternative b. So we can proceed with declaring the link d’e’ forbidden until
we get one of the cases B-G.

Case B: We get ( Po[a,b] <5 Ps[b,a] and P4[b,c] <; Ps[c,b] ) or ( P,[a,b]
<s Po[b,a] and P.b,c] >, Ps[c,b] ) or ( Ps[a,b] >s Ps[b,a] and P4[b,c] <,
P.[c,b] ). In this case, we succeeded in resolving (5.3.4.1) — (5.3.4.3) without
violating transitivity.

Case C: We get P,[a,b] >, Ps[b,a] and P,[b,c] =, P,[c,b]. This case is not
possible because, after the link de has been declared forbidden, (5.3.4.1) -
(5.3.4.3) are still calculated based on the same set of non-forbidden links. So
with P.[c,a] >, Ps[a,c] and P,[a,b] >, P,[b,a] and the transitivity, as proven
in section 4.1 for cases where all paths are based on the same set of non-
forbidden links, we would immediately get P,[b,c] <, Ps[c,b].

Case D: We get P.[a,b] =, P,[b,a] and P,[b,c] >, P.[c,b]. This case is not
possible because, after the link de has been declared forbidden, (5.3.4.1) —
(5.3.4.3) are still calculated based on the same set of non-forbidden links. So
with Pg[c,a] >, Ps[a,c] and P,[b,c] >, Ps[c,b] and the transitivity, as proven
in section 4.1 for cases where all paths are based on the same set of non-
forbidden links, we would immediately get P,[a,b] <, P,[b,a].
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Case E: We get P,[a,b] >, Ps[b,a] and P[b,c] >, Ps[c,b]. This case is not
possible because, after the link de has been declared forbidden, (5.3.4.1) -
(5.3.4.3) are still calculated based on the same set of non-forbidden links. So
P.[a,b] >, Ps[b,a], Ps[b,c] >, Ps[c,b], and P,[c,a] >, Ps[a,c] together violate
transitivity, as proven in section 4.1 for cases where all paths are based on
the same set of non-forbidden links.

Case F: We get Pj[a,b] =, Ps[b,a] and P4[b,c] <, Ps[c,b]. This case is
identical to the situation in section 5.3.2. It is possible that P.[a,b] =, P,[b,a]
is resolved based on a different set of non-forbidden links. However, this is
not a problem because — it doesn’t matter whether P,[a,b] =, P.[b,a] is
resolved to P,[a,b] >, P,[b,a] or to P,[a,b] <, Ps[b,a] — transitivity will
never be violated.

Case G: We get Py[a,b] <, Ps[b,a] and P4[b,c] = Ps[c,b]. This case is
identical to the situation in section 5.3.3. It is possible that P,[b,c] =, Ps[c,b]
is resolved based on a different set of non-forbidden links. However, this is
not a problem because — it doesn’t matter whether P,[b,c] =, Ps[c,b] is
resolved to P,[b,c] >, Ps[c,b] or to P.[b,c] <, Ps[c,b] — transitivity will
never be violated.

The following table shows that cases A-G cover all possible
combinations. Therefore, it has been proven for every possible situation that,
when we resolve (5.3.4.1) — (5.3.4.3) as prescribed in section 5.1, then
transitivity will never be violated.

P.[a,b] =, P.[b,a] and P[b,c] =, Ps[c,b] — case A

P.[a,b] =; Po[b,a] and P,[b,c] >, Ps[c,b]  — case D

P.[a,b] =, Po[b,a] and P,[b,c] <, Ps[c,0] = — case F

P.[a,b] >, Ps[b,a] and P,[b,c] =; Ps[c,o] = — case C

P.[a,b] >, Ps[b,a] and P.[b,c] >, Ps[c,b] — caseE

P.[a,b] >, Ps[b,a] and P.[b,c] <5 Ps[c,b] — case B

Ps[a,b] <, Ps[b,a] and Ps[b,c] =; Ps[c,b] — case G

P.[a,b] <, Ps[b,a] and P.[b,c] >, Ps[c,b] — case B

P.[a,b] <, Ps[b,a] and P.[b,c] <5 Ps[c,b] — case B
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5.3.5. Part 5
Suppose, before we start declaring links forbidden, we have:
(5.35.1) P.[a,b] = Po[b,a].
(5.3.5.2) P.[b,c] =, Ps[c,b].
(5.3.5.3) Ps[c.a] =; Ps[a,c].
Claim:

Suppose (5.3.5.1) — (5.3.5.3) are resolved as prescribed in section 5.1.
Then transitivity will never be violated.

Proof:

Suppose there are no pairwise links of equivalent strengths. Suppose
(5.3.5.1) — (5.3.5.3). Then the weakest link in the strongest path from
alternative a to alternative b and the weakest link in the strongest path from
alternative b to alternative a must be the same link, say de. Furthermore, the
weakest link in the strongest path from alternative b to alternative c and the
weakest link in the strongest path from alternative c to alternative b must be
the same link, say fg. Furthermore, the weakest link in the strongest path
from alternative c to alternative a and the weakest link in the strongest path
from alternative a to alternative ¢ must be the same link, say hi.

Therefore, the strongest paths have the following structure:

O f

~
((N[d.e],N[ed])| | |Po[b,d]] Polg.b]| | (NIF.g].N[g.fM)|

‘/P[e a] Enj\\‘@

[
>

@’“

P [c h]

\Pc[ah]\ \P[lc]\

N[h i,N[i,h])
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As de is the weakest link in the strongest path from
alternative b, we get

(5.35.4)  P.[ad] > (N[d.e],N[e,d]).
(5.355)  P.e,b] >, (N[d,e],N[e,d]).

As de is the weakest link in the strongest path from
alternative a, we get

(5.3.5.6)  P.[b,d] o (N[d,e],N[e,d]).
(5.35.7)  P.le,a] =, (N[d,e],N[e,d]).

As fg is the weakest link in the strongest path from
alternative c, we get

(5.3.5.8) Ps[b,f] > (N[f,g],N[g,f]).

(5.3.5.9) Ps[g.c] > (N[f,g].N[g,f]).

As fg is the weakest link in the strongest path from
alternative b, we get

(5.35.10)  P.[c,f] >+ (N[f,.g].N[g.f]).
(5.35.11)  P.[g,b] >+ (N[f,g].N[g.f]).

As hi is the weakest link in the strongest path from
alternative a, we get

(5.3.5.12)  P.[c,h] = (N[N,i],N[i,h]).
(5.3.5.13)  P.[i,a] > (N[N,i],N[i,h]).

As hi is the weakest link in the strongest path from
alternative c, we get

(5.3.5.14)  P.[ah] > (N[N,i],N[i,h]).

(5.3.5.15)  P.[i,c] > (N[,il,N[i,h]).
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Case 1: Suppose
(5.3.5.16a)  (N[d,e],N[e,d]) <, (N[f,0],N[g,f]).
(5.3.5.17a)  (N[d,e],N[e,d]) < (N[h,i],N[i,h]).

Then, with (5.3.5.14), (5.3.5.17a), (5.3.5.15), (5.3.5.10), (5.3.5.16a),
and (5.3.5.11), we get: a > h - i —>c¢c —f—> g — b is a path from
alternative a to alternative b with a strength of more than (N[d,e],N[e,d]).
But this is a contradiction to the presumption that de is the weakest link in
the strongest path from alternative a to alternative b.

Similarly, with (5.3.5.8), (5.3.5.16a), (5.3.5.9), (5.3.5.12), (5.3.5.17a),
and (5.3.5.13), we get: b - f - g - ¢ —> h — i — ais a path from
alternative b to alternative a with a strength of more than (N[d,e],N[e,d]).
But this is a contradiction to the presumption that de is the weakest link in
the strongest path from alternative b to alternative a.

Case 2: Suppose
(5.3.5.16b)  (N[f,0],N[g,f]) <, (N[d,e],N[e,d]).
(5.3.5.17b)  (N[f,0],N[9,f]) <5 (N[h,i],N[i,h]).

Then, with (5.3.5.6), (5.3.5.16b), (5.3.5.7), (5.3.5.14), (5.3.5.17b),
and (5.3.5.15), we get: b - d - e - a — h — i — ¢ is a path from
alternative b to alternative ¢ with a strength of more than (N[f,g],N[g,f]).
But this is a contradiction to the presumption that fg is the weakest link in
the strongest path from alternative b to alternative c.

Similarly, with (5.3.5.12), (5.3.5.17b), (5.3.5.13), (5.3.5.4), (5.3.5.16b),
and (5.3.55), weget. c > h —>i—>a—d-— e — bisa path from
alternative c to alternative b with a strength of more than (N[f,g],N[g,f]).
But this is a contradiction to the presumption that fg is the weakest link in
the strongest path from alternative c to alternative b.

Case 3: Suppose
(5.3.5.16c)  (N[h,i],N[i,h]) <5 (N[d,e],N[e,d]).
(5.3.5.17c)  (N[h,i],N[i,h]) <, (N[f,g],N[g,f]).

Then, with (5.3.5.10), (5.3.5.17c), (5.3.5.11), (5.3.5.6), (5.3.5.16¢),
and (5.3.5.7), we get. ¢ > f - g —>b —>d —> e — ais a path from
alternative c¢ to alternative a with a strength of more than (N[h,i],N[i,h]).
But this is a contradiction to the presumption that hi is the weakest link in
the strongest path from alternative c to alternative a.

Similarly, with (5.3.5.4), (5.3.5.16c), (5.3.5.5), (5.3.5.8), (5.3.5.17¢),
and (5.359), weget: a -d - e —->b —>f— g — cisa path from
alternative a to alternative ¢ with a strength of more than (N[h,i],N[i,h]).
But this is a contradiction to the presumption that hi is the weakest link in
the strongest path from alternative a to alternative c.
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With cases 1-3, we get that none of the links de, fg, hi can be weaker
than the other two links. Without loss of generality, we can presume that the
link hi is the strongest one of the links de, fg, hi. So we get

(5.3.5.18)  (N[d.e],N[e,d]) = (N[f,g],N[g,f]) = (N[N,il,N[i,h]).

We can ignore the case (N[d,e],N[e,d]) =, (N[f,g],N[9,f]) =s (N[h,i],
N[i,h]) because in this case the links de, fg, hi are the same link so that for
each of (5.3.5.1) — (5.3.5.3) the same link is declared forbidden first so that,
afterwards, each of (5.3.5.1) — (5.3.5.3) is still resolved based on the same
set of non-forbidden links.

So without loss of generality, we get
(5.3.5.19) (N[d,e],N[e,d]) =5 (N[f,0],N[g,f]) <5 (N[h,i],N[i,h]).

As there are no links of equivalent strengths, (5.3.5.19) means that the
link de and the link fg must be the same link. Therefore, the strongest paths
have the following structure:

° (N[d.e].N[e,d]) °

Without loss of generality, we can also say that, when we resolve
(5.3.5.1) — (5.3.5.3), then, at each stage, the weakest of the weakest links of
the current strongest paths is declared forbidden. So in our situation, the link
de is declared forbidden next.
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Since (N[d,e],N[e,d]) <s (N[h,i],N[i,h]) = Ps[c,a] =5 Ps[a,c], the link de
cannot be in the strongest path from alternative c to alternative a or in the
strongest path from alternative a to alternative c. Therefore, declaring the
link de forbidden cannot have an impact on the strongest path from
alternative ¢ to alternative a or on the strongest path from alternative a to
alternative c.

When the link de is declared forbidden, we get one of the following
cases:

Case A: We still get P[a,b] =, Ps[b,a] and P4[b,c] =5 P.[c,b]. In this
case, with the same argumentation as in cases 1-2 we get that the same link,
say d’e’, is the weakest link in the strongest path from alternative a to
alternative b, the weakest link in the strongest path from alternative b to
alternative a, the weakest link in the strongest path from alternative b to
alternative c, and the weakest link in the strongest path from alternative c to
alternative b. So we can proceed with declaring the link d’e’ forbidden until
we get one of the cases B—F.

Case B: We get P,[a,b] >, Ps[b,a] and P,[b,c] >, P,[c,b]. This case is not
possible because, after the link de has been declared forbidden, (5.3.5.1) —
(5.3.5.3) are still calculated based on the same set of non-forbidden links.
With P.[a,b] >, Ps[b,a] and P.[b,c] >, P,[c,b] and the transitivity, as proven
in section 4.1 for cases where all paths are based on the same set of non-
forbidden links, we would immediately get P.[c,a] <, Ps[a,c]. But this is a
contradiction to the fact that the link de cannot have been in the strongest
path from alternative c to alternative a or in the strongest path from
alternative a to alternative c, so that declaring the link de forbidden cannot
have an impact on P,[c,a] =, Ps[a,c].

Case C: We get P,[a,b] <, Ps[b,a] and P,[b,c] <., P,[c,b]. This case is not
possible because, after the link de has been declared forbidden, (5.3.5.1) —
(5.3.5.3) are still calculated based on the same set of non-forbidden links.
With P.[a,b] <, Ps[b,a] and P.[b,c] <, P,[c,b] and the transitivity, as proven
in section 4.1 for cases where all paths are based on the same set of non-
forbidden links, we would immediately get P.[c,a] >, Ps[a,c]. But this is a
contradiction to the fact that the link de cannot have been in the strongest
path from alternative c to alternative a or in the strongest path from
alternative a to alternative c, so that declaring the link de forbidden cannot
have an impact on P,[c,a] =, Ps[a,c].
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Case D: We get ( Ps[a,b] >, Ps[b,a] and P,[b,c] =, Ps[c,b] ) or ( P.[a,b]
<s Ps[b,a] and P.[b,c] =, Ps[c,b] ) or ( P,[a,b] =, Ps[b,a] and P.[b,c] >,
Ps[c,b] ) or ( Ps[a,b] =; Ps[b,a] and P,[b,c] <, Ps[c,b] ). This case is not
possible because we have seen in (5.3.4.13a) — (5.3.4.13c) that, when we
have a situation with P.[x,y] =; Po[V.X], Ps[Yy,z] =s Pslz,y], and Po[z,x] >,
Po[x,z], then the weakest link in the strongest path from alternative x to
alternative y, the weakest link in the strongest path from alternative y to
alternative x, the weakest link in the strongest path from alternative y to
alternative z, and the weakest link in the strongest path from alternative z to
alternative y must be the same link. But this is not possible because
(5.3.5.19) says that the link hi is stronger than the link de.

Case E: We get Pg[a,b] <, Ps[b,a] and P4[b,c] >, Ps[c,b]. This case is
identical to the situation in section 5.3.2. It is possible that P,[c,a] =, P.[a,c]
is resolved based on a different set of non-forbidden links. However, this is
not a problem because — it doesn’t matter whether Pj[a,c] =, Ps[c,a] is
resolved to P,[a,c] >, Ps[c,a] or to P,[a,c] <, Ps[c,a] — transitivity will
never be violated.

Case F: We get P.[a,b] >, Po[b,a] and P.[b,c] <, Ps[c,b]. This case is
identical to the situation in section 5.3.3. It is possible that P,[c,a] =, Ps[a,c]
is resolved based on a different set of non-forbidden links. However, this is
not a problem because — it doesn’t matter whether Pj[a,c] =, Ps[c,a] is
resolved to P[a,c] >, Ps[c,a] or to P.[a,c] <, Ps[c,a] — transitivity will
never be violated.

The following table shows that cases A-F cover all possible
combinations. Therefore, it has been proven for every possible situation that,
when we resolve (5.3.5.1) — (5.3.5.3) as prescribed in section 5.1, then
transitivity will never be violated.

P.[a,b] =, Po[b,a] and P,[b,c] =, Ps[c,b] — case A

Ps[a,b] ~; P,[b,a] and P,[b,c] >, Ps[c,o] = — case D

P.[a,b] =, P4[b,a] and P[b,c] <, Ps[c,b] — case D

P.[a,b] >, Ps[b,a] and P.[b,c] =, Ps[c,b] = — case D

P.[a,b] >, Ps[b,a] and P.[b,c] >, Ps[c,b] — case B

P.[a,b] >, Ps[b,a] and P.[b,c] <, Ps[c,b] — case F

P.[a,b] <, Ps[b,a] and P.[b,c] =, Ps[c,b]  — case D

P.[a,b] <, Ps[b,a] and Py[b,c] >, Ps[c,b] — case E

Ps[a,b] <, Ps[b,a] and P,[b,c] <5 Ps[c,0]  — case C
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5.4. Analysis
5.4.1. The Probabilistic Framework

An election method is simply a mapping from some input to some output.
In section 2.1, we presumed that the output is (1) a strict partial order O on A
and (2) a set @ # S < A of potential winners. In the probabilistic framework,
the output of an election method is a probability distribution p[O] € R on
LOx, where L0, is the set of linear orders on A.

We get
(5.411) YO e LOx p[0]>0.
(5.4.12) Y (p[0]]10 € LOA)=1.

Suppose g[a,b] € R is the probability for ab € O ( i.e. the probability that
alternative a € A is ranked ahead of alternative b € A\ {a} in the collective
ranking O ).

Then, we get

(5.4.1.3) glab] : =% (p[O] | O € LOxwithab € O).

(5.4.1.4) v ab e A: g[a,b] > 0.

(5.4.1.5) V a,b € A: g[a,b] +g[b,a] = 1.

Suppose r[a] € R is the probability that alternative a € A is elected.

Then, we get

(5.4.1.6) r[a]l : =Y (p[0O]| O € LOawithab € O forallb € A\ {a}).
(5.4.1.7) VaeA:r[a]>0.

(5.4.18) Y (rla]laeA)=1.
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5.4.2. Resolvability
Definition:

An election method satisfies the resolvability criterion if ( for every given
number of alternatives ) the proportion of profiles without a unique linear
order ( i.e. without a linear order O € LO with p[O] = 1) tends to zero as
the number of voters in the profile tends to infinity.

Claim:

If >p satisfies (2.1.1), then the Schulze method Osina(o), as defined in
sections 5.1, with the TBRL >, as defined in section 5.2, satisfies the
resolvability criterion.

Proof (overview):

1. Suppose the number of alternatives is fixed. We prove that, when the
number of voters in the profile tends to infinity, the probability, that
there are links with equivalent strengths, goes to zero. So the
probability, that there are links ef and gh with ef =, gh, goes to zero.

2. We prove that (1) the link ij cannot be in the strongest path from
alternative j to alternative i and (2) the link ji cannot be in the strongest
path from alternative i to alternative j. Therefore, when we resolve the
tie Py[i,j] =5 Ps[j,i], it can neither happen that the link ij is declared
forbidden nor that the link ji is declared forbidden. Therefore, in worst
case, when there are no other paths of non-forbidden links anymore,
Po[i,j]1 =5 P[J,i] is resolved to ij € O when ij >, ji and to ji € O when
ij <, Ji. So the algorithm in section 5.1 always terminates before all
links have been declared forbidden.

Remark:

When there is a unique linear order ( i.e. a linear order O € LOa with
plO] = 1) then, with (5.4.1.6), we get that there is also a unique winner (i.e.
an alternative a € Awith r[a] =1):

(30 e LOxp[O]=1)=(JacA r[a]=1).
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5.4.3. Pareto
In the probabilistic framework, the Pareto criterion says that, when no
voter strictly prefers alternative b € A to alternative a € A [see (5.4.3.1)] and
at least one voter strictly prefers alternative a to alternative b [see (5.4.3.2)],
then r[b] = 0.
Definition:
An election method satisfies the Pareto criterion if the following holds:
Suppose:
(5.4.3.1) VveViaxb.
(5.4.3.2) JveV:a>,h.
Then:
(5.4.3.3) gla,b] = 1.
(5.4.3.4) r[b]=0.
Claim:
If >p satisfies (2.1.1), then the Schulze method Osina(o), as defined in
sections 5.1, with the TBRL >, as defined in section 5.2, satisfies the Pareto

criterion.

Proof (overview):

We prove
(5.4.35) a>,b with certainty.
With (4.3.2.8), (5.2.1), (5.2.6a), and (5.2.6b), we prove

(5.4.3.6) Ve € A\{ab}: ae >, be with certainty.

With (4.3.2.9), (5.2.1), (5.2.5a), and (5.2.5b), we prove
(5.4.3.7) Ve e A\{ab}: eb>,ea with certainty.
With (2.1.1), (5.2.1), (5.4.3.1), and (5.4.3.2), we prove
(5.4.3.8) ab >, ba with certainty.

With (5.4.3.6), (5.4.3.7), and (5.4.3.8), we prove

(5.4.3.9) ab € O with certainty.
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5.4.4. Reversal Symmetry

In the probabilistic framework, reversal symmetry says that, when >, is
reversed for all v e V, then r*[a] + #™"[a] < 1 for all a € A. Otherwise, if
r*M[a] + +"*"[a] was larger than 1 for some alternative a € A, then this would
mean that, with a probability of at least r*“[a] + F""[a] - 1 > 0, alternative a
is identified as best alternative and, simultaneously, identified as worst
alternative.

Suppose O™ € L0, is the reversal of O € LOa.
That means:
(5.4.4.1) VabeAabe O« bae0®"™,
Definition:
An election method satisfies reversal symmetry if the following holds:

Suppose:

(5442) VefeAVveVie>"

new

fef>,

e.

Then:
(54.43) VO e LOx p*[0] = p""[O""™].
(5.44.4) VabeA: g"ab]=4""Db,al
(5445) VYaeA: r*a]l+™[aj<l.

Suppose >p satisfies (2.1.2). Suppose, for every (i,j),(m,n) € A x A, there
is at least one voter v € V with

(5.4.4.6) ((i>vj)a(m=<yn))
v((i>vj)a(m=n))
v((i=j)a(m=<,n))
v((i<yj)Aa(m>,n))
v((i<vj)a(m=n))
v((i=j)a(m>yn)).

Then the Schulze method Ofina(0), as defined in sections 5.1, with the
TBRL >, as defined in section 5.2, satisfies reversal symmetry.
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Proof (overview):

Suppose, for every (i,j),(m,n) € A x A, there is at least one voter v € V with
(5.4.4.6). Then it is guaranteed that (5.2.1) resolves every (i,j),(m,n) € A x A
to ij >, mn or ij <, mn. So the TBRL >, as determined in step 1 of section
5.2, is already linear.

Furthermore, (2.1.2) guarantees that, when >, is reversed for all v € V,
also the TBRL >, as determined in step 1 of section 5.2, is reversed.

So the probability that O is chosen in the original situation is identical to
the probability that O™ is chosen in the reversed situation. As we have
presumed in section 2.1 that there are at least 2 alternatives in A, a € A
cannot be the maximum element of O and simultaneously the maximum
element of 0™, Therefore, we get (5.4.4.5).

Example 12:

() When we apply the proposed method to example 12 (section 3.12),
we first calculate the TBRL >..

We have:

(N[b,c].N[c,b]) ~p (4.1).
(N[a,b],N[b,a]) ~p (3,2).
(N[c,a],N[a,c]) b (3,2).
(N[a,c],N[c,a]) =p (2,3).
(N[b,a].N[a,b]) ~p (2,3).
(N[c,b],N[b,c]) ~p (1,4).

So we start with bc >, ab =, ca >, ac =, ba > cb.

Case I: With a probability of 2/5, one of the a >, b >, ¢ voters is chosen
first. ab =, ca is then completed to ab >, ca because this voter supports the
link ab and opposes the link ca. ac =, ba is completed to ac >, ba because
this voter supports the link ac and opposes the link ba. So the TBRL >, is
completed to bc >, ab >, ca >, ac >, ba >, cb.

Case II: With a probability of 2/5, one of the b >, ¢ >, a voters is chosen
first. ab =, ca is then completed to ca >, ab because this voter supports the
link ca and opposes the link ab. ac =, ba is completed to ba >, ac because
this voter supports the link ba and opposes the link ac. So the TBRL > is
completed to bc >, ca >, ab >, ba >, ac >, cb.

Case IlI: With a probability of 1/5, the ¢ >, a >, b voter is chosen first.
As this voter supports both links ab and ca, this voter cannot be used to
complete ab =, ca. As this voter opposes both links ac and ba, this voter
cannot be used to complete ac ~, ba. With a probability of 1/2, one of the
a >, b >, c voters is chosen second; the TBRL > is then completed to bc >
ab >, ca >, ac >, ba >, cb as described in Case I. With a probability of 1/2,
one of the b >, ¢ >, a voters is chosen second; the TBRL >, is then
completed to bc >, ca >, ab >, ba >, ac >, cb as described in Case II.

So with a probability of 1/2, the TBRL >, is completed to bc >, ab > ca
>, ac >, ba >, cb and, with a probability of 1/2, the TBRL >, is completed
to bc >, ca >, ab >4 ba >, ac >, ch.
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(B) When the TBRL bc >, ab >, ca >, ac >, ba >, cb is used. The
weakest link in the strongest path from alternative a to alternative b is ab.
The weakest link in the strongest path from alternative b to alternative a is
ca. As ab >, ca, we get Pp[a,b] >p Pp[b,a]. Alternative a is the final winner.

When the TBRL bc >, ca >, ab >, ba >, ac >, cb is used. The weakest
link in the strongest path from alternative a to alternative b is ab. The
weakest link in the strongest path from alternative b to alternative a is ca. As
ca >, ab, we get Pp[b,a] >p Pp[a,b]. Alternative b is the final winner.

So in example 12, we get: *[a] = 0.5 and »*“[b] = 0.5.

(y) When the individual ballots are reversed, we get:

Example 12 (new):

2 voters c>yb>ya
2 voters a>,c>,b
1 voter b>,a>,cC

When we rename the alternatives b and ¢ and reorder the voters, we see
that example 12 (new) is identical to example 12. So with anonymity and
neutrality, we get "*[a] = »*“[a], "*"[b] = »*[c], and ~"*"[c] = r*"[b]. So we
get: r""[a] = 0.5 and r""[c] = 0.5.

(8) The interesting conclusion is that anonymity, neutrality, and reversal
symmetry together imply r*[a] < 0.5 in example 12, because anonymity and
neutrality together imply »"™"[a] = *“[a] and reversal symmetry implies
Pla] +F"[a] < 1.

167




Markus Schulze, “The Schulze Method of VVoting”

5.4.5. Monotonicity

In the probabilistic framework, monotonicity says that, when some voters
rank alternative a € A higher [see (4.5.1) and (4.5.2)] without changing the
order in which they rank the other alternatives relatively to each other [see
(4.5.3)], then r[a] must not decrease.

Definition:
An election method satisfies monotonicity if the following holds:

Suppose a € A. Suppose the ballots are modified as described in
(4.5.1) - (4.5.3). Then

(5451 VI+BcA\{a}
Y (p™M[0]]10 € LOAwithab e Oforallb e B)
<Y (p"™[0]]|0 € LOxrwithab € Oforallb € B).
(5.45.2) Vb eA\{a}: 4"ab] <4""[a,b].
(5453) ra]<""[al.
Claim:
If >p satisfies (2.1.1), then the Schulze method Ofina(c), as defined
in sections 5.1, with the TBRL >,, as defined in section 5.2, satisfies

monotonicity.

Proof (overview):

We prove, that when the ballots are modified as described in (4.5.1) —
(4.5.3), then links af with f € A\ {a} can only rise in the TBRL >, compared
to other links eg with e € A\ {a} and g € A\ {e}. Links fa with f ¢ A\ {a}
can only fall in the TBRL >, compared to other links eg with g € A\ {a} and
e € A\ {g}. Links eg withe € A\ {a} and g € A\ {a,e} neither rise nor fall
in the TBRL >, compared to other links ij withi € A\ {a} and j € A\ {a,i}.

The rest of the proof is identical to the proof in section 4.5.
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5.4.6. Independence of Clones
Definition:
An election method is independent of clones if the following holds:
Suppose d € A”. Suppose A™" : = (A U K )\ {d}.

Suppose alternative d is replaced by the set of alternatives K in
such a manner that (4.6.1) — (4.6.3) are satisfied.

Then:
(546.1) VO1e LOp\@yVBcA™\{d}VgeKk:

p*[0] for O € LOx« with
1) O;cOand
(2) ad e Oforall a € B and
(3) dbeOforallb ¢ B

=Y (p"™"[0]] O € LOx= with
(1) O;cOand
(2) ag e Oforall a € B and
(3) gb e Oforallb ¢ B).

(5.46.2) Vabe A"\ {d}: 4"a,b] = 4""[a,b].
(5.46.3) VaeA"\{d}VgeK: ¢"[ad]=4""ag]

(54.6.4) VaeA™\{d}:
(((FPa]=0)v(IveV:az2d))= (+"a]l=r""a])).

Remark:

The presumption ( (#“[a] = 0) v (I v e Via %" d)) is needed to

exclude situations where alternative a is chosen with positive probability
(i.e.: 7a] > 0) and every voter is indifferent between alternative a and
alternative d (i.e.: a :3"’ d for every v € V). In those situations, alternative a
and alternative d are necessarily chosen with the same probability
(i.e.: P[] = F[d] ). When alternative d is replaced by a set K of more than
one alternative in such a manner that (4.6.1) — (4.6.3) are satisfied then, again,
every alternative in ( K u {a} ) is necessarily chosen with the same
probability (i.e.: r"*"[a] = r""[g] for every g € K ), so that the probability,
that alternative a is chosen, necessarily drops (i.e.: 7[a] > /"*"[a] ).

Claim:

The Schulze method Osinal(c), as defined in sections 5.1, with the TBRL
>4, as defined in section 5.2, is independent of clones.
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Proof (overview):

We prove that all the alternatives g € K are ranked in a consecutive
manner in the TBRC >,. We then prove that, for every a e A\ {d},
all the links ag with g € K are ranked in a consecutive manner in the
TBRL >,. We further prove that, for every a e A%\ {d}, all the links ga
with g e K are ranked in a consecutive manner in the TBRL >..

The rest of the proof is identical to the proof in section 4.6.
5.4.7. Smith
Definition:
An election method satisfies Smith if the following holds:
Suppose (4.7.1) and (4.7.2).
Then we get:
(5.4.71) VaeB;VbeB;gabl=1.
(5.472) Y (r[a]laeB;)=1.
An election method satisfies Smith-11A if the following holds:
Suppose (4.7.1) and (4.7.2).
Suppose d e B, is removed. Then we get:

(5473) v Ol € 'LOBl:
Y (P[00 € LOAWithO; cO) =
Z (PneW[O] | Oe -EO(A\{d}) with O; c O )

(5.4.74) ¥ ab e By ¢"[a,b] = 4""[a,b].
(54.75) VYa e By r*a] = ""al.
Suppose d € B, is removed. Then we get:
(5476) v 01 € -EOBZ:
S (pM[0]]10 € LOAWithO, cO) =
> (P"[0]| O € LO@\ y With O, < O).
(5.47.7) Y ab e B, ¢"[a,b] = 4™"[a,b].
Claim:
If >p satisfies (2.1.5), then the Schulze method Osina(o), as defined in
sections 5.1, with the TBRL >, as defined in section 5.2, satisfies Smith and

Smith-11A.

Proof (overview):

The proof is identical to the proofs in section 4.7.
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5.4.8. Runtime

The runtime to calculate the pairwise matrix is O(N-(C"2)).

The runtime to calculate the TBRL is O(N-(C”"4)) because, in worst case,
O(N) ballots have to be picked and, each time, O(C”2) links are compared
with O(C”2) other links, according to (5.2.1).

On closer examination, to sort the O(C”"2) links according to their
strengths, it is not necessary to compare each of the O(C”2) links with each
other of the O(C"2) links directly. As the fastest algorithms to sort X items
according to their strengths have a runtime of O(X-log(X)), the runtime of
the fastest algorithms to sort the O(C”"2) links according to their strengths is
O((C"2)log(C)).

Therefore, the runtime to calculate the TBRL, as defined in (5.2.1),
reduces to O(N-(C"2)-log(C)).

The runtime to calculate a complete ranking, as defined in section 5.1, is
O(CAN7) because, in worst case, there are O(C”"2) pairwise ties “Ps[m,n] =,
P.[n,m]” (line 54). In worst case, O(C”2) links have to be declared forbidden
to resolve a pairwise tie. Each time, the runtime of the Floyd-Warshall
algorithm to calculate the strength of the strongest path from every
alternative to every other alternative is O(C"3).

On closer examination, to resolve the pairwise tie “P,[m,n] =, P,[n,m]”, it
is not necessary to calculate the strength of the strongest path from every
alternative to every other alternative. It is sufficient to calculate the strength
of the strongest path from alternative m to alternative n and the strength of
the strongest path from alternative n to alternative m. This can be done with
the Dijkstra algorithm in a runtime O(C"2).

Therefore, the runtime to calculate a complete ranking, as defined in
section 5.1, reduces to O(C"6).

Thus, the total runtime to calculate the binary relation O, as defined in
section 5, is O((N-(C"2)-log(C)) + (C"6)).

6. Definition of the Strength of a Pairwise Link
6.1. Winning Votes

There has been some debate about how to define >p when it is presumed
that on the one side each voter has a sincere linear order of the alternatives,
but on the other side some voters cast only a strict weak order because of
strategic considerations. We got to the conclusion that the strength (N[e,f],
NI[f,e]) of the pairwise link ef € A x A should be measured by winning votes,
i.e. primarily by the support N[e,f] of this link and secondarily by the
opposition NJf,e] to this link.

(N[e,fl,N[f.e]) >win (N[g,h],N[h,g]) if and only if at
least one of the following conditions is satisfied:

N[e,f] > N[f,e] and N[g,h] < N[h,g].

N[e,f] > N[f,e] and N[g,h] < N[h,g].

N[e,f] > N[f,e] and N[g,h] > N[h,g] and N[e,f] > N[g,h].

N[e,f] > N[f,e] and N[g,h] > N[h,g] and N[e,f] = N[g,h] and N[f,e] < N[h,g].
N[e,f] < N[f,e] and N[g,h] < N[h,g] and N[f,e] < N[h,g].

N[e,f] < N[f,e] and N[g,h] < N[h,g] and N[f,e] = N[h,g] and N[e,f] > N[g,h].

oL E
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Suppose a,b € A. Suppose Ri[a] : = [{veV|VceA\{a}a>,c}|
is the number of voters who strictly prefer alternative a to every other
alternative. Suppose Ro[b] : = [|[{v e V|3 c e A\{b}: b >, c }| is the
number of voters who strictly prefer alternative b to at least one other
alternative. Suppose Ri[a] > Ry[b]. Then Woodall’s plurality criterion says:
b ¢ S. Woodall (1997) writes: “If some candidate b has strictly fewer votes
in total than some other candidate a has first-preference votes, then
candidate b should not be elected.”

Claim:

If >uin IS being used, then the Schulze method satisfies Woodall’s
plurality criterion.

Proof:
Suppose
(6.1.1) Ri[a] > Ry[b].
With (6.1.1) and the definition for >;,, we get
(6.1.2) (R1[a],R2[b]) >win (R2[b],0).
With the definitions for R;[a] and R,[b], we get
(6.1.3) N[a,b] > Ry[a].
(6.1.4) N[b,a] < R,[b].
With (6.1.3), (6.1.4), and the definition for >;,, we get
(6.1.5) (N[a,b],N[b,a]) xwin (R1[a],Rz[b]).
With the definition for R,[b], we get
(6.1.6) Vv ¢ € A\ {b}: N[b,c] <R[b].
With (6.1.6) and the definition for >;,, we get
(6.1.7) Vv ¢ e A\ {b}: (N[b,c],N[c,b]) =win (R2[b].0).
With (2.2.6) and (6.1.7), we get
(6.1.8) Puin[D,8] Zwin (R2[b],0).
With (2.2.3), (6.1.5), (6.1.2), and (6.1.8), we get

(6.1.9) Puwin[@,b] =win (N[a,b],N[b,a]) =win (R1[a],R2[b])
> win (Rz[b].o) Rwin Pwin[bya]

so thatab € O. ]
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6.2. Margins
Reversal independence says that adding a ballot and its reverse should

not change the result of the elections. In other words, a ballot and its reverse
should always cancel each other out.
Definition:

Suppose w; and w;, are strict weak orders with

(6.2.1) VabeAa>,bsb>, a

Suppose V™ : = VO + fw;} + {wy}.

Then, an election method satisfies reversal independence if the
following holds:

(6.2.2) hew = 0%,
(6.2.3) S™ =8
Claim:

If >margin is being used, then the Schulze method, as defined in section
2.2, satisfies reversal independence.

Proof:

The proof is trivial. When w; and w; are added, then N""[a,b] — N"*"[b,a]
= N°“[a,b] - N°“[b,a] for all a,b € A. Therefore

(6.2.4) v (e,),(g,h) € A x A;
((N™[e,f] = N™"[f,e] > N""[g,h] - N""[h,g])

< (N*[e,f] - N[f.e] > N*[g,h] - N*“[h,g] ) ).

Therefore
(6.2.5) v (ef),(0.h) € AxA:
(N™[e,f,N""[f.e]) > margin (N""[9,n],N""[h,g])
< (N[, f,N[f,€]) > margin (N"“[g,h],N*“[h,g]).
With (2.2.2) and (6.2.5), we get (6.2.2) and (6.2.3). .
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7. Supermajority Requirements

When preferential ballots are being used in referendums, then sometimes
alternatives have to fulfill some supermajority requirements to qualify.
Typical supermajority requirements define some M; € N or some 1 <M; € R
and say that N[a,b] must be strictly larger than max { N[b,a], M; } or that
N[a,b] must be strictly larger than M,-N[b,a] to replace alternative b € A by
alternative a € A. Or they say that N[a,b] must be strictly larger than N[b,a]
not only in the electorate as a whole, but also in a majority of its geographic
parts or even in each of its geographic parts. It is also possible that in the
same referendum the voters have to choose between alternatives that have to
fulfill different supermajority requirements to qualify. In this section, we
discuss a possible way to combine the Schulze method with supermajority
requirements. Suppose s € A is the status quo.

These are the two tasks of supermajority requirements:
Task #1 (protecting the status quo):

Supermajority requirements protect the status quo from
accidental majorities. They make it more difficult to replace the
status quo s by alternative a € A\ {s}. Therefore, an important
property of all supermajority requirements is that, when s had
won in the absence of these requirements, then it also wins in
the presence of these requirements.

Task #2 (preventing the status quo from cycling):

Supermajority requirements prevent the status quo from
cycling. Suppose s(0) is the starting status quo. Suppose s(k+1)
is the new status quo when the method is applied to the same set
of alternatives A, to the same set of ballots V, and to the status
quo s(k). Then we would expect that ( for every possible set of
alternatives A, for every possible set of ballots V, and for every
possible starting status quo s(0) € A ) there is an m < C such
that s(k) = s(m) for all k > m.
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We recommend the following method:

The Schulze relation O, as defined in section 2.2, is calculated.

A Tie-Breaking Ranking of the Links (TBRL), a linear order >,
on A x A and a Tie-Breaking Ranking of the Candidates
(TBRC), a linear order >, on A, are calculated as described in
section 5.2 variant 1.

The final Schulze relation Osina(o), as defined in section 5.1, is
calculated.

Alternative a € A\ {s} is attainable if and only if N[a,s] > N[s,a]
and (a) there is no supermajority requirement to replace the status
quo s by alternative a or (b) alternative a has the supermajority
required to replace the status quo s by alternative a.

Alternative a € A is eligible if and only if (a=s)or ((ais
attainable ) and (as € 0)).

A winner is an alternative a € A with (1) alternative a is eligible
and (2) ab € Oynai(o) for every other eligible alternative b.

The condition “as € O” in the definition of eligibility implies that
alternative a can win only if it had disqualified the status quo s in the
absence of supermajority requirements. This guarantees that, if s had won in
the absence of supermajority requirements, then s also wins in the presence
of these supermajority requirements.

In the above suggestion, the status quo s can only be replaced by an

alternative a with as € O. As O is transitive, it is guaranteed that the status
quo cannot be changed in a cyclic manner.
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8. Electoral College

There has been some debate about how to combine the Schulze method
with the Electoral College for the elections of the President of the USA. In
my opinion, the Electoral College serves two important purposes:

Purpose #1: The Electoral College gives more power to the smaller
states.

The Senate, where each state has the same voting power
regardless of its population, is more powerful than the House of
Representatives, where each state has a voting power in
proportion of its population. This is true especially for decisions
that are close to the executive. For example, the President needs
the consent of the Senate for treaties and for the appointment of
officers and judges. Because of this reason, it is more important
that the President has a reliable support in the Senate than that
he has a reliable support in the House of Representatives.

Purpose #2: The Electoral College makes it possible to count the
ballots on the state levels and then to add up the electoral votes.

The Electoral College makes it possible that, to guarantee
that all voters are treated in an equal manner, it is only
necessary to guarantee that all voters in the same state are
treated in an equal manner. However, if the ballots were added
up on the national level, it would be necessary to guarantee that
all voters all over the USA are treated in an equal manner. In the
latter case, many provisions (e.g. the rules to gain suffrage or
to be excluded from suffrage, the ballot access rules, the rules
for postal voting, the opening hours of the polling places) would
have to be harmonized all over the USA, leading to a very
powerful central election authority.

This property is desirable especially for the elections to the
National Conventions for the nominations of the presidential
candidates. Here, the election rules and the set of candidates
differ significantly from state to state.

To combine the Schulze method with the Electoral College without
losing any of its purposes, we recommend that, for each pair of candidates a
and b separately, we should determine, how many electoral votes Nejectors[@,0]
candidate a would get and how many electoral votes Neictors[0,a] candidate b
would get when only these two candidates were running. We then apply the
Schulze method to the matrix Nejectors.
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So we recommend the following method:

Stage 1:

Suppose A is the set of candidates who are running in at least one state.

Suppose Ax < A is the set of candidates who are running in state X.

For a,b € Ax: Nx[a,b] € Ny is the number of voters in state X who
strictly prefer candidate a to candidate b.

Stage 2:

Suppose ¥y € R with y > 0. Then “smaller_or_equal(y)” is the
largest integer that is smaller than or equal to y. In other words:
“smaller_or_equal(y)” is that integer z e Nowithz<y<(z+1).

Suppose y € R with y > 0. Then “strictly_smaller(y)” is the
largest integer that is strictly smaller than y. In other words:
“strictly_smaller(y)” is that integer z e Nowithz<y<(z+1).

Suppose Ex € N is the number of electors of state X.

Suppose:

(@)

(b)

(©)

(d)

(€)

Fx[a,b] = Ex,
if {aeAgandb ¢ Ax} or {a,b € Acand Nx[a,b] > Nx[b,a] =0 }.

Fx[a,b] : =0,
if {ag Axand b e Ax} or { a,b € Axand Nx[b,a] > Nx[a,b] =0 }.
Fx[a,b] L= Ex/2,

if {ab ¢ Ax}or {ab e Acxand Nx[a,b] = Nx[b,a] }.

N [a,b]-(1+100-E,)
N, [a,b]+N,[b,a] ”

Fx[a,b] : =0.01 - smaller_or_equal (

if a,b € Ay and Nx[a,b] > Nx[b,a] > 0.

N, [a,b]-(1+100-E, )
N,[a,b]+N,[b,a] ”

Fx[a,b] : =0.01 - strictly_smaller (

if a,b € Ay and Nx[b,a] > Nx[a,b] > 0.

Nelectors[ayb] L= ZX Fx[ayb]-

Stage 3:

The Schulze method, as defined in section 2.2, is applied t0 Nejectors.

Suppose the Schulze method is used for presidential primaries. Suppose
some candidate g withdraws and doesn’t take part in the remaining primaries.
Then candidate g is not removed from the pairwise matrix. Rather he is
treated as described at stage 2 (a) — (c). This regulation is necessary because
removing a loser can still change the winner.
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9. Proportional Representation by the Single Transferable Vote

The term “Proportional Representation by the Single Transferable Vote”
(STV) refers to preferential multi-winner election methods where the
winning alternatives represent the electorate in a proportional manner. What
exactly “in a proportional manner” means in this context is debatable and
will be discussed in section 9.4.

A is a finite and non-empty set of alternatives. M € N with 0 < M < o is
the number of seats. C € N with M < C < « is the number of alternatives.
N e N with 0 < N < o0 is the number of voters.

Ay is the set of the (CH/((MY)-((C-M)!)) possible ways to choose
M different alternatives from the set A. The elements of Ay are indicated
with wedding letters A, 1, @, ...

Input of an STV method is a profile, as defined in section 2.1. Output of
an STV method is a subset & # Sy < Ay of potential winning sets.

9.1. Schulze STV

In Schulze STV, we only compare every set of M alternatives with every
other set of M alternatives that differs in exactly one alternative.

There are (CH/((M!)-(C-M)!) sets of exactly M alternatives.

There are (CH/((M+1)!)-((C-M-1)1)) possible (M+1)-way contests. Each
(M+1)-way contest leads to M-(M-1) links in that digraph where each node
represents a set of M alternatives. See e.g. page 245.

So we have a digraph with (CH/((M!)-(C-M)!) nodes and M-(M-1)-(C!)/
((M+D))-((C-M-1)1) links. This digraph is strongly connected. (A digraph
is strongly connected : < For every pair of two different nodes A and #,
there is a directed path from node A to node # and a directed path from
node 3 to node A.) We then apply the Schulze method, as defined in section
2.2, to this digraph. This works because, for the proof in section 4.1, it is
sufficient that the digraph, that the Schulze method is applied to, is strongly
connected. It is not necessary that this digraph is complete.

Schulze STV is motivated by the fact that we want a generalization of the
Condorcet criterion from single-winner elections to multi-winner elections
that is as strong as possible (section 9.3), so that the possibility, that an
additional alternative changes the result of the election without being elected,
is minimized. In section 10.3, we will see that the Condorcet criterion, that
we get by this manner, is so strong that we almost always have M Condorcet
winners or, at least, (M—1) Condorcet winners.

178



Markus Schulze, “The Schulze Method of VVoting”

9.1.1. Proportional Completion

Proportional completion means that non-linear individual orders are
completed to linear orders in such a manner that, for each set of alternatives,
the proportions of the individual orders, restricted to these alternatives, are
not changed.

Example: Suppose a voter is indifferent between alternative a and
alternative b. Suppose of the other voters X; = 56 strictly prefer alternative a
to alternative b and X, = 44 strictly prefer alternative b to alternative a, then
this voter is replaced by X;/(X;+X,) = 0.56 voters who rank these alternatives
a >, b and by X,/(X;+X;) = 0.44 voters who rank these alternatives b >, a
and who rank the other alternatives in the same manner as the original voter
did.

Basic idea behind proportional completion is that, on the one side, adding
a voter who is indifferent between all alternatives, that have chances to win,
should not change the result of the election as this additional voter doesn’t
add new information. On the other side, the definition for the strengths of the
links between sets of alternatives (section 9.1.2) requires that each voter
casts a linear order.

The following 3 stages give a precise definition for proportional
completion.

Stage 1:

W shall be the proportional completion of V. p(w) € R shall be the
weight of voter w € W. Then we start with

(9.111) WwW:=V.
(9.1.1.2) vweW: pw):=1.
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Stage 2:

Suppose there is a voter w € W and a set of alternatives fy,...,f, € A with

(91.13) n>1.
(9114) A fi,fj € {fl,...,fn}: fi ~w fj.
(9.115) Ve {fu.f}VeeA\{f. f}fizue.

Suppose X e Ny is the number of voters v e V with
(9.1.1.6)  3fifj e {f,...T}: fi % .
Case 1: X > 0.
For each voter v € V with (9.1.1.6), a voter u is added to W with

(9.117) VgheA\{f,.. . }rg>whsg>yh.

(9.1.18) Vvfie{f,..f}vageA\{fi,... .} g>wficg>.f.
9.119) Vvfie{f,..f}vheA\{fi,. . fi}:fi=uh<sfi>,h
(9.1.1.10) V fiffi e {fi,...}.}: fi> fj < fi > .

(9.1.1.11)  p(u) : = p(w) / X.

Case 2: X=0.

For each of the n! possible permutations {c(1),...,0(n)} of
{1,...,n}, avoter u is added to W with (9.1.1.7) - (9.1.1.9) and

(9.1.1.12) Vfi,fj € {f1,...,T.}: o(i) > o(j) < fi >, ;.
(9.1.1.13)  p(u):=p(w)/(nh).

After all these voters u have been added to W, the original voter w is
removed from W.

Stage 3:
Stage 2 isrepeated untilaz,bVaec Avbe A\{a} vweW.

So in each iteration of proportional completion, we look whether there is
still a voter who casts a non-linear order. When there is still such a voter, then
we take a voter w € W and a set of alternatives & # {fi,....f.} c A(withn>1)
where voter w is indifferent between all the alternatives in {f,...,f.} [ see
(9.1.1.4) ] and different between any alternative in {fi,...,f,} and any alternative
in A\ {fy,...,.f,} [ see (9.1.1.5) ]. We then look how those voters, who are not
indifferent between all the alternatives in {f,....f.} [ see (9.1.1.6) ], rank the
alternatives in {fy,...,f,}. Voter w is then replaced, in a proportional manner
[ see (9.1.1.11) ], by voters who rank the alternatives in A\ {fs,....f,} in the same
order as voter w did [ see (9.1.1.7) — (9.1.1.9) ] and who rank the alternatives in
{f1,...,f.} in the same order as the other voters do [ see (9.1.1.10) ].
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9.1.2. Links between Sets of Winners

Basic idea for the definition of the strength of some set of M alternatives
{a1,...,am} < A against some alternative b € A\ {ay,...,am} is that a defeat of
alternative a against alternative b of strength N[a,b] is single-winner
elections corresponds to a situation in M-seat elections where each of the
alternatives {ai,....,am} has a “separate quota” against alternative b of
strength N[{ay,...,am};b]. See (9.1.2.5) — (9.1.2.6).

W is the proportional completion of V. p(w) € R is the weight of voter
w e W. Ny is the number of voters in W.

Suppose {ay,....av} < A and {ay,...,a-1),b} < A are two sets of alternatives
that differ in exactly one alternative. Then the strength N[{as,...,au};b] € R of
the link from {ay,...,am} to {ay,...,apu-1),b} is defined as follows:

N[{as,....aw};b] € R is the largest value such that there isat € R™w™
such that

91.21)  Vie{l..Ny}Vje{l..M}t;>0.
9.122)  Vie{l..Nu} _Z“i“ti,. < p(i).

9123)  Vie{l..Ny}Vje{l..M}:b>a=t=0.
9.1.24)  Vje{l..Mk _NZ_W:tij > N[{ay,....aw};b].

So the strength N[{ai,...,am};b] of the link from set {ai,...,am} to set
{ai,...,ap-1),b} is the largest number such that the electorate can be divided
into M+1 disjoint sets Ty,..., Tgu+1y Such that:

(9.1.2.5) vV j € {1,...M}: Every voter in T; prefers alternative a;
to alternative b.

(9.1.2.6) vV j € {1,..,.M}: The total weight of the voters in T; is at
least N[{ay,...,am};b].
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Basic idea behind this definition for the strength of a link is the following:

In multi-winner elections, it is a useful strategy for a voter not to
give a needlessly good preference to an alternative that wins with
certainty even without this voter’s vote. By using this strategy, this
voter doesn’t waste his vote (to alternatives that win with certainty
even without this voter’s vote) so that his vote has more impact on
which of those alternatives, that are less certain of getting elected,
actually get elected. This strategy is called “free riding” (Schulze,
2004).

When the voters have understood this strategic loophole well, then
the order, in which the individual voter ranks the strong alternatives
relatively to each other, doesn’t say anything anymore about the
sincere opinion of this voter about these alternatives, it only says
something about how strong this voter believes these alternatives are
relatively to each other. So the order, in which the individual voter
ranks the strong alternatives relatively to each other, doesn’t contain
any information and should, therefore, have no impact on the result of
the election.

In the above definition for the strength N[{ay,...,am};b] of the link
from set {ay,...,am} to set {a,...,agu-1),b}, this strength does not depend
on the order in which the individual voter ranks the alternatives
{a;,...,am} relatively to each other, it only depends on which
alternatives of {ay,...,au} are preferred to alternative b [ see (9.1.2.5)
and (9.1.2.6) ]. As, in Schulze STV, the strengths of links against
strong alternatives have no impact on the result of the election [ see
section 9.3 ], the above definition for the strengths of links guarantees
that Schulze STV is invulnerable to free riding.
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9.1.3. Definition of Schulze STV

Suppose >p; and >p, are two binary relations that each satisfy (2.1.1) —
(2.1.3).

Stage 1:

We calculate the Schulze single-winner ranking O, on A, as defined in
section 5, with >p;.

Stage 2:
Proportional completion is used to complete V to W.

Stage 3:

A path from set X € Ay to set § € Ay \ {X} is a sequence of sets
@(1),...,@(n) € Ay with the following properties:

X=@(Q).

Y=a(n).

2<n<oo,

Foralli=1,...,(n-1): @(i) and @(i+1) differ in exactly one
alternative. That means: | (i) » @(i+1) | = M - 1 and
| @) v @(i+1) | =M + 1.

Mo

The strength of the path @(1),...,@(n) is
minp, { (N[{ay,....am-1),0}:¢], N[{as,....apm-1),c};b])
with {ay,...,am-n} : = Q1) N C(i+1),
b:=a(i)\€(i+1), and c : = @(i+1) \ €(i)
li=1,.,(n-1) }.

In other words: The strength of a path is the strength of its weakest link.

Pp2[A, 2] : = maxp; {
mian{ (N[{al,...,a(M_l),b};C], N[{al,...,a(M_l),C};b])
with {ay,...,a-1} : = G(1I) N C(i+1),
b:=a(i)\ &(i+1), and c : = @(i+1) \ @(i)
li=1,..,(n-1)}

| @(1),...,d(n) is a path from set A to set 13 }.

In other words: Ppy[A, ] € Ny x Ny is the strength of the strongest
path fromset A € Aytoset B € Ay \ {A}.

(9.2.3.1)  The binary relation Oy on Ay, is defined as follows:
AR € Ou : < Ppy[A ] >p, Ppo[#B,A]

(9.132) Sw:={AcAu|VE ecAy\{A} BA ¢ Oy } is the set
of potential winning sets.
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Stage 4:

For all A, € Sw: Suppose there is an alternative a € A \ B8 with
ab € O, for every alternative b € 3 \ A, then the set A disqualifies the
set 1.

The winning set of Schulze STV is that set A € Sy that is not
disqualified by some other set 2 € Sy.

9.2. Example A53

To illustrate Schulze STV, we will use a rather large example because
smaller examples usually don’t address all aspects of an STV election. We
will use example A53 from Tideman’s database. This example is analysed in
great detail by Tideman (2000). Example A53 consists of V = 460 voters and
C = 10 alternatives running for M = 4 seats.

Example A53 is interesting because the Newland-Britton (1997) method,
the Meek (1969, 1970; Hill, 1987) method, and the Warren (1994) method
each find a different set of winners. The Newland-Britton method chooses
a, b, g, and j. The Meek method chooses a, d, g, and j. The Warren method
chooses a, f, g, and j.

Example A53 is decribed in the following table 9.2.1. For example, row
233 says that voter 233 gives a “1” to alternative b, a “2” to alternative c, a
“3” to alternative d, a “4” to alternative a, and a “5” to alternative j. Voter
233 doesn’t rank any of the other alternatives.
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10

10

10

10

10

10

10

10

10

10

10

61

62

63
64
65
66

67

68
69

70
71

72
73
74
75
76
77
78
79
80
81

82

83
84
85
86

87

88
89

90
91

92
93
94
95
96
97

98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120

7
10

10

10
10

10

12

11

10

6

4

10

10

10

10

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

32
33
34
35
36
37

38
39
40

41

42

43

44
45

46

47

48

49

50
51

52
53
54
55
56
57
58
59
60

Table 9.2.1 (part 1 of 4): Example A53
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10

10

10

10
10

10

10

10

10

10

10

181
182
183
184
185
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187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
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203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240

10

10

10

10

10

10

10

10

10

121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141

142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180

Table 9.2.1 (part 2 of 4): Example A53
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10

10

10

10

10

301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
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328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360

10
10

10

10

241
242
243
244
245
246
247

248
249

250
251
252

253
254
255
256
257

258
259

260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
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al|blc|d]e flg|lh i j a|bjc|d]e flg]lh i j
6L | 43| -] - -l -l2|-1-11 411 | 1 | - | 3] 2| - - 4 -] -] -
62| -1 3| -|4]-1-12]-1-11 412 | 1 | 3 | - -l 2040 -01-1-1-
‘3| - -] -]- - -1 3| -12]1 413 |1 (10| 6 | 4| 9|8 3|7 ]2]5
4| - - -|-14]-12]3]1]- 414 | 1 | - | - -l -l 20 -1-1-1-
65| 3|7 |8|10|]9]|6|4]|]2]|5]1 415 | 1 | - | 2 | - | - - -13]-14
6 | 5/]9|10|6 |8 |43 |2]|7]1 416 | 1 | 4 | - -l -13|2|-]1-15
67 | 7| 4|2 |6 |8|5]3[]10[9]1 417 11 | 3 | - -l -121-1-14]-
w8 | - | 4| - -[3]|1]2]-1-1- 418 | 1 | - | - | 4| - |53 ]-]1-12
69| 3|7 |6 |10[]9 1|2 ]|4|8]|5 419 |1 | 7 | 4 | 71893 |5]|6]2
370 | 3|4 | - | - - |11 2|-]-15 420 | 1 | - | - -l -12]13|-]1-14
i 42| -] - -1 -13]-1- 421 |1 |6 | 3| 7|2 ]9]|]5|4]10]S8
372 | 5|6 |7 |10]8|1]2]3]9]4 422 |1 | - | 2| 7|89 ]3|4]6]5
371314 |3 |59 8|16 |10[7]2 423 | 1 | - | -] 2| - -3 -] -1-
37414 |8 |59 |71 |3]|]-]2]686 424 |1 (10| 9 | 2|5 |3 |7|6]|8]4
3755 12| 4|3 |5|6|1|10|]8|9]|7 425 | 1 | 3 - | - -l -1 4] -12
376 | 5/ 9|2 103 |1|6|7]|4]8 426 | 1 | - | - -l -12|-1-1-13
77 -2 - | - -1 1]13]-141]5 427 1116 | - -1 3] -]1-141]5]2
378 1 6| 710|951 |2]9]4]3 428 | 1 | 8| 9| 4| 7|2 ]3|]10]6]5
39 13| 2| -4 |-11]-1-1-1- 429 | 1 | 6|10 3|9 |7 |8|2]4]5
38 | 5|6 |4 |10[3|1|2]7]9]8 430 | 1| - | - -l -1 413|-1-12
3L |5|4 |7 |81 |3 |6|]9]10]2 431 |1 9|2 |83 |10]4|6]| 7|5
312 |5]-|-1114]-1]1-13]- 432 11| 4] - - |- -1 -13 2
383|367 |91 |2|8]|5|4]10 433 | 1| - [ 3] - | - -4 -1 -12
| -2 |5 -[3[14]-1]-1- 434 |1 | - | - - | - -l -l -1 -12
3/ |4 -3 - -1 -1 -1-12 435 |1 | - | 3| -|-]2]-]-1]151]4
386 | 4 -l -]211]-1-1-13 436 | 1 | - | 2 | 3|5 -14|-1-1686
/7| -] -13] - 102 -1-1-+ 37 11 - - -l -12]13]-1-14
‘| -] -13]- - |14 -1-12 438 | 1 | 4|10 6 | 5|82 ]9]|3]|7
38| - -1-1- - |1 1314 -12 439 | 1| - | - 13| - -4 -1 -12
3% | - | - |5 - - |1 -13|4]2 440 | 1| - | - - | - -1 214]13]-
¥ |5 -]13] - - |14 -16]2 411116125139 ]|10]7|4]8
32 | -|-|l-]/-1l2]|1|5]-13]4 442 |1 | 8| 9| 2|4 |7 ]10|5]|6]3
39314 | -15] - -2 -1-11]3 43 11 | - | - - | - -l 2 -1 -1-
3% | - | -l -|-1l1]2]|3]|]-14]- 44 11 | 2 | - - | - - |4 -151]3
35 | - | -1 | -|2|3|-14]¢-1]- 445 |1 | 7|18 9|6 |4]|]10]3]|5]2
3% | - | -2 | -]1]3]|-14 5 46 | 1 | 3 | - -l -15]-141]-12
97 | - -4 -[3]|1]2]-1-1- 47 |1 | - | 214 13| -1]-1-1-1-
38 |3 -] -1 - -1 -1 -1 -12 448 | - | 1 | - - | - -l - -] -]
39 | - | - | - | - -1 -1 -1-12 449 |1 14| - 15 -13]-]1-1-12
40 ) - | - | 2| - -1 - -] - 450 | 1 | 2|6 |9 |5|7]8|3]10]4
400 1] 7|5]2]10]8|]6[9]|3]4 451 111213 -1]- -4 -1 -1 -
402 11| - | 3| - -l -1 214]-]- 452 |1 | 3| -14/]- -l -l -1 -12
403 11 |6 [ 8|2 |9 |5|7|4]|]10]3 453 | 1| - | - 23| -]-|-1]1-14
404 11 - | -1 2] -1]- -l -1-13 454 |1 | 3|2 | 8|7 ]10]9]|6]4]5
405 1 1 | - | - | - -l -l2]1-1-13 455 | 1| - | - | 3| -|4]-1-1-12
406 | 11 4] - | - - |- -1 2] -13 45 | 1| - | - -l -12]-141-13
407 11| - | -[51]4]- - - 1312 457 |1 | 6 (10| 2| 5|8 [3]914]]7
408 1 1| - | 4|5 | -]16]3|7]|8]2 458 | 1 | 4|10 5|9 |8 |6 |2]|7]3
409 11| - |53 |4 -12]-1-1- 459 |1 | - [ 3] 2] - -l -l -] -]
410 1 |10 9 | 8|6 | 4|7 ]|2]|5]3 460 | 1 | 3 | 7| 2|10 8|6 |9 ]4]5

Table 9.2.1 (part 4 of 4): Example A53
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9.2.1. Proportional Completion

We apply proportional completion separately for the calculation of each
link. The strength of the links {b,c,e,j} — {a.c.ej}, {b,c.e,j} — {ab.ej},
{b,c.e,j} — {a,b,c,j}, and {b,c,e,j} — {a,b,c,e} depends only on whether the
individual voter strictly prefers the different candidates of the set {b,c,e,j} to
candidate a or strictly prefers candidate a to the different candidates of the
set {b,c,e,j} or is indifferent between the different candidates of the set
{b,c.e,j} and candidate a. Therefore, the fact, that we apply proportional
completion for every link separately, means that only 3*C = 81 possible
voting patterns need to be considered. Table 9.2.1.1 lists these 81 possible
voting patterns, where “1” means that a voter with this voting pattern strictly
prefers this candidate to candidate a, a “2” means that this voter is indifferent
between this candidate and candidate a, and a “3” means that this voter
strictly prefers candidate a to this candidate.

Throughout section 9.2.1, wij is the number of voters at stage j who are
using voting pattern i.
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voting
pattern
#41
#42
#43
#44
#45
#46
#47
#48
#49
#50
#51
#52
#53
#54
#55
#56
#57
#58
#59
#60
#61
#62
#63
#64
#65
#66
#67
#68
#69
#70
#71
#72
#73
#74
#75
#76
#17
#78
#79
#80
#81

voting
pattern

#1

#2

#3

#4

#5

#6

#7

#8

#9
#10
#11
#12
#13

#14
#15
#16
#17
#18
#19
#20
#21
#22
#23
#24
#25
#26
#27
#28
#29
#30
#31
#32
#33
#34
#35
#36
#37
#38
#39
#40

Table 9.2.1.1: The 81 possible voting patterns
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Step 1

At first, we determine which profile is used by how many voters. Table
9.2.1.2 lists, for every voting pattern, how many voters (column “number of
voters”) and which voters (column “voters”) are using this voting pattern.

voting

number of

pattern voters b ¢ € J voters
o fwi=17 |11 Lt | s onr g6 060 211 270, 078
#2 w; =2 1 1] 1] 2 12, 384
#3 ws =3 1] 1]1]|3 255, 258, 270
#4 wy =4 11121 65, 155, 261, 273
#5 w; =4 11|22 109, 203, 336, 338
#T w, =6 1 1]3]1 59, 90, 166, 249, 348, 367
#9 wy =3 1 11]3]3 77, 233, 272
#10  |wi’=7 10211 11, 174, 189, 195, 239, 242, 260
#11 | wi =7 102 |12 85, 144, 237, 248, 262, 276, 368
m3  |wP=14 | 1|22 1]| % 13156,233526,23?525,23536,23652,22% >
#14  |wi'=7 12|22 93, 105, 214, 221, 240, 339, 448
63, 64, 69, 114, 157, 228, 236, 244, 245,
#19 |wi=18 | 1| 3 | 1 | 1 | 264 280,281,283, 284, 286, 287, 337,
381
#21  |wi=2 10313 256, 275
w5 |w®=10 | 1] 3| 3| 1| 731218 231&’232%251, 266, 282,
103, 118, 134, 136, 230, 231, 238, 241,
#21  |w” =17 | 1 | 3 | 3 | 3 | 243, 246, 247,250, 254, 265, 344, 371,
379
#28 |w’=8 2 | 1| 1| 1| 6156 164,180,204, 215, 323, 396
#29 |w”=6 2 | 1|12 16, 67, 162, 332, 395, 397
#31  |wi=2 2 | 1|21 388, 390
#32  |w; =3 2 | 1|22 154, 387, 400
47 |wi=m |2 |2 | 1|1 B85 133,3%%?,3%120, 222,324, 326,
#38  |wP=7 2 | 2|12 75, 139, 159, 197, 325, 364, 394
4,5, 25,34, 81, 95,97, 111, 122, 132,
#40  |wi"=23 | 2 | 2 | 2 | 1 | 138148 152 184,198, 218, 330, 331,

351, 352, 363, 389, 399

Table 9.2.1.2 (1 of 2): voting patterns is example A53
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voting
pattern

number of
voters

voters

#41

Wfl =13

82, 88, 96, 113, 120, 124, 125, 126, 145,
199, 213, 340, 345

#55

w =11

13, 30, 74, 92, 153, 168, 172, 176, 205,
217, 341

#57

57 _
w, =3

14, 376, 380

#61

Wfl =10

7,8, 22,61, 84,179, 225, 226, 385, 391

#63

63 _
w,” =5

9, 200, 201, 202, 329

#73

w.’ =13

23,31, 70, 76, 79, 188, 190, 194, 207,
208, 277, 378, 386

#75

w! =14

17, 68, 87, 127, 142, 158, 160, 161, 279,
327, 334, 347, 382, 383

#79

w.’ =84

6, 10, 19, 20, 21, 26, 27, 28, 29, 33, 35,
56, 57, 58, 71, 78, 98, 100, 101, 106, 108,
130, 167, 169, 170, 181, 182, 183, 185,
186, 187, 191, 196, 219, 223, 224, 227,
288, 289, 290, 291, 292, 293, 294, 295,
296, 297, 298, 299, 300, 301, 302, 303,
304, 305, 306, 307, 308, 309, 310, 311
312, 313, 314, 315, 316, 317, 318, 319,
320, 321, 322, 328, 333, 349, 353, 354,
355, 357, 365, 366, 372, 393, 398

#81

wi' =126

1, 2,3, 36,37, 38, 39, 40, 41, 42, 43, 44,
45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55,
72, 80, 83, 86, 89, 91, 94, 99, 102, 104,
110, 116, 119, 121, 123, 128, 129, 131
135, 137, 141, 143, 146, 147, 149, 150,
163, 165, 171, 173, 175, 177, 206, 211
212, 220, 335, 342, 343, 346, 369, 370,
374, 375, 401, 402, 403, 404, 405, 406,
407, 408, 409, 410, 411, 412, 413, 414,
415, 416, 417, 418, 419, 420, 421, 422
423, 424, 425, 426, 427, 428, 429, 430,
431, 432, 433, 434, 435, 436, 437, 438,
439, 440, 441, 442, 443, 444, 445, 446,
447, 449, 450, 451, 452, 453, 454, 455,
456, 457, 458, 459, 460

Table 9.2.1.2 (2 of 2): voting patterns is example A53
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Step 2

Each time, when we apply proportional completion to a voting pattern,
we apply it to a voting pattern, where the number of alternatives with a “2”
is the maximum. As, in each stage, a voting pattern is replaced by voting
patterns with smaller numbers of alternatives with a “2”, it is guaranteed that
those voting patterns, to which proportional completion has already been
applied at earlier stages of the proportional completion procedure, cannot
reappear at later stages.

So first, we apply proportional completion to voting pattern #41.
Applying proportional completion to a voting pattern where voters are
indifferent between all candidates simply means that the weight of every
other voting pattern is multiplicated by the same factor.
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Therefore, we get:

voting

number of voters b c e j
pattern
1 _ 0 2 1 _

#1 wy, =(1+w; /(N-w;)) w;j =17.494407
#2 wi=(1+w;' /(N-w;)) w’ =2.058166
#3 wi =(1+w;" /(N-wj")) w’ =3.087248
#4 wy =(1+w; /(N=w;"))-w; =4.116331
#5 wy = (1+w; /(N-w;"))-w> =4.116331
#7 wh =(1+wi /(N=w;))-w, =6.174497
#9 wi = (1+w" /(N=w;"))-w; =3.087248

#10  |wy =(1+w; /(N-w;")) w; =7.203579

#11 | wy =(1+w," /(N-w;"))-w;' =7.203579

#13 | wy =(1+w; /(N-w;)) w; =14.407159

#14  |wy =(1+w," /(N-w;")) w;' =7.203579

#19  |w) =(1+w; /(N-w;')) w; =18.523490

#21  |wi =(1+wt /(N-w;')) - wH =2.058166

#25  |wd =(1+wt /(N-w;')) - w? =10.290828

#27 | wi =(1+w /(N=w;")) - wZ =17.494407

#28 w2 =(1+w /(N-w;")) - w?® =8.232662

#29 w2 =(1+w /(N-w;")) - w? =6.174497

#31 [wi = (1+w ! (N=-w;")) - w =2058166

#32 |wy =(1+w /I (N-w)) - wP =3.087248

#37  |wd =(1+w; /(N=w;")) w) =11.319911

#38  |wd =(1+wt /(N-w;)) - wP =7.203579
#40 w3 =(1+wt /(N=w;)) - w)® =23.668904
#55  |w) =(1+w; /(N-w;")) w>® =11319911

#57 | w) =(1+w/(N-w;")) - w2 =3.087248

#61  |wy =(1+w; /(N-w;)) wi =10.290828

#63 | wy = (1+w /(N-w,;")) w =5145414

#73  |wl =(1+w /I (N-w;")) w]® =13378076

#75  |wl =(1+w; /(N=-w;")) w; =14.407159

#79  |w) =(1+wt /(N=w;')) - w,’ =86.442953
#81 [ wi =(1+w; I (N=-w;")) - wd =129.664430
460.000000
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Step 3

We now apply proportional completion to voting pattern #14. In voting
pattern #14, the voters are indifferent between the alternatives in {a, c, €, j}.
At stage 1, Y : = wf + wfl = 20 voters were indifferent between all the
alternatives in {a, c, e, j}. The following N — Y = 440 voters were not
indifferent between all the alternatives in {a, c, e, j}

number of voters

1 28 55 _
wi; +w; +w; =36

2 29 _
w; +w; =8

3 57 _
w; +w; =6

31 _
w, +w; =6

32 _
w; +w; =7

61
w, +w, =16

63 _
w, +w; =8

37 _
w; +w; =18

38 _
w; +w, =14

40 _
wi; +w, =37

73 _
w; +w;” =31

5
w," +w,;” =16

9 _
w;m +w; =94

wlwlw|lw|m| N iRl R, R R]o
wlwlrRr|lkr|IN|RP|RPlw|lw|NM|IN| R R R ]
wWwlilr|lw|lkr|lkr|NMRP|lwlRPINM|RP|O[ NP -

wi +wl =143

N-Y =440
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Therefore, the W124 = 7.203579 voters with voting pattern #14 are
replaced by the following voters:

E)/;)ti:]r% number of voters b c e i
#1 Wi +wl+w,) - wi/ (N=Y)=0589384 1|11 1
#2 w2 +w?) . w3/ (N=Y)=0.130974 1112
#3 Wy +wy - wi/(N=-Y)=0.098231 1| 1]1]3
#4 (Wi +w>) w3/ (N=Y)=0.098231 1 11] 21
#5 Wy +w) - wi/ (N=-Y)=0.114602 1| 11] 2] 2
#7 (W] +w) w3/ (N=Y)=0.2619483 1131
#9 (w; +w®) . w3/ (N=Y)=0.130974 11|33
#10 Wi’ +wi) - wi/ (N=Y)=0.294692 1211
#11 Wit +ws®) - wi/ (N=-Y)=0.229205 12|12
#13 wi® +wi)-wi/(N=Y)=0605756 11221
#19 wi* +w’) - wi/(N=Y)=0507525 1 3] 1)1
#21 w2 +w) - wi/(N-Y)=0.261948 1|3 ]1]3
#25 w2 +wy - w3/ (N-Y)=1538947 13|31
#27 Wi +wy wi (N-Y)=2.341163 13|33

wj =7.203579
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Therefore, we get:

voting

pattern number of voters b c e i
#1 w; =w} +0.589384 = 18.083791 10111
#2 wi =w3 +0.130974 = 2.189140 11112
#3 wS =w3 +0.098231 = 3.185479 101113
#4 w; =wj +0.098231 = 4.214562 10121
#5 w5 =w) +0.114602 = 4.230933 101212
#7 Wi =w) +0.261948 = 6.436445 10131
#9 w3 =w) +0.130974 = 3.218222 1] 11]3]|3
#10 | wy =w? +0.294692 = 7.498271 10211
#11 | wh =wh +0.229205 = 7.432784 12112
#13 | w3 =w} +0.605756 = 15.012914 10221
#19 | wh =w} +0.507525 = 19.031015 13|11
#21 | w2 =w? +0.261948 = 2.320114 1 ]3] 1|3
#25 | w® =w? +1538947 = 11.829774 11331
#27 | wd =w? +2.341163 = 19.835570 113 ]3]|3
#28 | w2 =w2 =8.232662 2 | 1|1 ]1
#29 | w5 =w’ =6.174497 2 [ 1] 1] 2
#31 | w =wd =2.058166 2 | 1] 2|1
#32 | wy =wY =3.087248 2 1] 2] 2
#37 | w) =wY =11.319911 2 | 2|11
#38 | wd =wd =7.203579 2 | 2|12
#40 | wy =w; =23.668904 2 2] 2|1
#55 | w3 =w) =11.319911 31|11
#57 | wy =w) =3.087248 31|13
#61 | wi =wS =10.200828 313 |1
#63 | wy =wS =5.145414 31|33
#73 | wl =wl® =13.378076 3 13|11
#75 | wi =w] =14.407159 3 (3|13
#79 | wl =w] =86.442953 3 (3|31
#81 | wi =wd =129.664430 313 |3]3

460.000000
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Step 4

We now apply proportional completion to voting pattern #32. In voting
pattern #32, the voters are indifferent between the alternatives in {a, b, e, j}.
At stage 1, Y : = wfz + wfl = 16 voters were indifferent between all the
alternatives in {a, b, e, j}. The following N — Y = 444 voters were not
indifferent between all the alternatives in {a, b, €, j}:

number of voters

1 10 19 _
wi +w; +w; =42

2 1 _
w; +w; =9

21 _
w; +w;” =5

4 13 _
w, +w; =18

5 14 _
w; +w; =11

7 25
w;, +w;" =16

9 21
w,; +w; =20

28 37
w; +w; =19

29 38
w; +w; =13

31 40
w; +w,; =25

55 73
w, +w,;" =24

57 75
w, +w;" =17

61 79
w, +w, =94

wlwlw|lw|m|d[NvM iRl R R PR
wlwlRr|lkr|INM|RP[RPlw|lw|INM|N| PR R ]
wWlilrRr|lw|lkr|lRr|NM[ PRI P[NP -

63 81
w,” +w; =131

N-Y =444
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Therefore, the w§2 = 3.087248 voters with voting pattern #32 are
replaced by the following voters:

E)l;)tiienr?l number of voters b c e i
#1 wi+wi® +wiy wi/(N-Y)=0292037 | 1 | 1 | 1 | 1
#2 w2 +wi) - w¥/(N-Y)=0.062579 1112
#3 W +w) wi/(N-Y)=0.034766 1 1]1]3
#4 Wi +wi)-wi/(N-Y)=0.125159 1121
#5 w2 +wity - w/(N-Y)=0.076486 1122
#7 w! +w?) - w¥/(N-Y)=0.111252 11|31
#9 w? +w’) wi/(N-Y)=0.139065 11|33
#28 w2 +w¥y w¥/(N-Y)=0132112 2 | 1] 1|1
#29 w2 +w¥®y w¥/(N-Y)=0.090392 2 | 1] 1|2
#31 Wl +w %) w¥/(N-Y)=0.173832 2 | 1] 2|1
#55 W +w.*) - wi/(N-Y)=0.166878 31|11
#57 W +w®) - wy/(N-Y)=0.118205 31|13
#61 W +w!®) w¥/(N-Y)=0.653607 3 1]3 |1
#63 W +wy . w¥/(N-Y)=0910877 31|33

wy =3.087248
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Therefore, we get:

voting

pattern number of voters b c e i
#1 wh =wj +0.292037 = 18.375828 1111
#2 w2 =w?2 +0.062579 = 2.251719 11112
#3 w3 =w3 +0.034766 = 3.220245 1113
#4 wi =wj +0.125159 = 4.339720 1|12 |1
#5 w5 =w3 +0.076486 = 4.307419 1| 11] 2] 2
#7 W, =wl +0.111252 = 6.547697 1|13 |1
#9 wi =w3 +0.139065 = 3.357288 1] 11]3]|3
#10 | wy =w; =7.498271 12|11
#11 | wi =w; =7.432784 12|12
#13 | wP =w} =15.012914 12121
#19 | w =wi =19.031015 10311
#21 w2 =wi =2320114 113 ]1]3
#25  |w® =w? =11.829774 11331
#27 | w? =w? =19.835570 113|313
#28 | w2 =w?2 +0.132112 = 8.364774 2 | 1|1 ]1
#29 | w? =wZ +0.090392 = 6.264889 2 | 1|12
#31 | w¥ =wd +0.173832 = 2.231997 2 11|21
#37 | w¥ =wd =11319911 2 | 2|1 |1
#38 | w® =w? =7.203579 2 | 2| 1] 2
#0 | wy =w; =23.668904 2 | 2] 2|1
#55 | w3 =w)’ +0.166878 = 11.486789 3 1|11
#57 | w3 =w) +0.118205 = 3.205454 3 1] 1]3
#61 | wS =wSd' +0.653607 = 10.944434 31|31
#63 | wS® =w2 +0.910877 = 6.056291 31|33
#73 | w]’ =wl® =13.378076 3 (3|11
#75 | w) =wl =14.407159 3 13|13
#79 | wl® =wl =86.442953 3 (3|31
#81 | wi =w) =129.664430 3 (3 |3]3

460.000000
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Step 5

We now apply proportional completion to voting pattern #38. In voting
pattern #38, the voters are indifferent between the alternatives in {a, b, c, j}.
At stage 1, Y : = wfg + wfl = 20 voters were indifferent between all the
alternatives in {a, b, c, j}. The following N — Y = 440 voters were not
indifferent between all the alternatives in {a, b, c, j}:

number of voters

1 4 7T _
wi +w, +w; =27

2 5 _
w; +w; =6

3 9 _
w; +w; =6

10 13
wi +twp =21

14
w; +w; =14

25
wi +w; =28

27 _
w; +w; =19

31 _
w; +w; =10

32 _
w, +w; =9

40 _
w; +tw, =34

61 _
w; +w, =21

63 _
w; +w; =8

9 _
w," +w, =97

wWlwlw|lw | I[P IRrIRr| PR R R]|o
wlw|lrRr|lPr|MRr[RPRlWOW|NM|NM| PR~ ]o
WlRr|lWw|lRr|RPINDMRP[ORP|IN|RP|W[N|RP

75 81
w,  +w,; =140

N-Y =440
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Therefore, the Wig = 7.203579 voters with voting pattern #38 are

replaced by the following voters:

[\)/e(l)tiienr% number of voters b c e j
#1 (Wi +w; +w/) wy /(N=Y)=0.442038 11|11
#2 w2 +w?)-wd /(N-Y)=0.098231 11|12
#3 WS +wy)-w /(N=Y)=0.098231 1 1] 1]3
#10 Wi’ +w) - wS /(N=Y)=0.343807 1211
#11 Wit +wi') - wS /(N=Y)=0.229205 1212
#19 wi® +w2®) - w /(N=Y)=0.458410 13|11
#21 w2 +wy . wP /(N-Y)=0311064 13|13
#28 w2 +wy . wd /(N-Y)=0.163718 2 | 1] 1|1
#29 W2 +w) - wd /(N-Y)=0.147346 2 | 1] 1] 2
#37 W +w®) - wd /(N-Y)=0556640 2 2|1 |1
#55 W +w;h) - wS /(N=Y)=0.343807 311 |1
#57 W +w®y . wP /(N-Y)=0.130974 3 1|13
#73 W +w])-wd /(N-Y)=1588062 31311
#75 W +wy wd /(N-Y)=2292048 3 03|13

w2 =7.203579
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Therefore, we get:

voting

pattern number of voters b c e i
#1 w; =W} +0.442038 = 18.817866 10111
#2 wi =w?2 +0.098231 = 2.349950 11112
#3 wy =w3 +0.098231 = 3.318476 101113
#4 Wy =w; = 4.339720 10121
#5 wo =w5 =4.307419 101212
#7 w{ =w, =6.547697 1] 1]3 1
#9 wy =w) =3.357288 1] 11]3]|3
#10 | wy =wY +0.343807 = 7.842079 10211
#11 | we =wh +0.229205 = 7.661989 12112
#13 | wp =w} =15.012914 1221
#19 | wp =w} +0.458410 = 19.489424 13|11
#21  |w2 =w? +0.311064 = 2.631178 1 ]3] 1|3
#25 | w? =w? =11.829774 13|31
#27 | w? =w? =19.835570 113 1]3]|3
#28 | w2 =w? +0.163718 = 8.528492 2 | 1|1 ]1
#29 | w2 =w? +0.147346 = 6.412235 2 | 1| 1] 2
#31 | wl =wd =2.231997 2 | 1] 2|1
#37 | wy =wY +0.556640 = 11.876551 2 | 2|11
#40 | wy =wj =23.668904 2 | 2|21
#55 | w =w] +0.343807 = 11.830596 31|11
#57 | wY =w +0.130974 = 3.336428 3 1] 1] 3
#61 | wo =wd =10.944434 31|31
#63  |wy =w? =6.056201 31|33
#73 | w{ =w[® + 1588062 = 14.966138 33|11
#75 | wl =w]® +2.292048 = 16.699207 3 (3|13
#79 | wl =w] =86.442953 3 (3|31
#81 | wi =w? =120.664430 313 |3]3

460.000000
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Step 6

We now apply proportional completion to voting pattern #40. In voting
pattern #40, the voters are indifferent between the alternatives in {a, b, c, e}.
Atstage 1, Y : = wfo + wfl = 36 voters were indifferent between all the
alternatives in {a, b, c, e}. The following N — Y = 424 voters were not
indifferent between all the alternatives in {a, b, c, e}:

number of voters

1 2 3 _
wi +w; +w,; =22

4 5 _
w, +w; =8

7 9 _
w; +w; =9

10 11
wi +tw; =14

13 14
wi;+w; =21

19 21 _
w; +w; =20

25 27
w, +w, =27

28 29
w, +w; =14

31 32 _
w; +w; =5

37 38
w; +w; =18

55 57
w, +w; =14

61 63
w, +w; =15

73 75
w," +w," =27

W W wiw i DI NIFP|IFPIPPFPFP,|F~]|TC
W W k| PN P|IPITO O, PFPPFP]O
W kL[ W PP INDNP WOIFLINFP|WIDN[FPL]D

79 81
w, +w,; =210

N-Y =424
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Therefore, the w;‘° = 23.668904 voters with voting pattern #40 are
replaced by the following voters:

;;ti?r% number of voters b c e j
# wi+w? +w’) we /(N-Y)=1.228103 1111
#4 Wi +w>)-we /(N-Y)=0.446583 1|12 |1
#7 W] +w))-wi /(N-Y)= 0502406 1 1] 3|1
#10 Wi +wihy - we /(N-Y)=0.781520 1211
#13 Wi +wity - wel /(N-Y)=1.172281 1|2 1] 2|1
#19 Wi +w?)  wi /(N-Y)=1116458 1311
#25 w2 +w?y . wi /(N-Y)=1507218 13 1] 3|1
#28 W2 +w?®y . wi /(N-Y)=0.781520 2 | 1] 1|1
#31 Wl +w?) . wi /(N-Y)=0.279114 2 [ 1|2 |1
#37 W +w®y . wi /(N-Y)=1.004812 2 2|1 |1
#55 W +w)) - we /(N-Y)=0.781520 31|11
#61 W +w®) wi /(N-Y)=0.837343 3 1]3 |1
#73 W +w®) - wg /(N-Y)=1507218 303|111
#79 W +wy wi /(N-Y)=11.722806 313 ]3|1

we = 23.668904
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Therefore, we get:

voting

pattern number of voters b c e i
#1 wg =w; +1.228103 = 20.045969 10111
#2 Wi =W =2.349950 1|1 ]1]2
#3 wy =wy =3.318476 11|13
#4 Wy =wg +0.446583 = 4.786304 101 ]2 |1
#5 wy =w, =4.307419 1| 1]2]2
#7 W{ =w{ +0.502406 = 7.050103 101 ]3 |1
#9 wg =Wy =3.357288 1] 11]3]|3
#0 | wh =wy +0.781520 = 8.623599 1] 211
#11 | wg =wg =7.661989 1] 212
#13 | wp =wi +1.172281 = 16.185195 1221
#19 | wp =wp +1.116458 = 20.605882 13|11
#21 | wl =wi =2631178 13 ]1]|3
#25 | w2 =w? +1.507218 = 13.336992 1133 |1
#27 | wl =wZ =19.835570 113|313
#28 | w2 =wZ +0.781520 = 9.310012 2 | 1|1 ]1
#29  |w@ =wZ =6.412235 2 1] 1] 2
#31 | wl=w¥ +0.279114 = 2.511112 2 | 1|2 |1
#37 | wd =w? +1.004812 = 12.881363 2 | 2|11
#55 | wy =w; +0.781520 = 12.612116 31|11
#57 | wy =w. =3.336428 3 /1] 13
#61 | wd =wd +0.837343 = 11.781778 3|13 |1
#63 | wy =w =6.056291 31|33
#73 | wl =w/!® + 1507218 = 16.473356 3 13|11
#75 | w) =w/!’ =16.699207 313|113
#79 | w{ =w!® +11.722806 = 98.165759 33|31
#81 | wh =wi =129.664430 3 13|33
460.000000
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Step 7

We now apply proportional completion to voting pattern #5. In voting
pattern #5, the voters are indifferent between the alternatives in {a, e, j}. At
stage 1, Y : = wf + wi“ + wfz + wfl = 27 voters were indifferent between
all the alternatives in {a, e, j}. The following N — Y = 433 voters were not

indifferent between all the alternatives in {a, €, j}:

number of voters

1 10 19 28 37 55 73 _
wi +w;, +w; +w, +w, +w; +w; =85

2

11 38 _
wy; +wptw twy =22

29

3

21 57 5
wy +w,;Ttw, tw =22

4

13 31 40 _
w, +w; +w;+w,; =43

7 25 61 9 _
w, +w; +w;" +w,; =110

9

27 63 8l _
w; +w; +w; +w,; =151

WwWlw|IN|FRr| P[P ]|o
W lkRr|lRP|lw || P~

N—-Y =433

Therefore, the WZ = 4.307419 voters with voting pattern #5 are replaced

by the following voters:

voting

pattern number of voters b c e j

P TR 1T, T,
-wg /(N=Y)=0.845567

#2 w2 +wi +w? +w®y . wy /(N-Y)=0.218853 111 |2
#3 Wl +w2 +wd +wl) wl/(N-Y)=0218853 | 1 | 1 | 1 | 3
#4 wi +wl +wP +w®) wl/(N-Y)=0427758 1 1] 21
#7 W, +w2 +w +w?) - w /(N=Y)=1.094264 1|13 |1
#9 Wy +w +w +wy wl /(N-Y)=1502125 11|33

w; = 4.307419
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Therefore, we get:

voting

pattern number of voters b c e i
#1 W} =wj +0.845567 = 20.891537 10111
#2 w2 =w§ +0.218853 = 2.568802 10112
#3 wS =w} +0.218853 = 3.537329 101113
#4 Wi =wg +0.427758 = 5.214061 101 ]2 |1
#7 wl =w +1.094264 = 8.144367 101 ]3 |1
#9 w) =wg +1.502125 = 4.859413 1111]3]3
#10 | w) =wy =8.623599 1] 211
#11 | wh =wg =7.661989 12|12
#13 | w) =wy =16.185195 1] 2] 2|1
#19 | wP =w} =20.605882 1 ]3] 1|1
#21 | w? =wl =2631178 113|113
#25 | w? =w{ =13.336992 1133 |1
#27 | w? =w? =19.835570 113 ]3]|3
#28 | w?® =wZ =9.310012 2 | 1|1 ]1
#29 | w? =wZ =6.412235 2 |1 | 1] 2
#31 | wd =w] =2511112 2 | 1] 2|1
#37 | wl =w) =12.881363 2 | 2|11
#55 | wd =w} =12612116 3 1|11
#57 | wd =w; =3336428 31|13
#61 | wS =w] =11.781778 3| 1]3 |1
#63 | wP =w =6.056291 31|33
#73 | w? =w]’ =16.473356 3 (3|11
#75 | wl =w}® =16.699207 313|113
#79 | wl =w/’ =98.165759 3 13|31
#81 | wd =w} =129.664430 313 1]3]3

460.000000

208




Markus Schulze, “The Schulze Method of VVoting”

Step 8

We now apply proportional completion to voting pattern #11. In voting
pattern #11, the voters are indifferent between the alternatives in {a, c, j}. At
stage 1, Y : = wf + w}“ + wfg + wfl = 34 voters were indifferent between
all the alternatives in {a, c, j}. The following N — Y = 426 voters were not

indifferent between all the alternatives in {a, c, j}:

number of voters

1 4 7 28 31 55 61 _
wi+w, +w; +w; +w, +w; +w, =58

2 5 29 32 _
w; +w; +w; +w; =15

3 9 57 63 _
wy +w, +w; +w; =14

10 13 37 40
wp; +w; +w; +w; =55

19 25 73 79
wip tw; +w, +w, =125

Wi W INdN|FP | FPFF]|]O

21 27 75 81
w;  +w; +w,;  +w,; =159

W lkRr|RP|w || P |—

N-Y =426

Therefore, the W%l = 7.661989 voters with voting pattern #11 are

replaced by the following voters:

voting

pattern number of voters b c e j
o | e e el ) 1. 1.1,
wi /(N=Y)=1.043182
#2 w2 +w>+w? +w?y . wi /(N-Y)=0269788 | 1 | 1 | 1 | 2
#3 Wl +w) +w +w®y . wl /(N-Y)=0251802 [ 1 | 1 | 1 | 3
#0 | w+wl+wd +w®) wl /(N-Y)=0989224 | 1 | 2 | 1 | 1
#19 | W +wP +w] +w) wi /(N-Y)=2248236 [ 1 | 3 | 1 | 1
#21 | +w? +w +wdy o wl(N-Yy)=2859756 | 1 | 3 | 1 | 3

wi =7.661989

209




Markus Schulze, “The Schulze Method of VVoting”

Therefore, we get:

voting

pattern number of voters b c e i
#1 Wy =w; +1.043182 = 21.934718 10111
#2 wi =w? +0.269788 = 2.838591 10112
#3 wy =wS +0.251802 = 3.789131 101113
#4 Wy =w; =5.214061 10 1] 2|1
# Wg =W =8.144367 101 ]3]1
#9 Wy =W =4.859413 1|11]3]3
#10 | wg =w3 +0.989224 = 9.612823 1] 211
#13 | wy =w> =16.185199 1] 2] 2|1
#19 | wg =w) +2.248236 = 22.854118 11311
#21 [ w2 =w?+2.859756 = 5.490934 113 ]1]3
#25 | w2 =w? =13.336992 113 ]3]1
#27 | w =w? =19.835570 113 ]3]|3
#28 | w2 =w?=09.310012 2 | 1|11
#29 | w2 =w? =6.412235 2 | 1| 1] 2
#31 | wy =wd =2511112 2 | 1] 2|1
#37 | wy =w? =12.881363 2 | 2|1 ]1
#55 | wy =wd = 12612116 31|11
#57 | wy =w> =3.336428 31|13
#61 | w =wd =11.781778 3| 1]3 |1
#63 | wd =w® =6.056291 3| 1] 3]3
#73 | wg =wl’ =16.473356 3 (3|11
#75 | wl =w!® =16.699207 3 (3|13
#79 | w{ =w!® =98.165759 3 13|31
#81 | wg =wd =129.664430 3 13|33

460.000000
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Step 9

We now apply proportional completion to voting pattern #13. In voting
pattern #13, the voters are indifferent between the alternatives in {a, c, e}.
At stage 1, Y : = wf + wi“ + wfo + wfl = 57 voters were indifferent
between all the alternatives in {a, c, e}. The following N — Y = 403 voters
were not indifferent between all the alternatives in {a, c, e}:

number of voters

1 2 3 28 29 55 57 _
wi+w; +wy +wg +w, +w; +w, =50

4 5 31 32 _
w, +w; +w; +w; =13

7 9 61 63 _
w; +w, +w, +tw; =24

10 11 37 38 _
wp tw; +w; +w; =32

19 21 73 75
Wi tw; Fw +w, =47

W W IN|(FP, [P |F]|O
Wi kL[ PW NP |®

25 27 79 81
w; +w, +w, +w, =237

N-Y =403

Therefore, the w%f = 16.185195 voters with voting pattern #13 are
replaced by the following voters:

;\)/e(l)tiienr% number of voters b c e j
o |l e e e ) ..,
-wy /(N=Y)=2.008089
#4 wi +wy +wl +w®) . wy /(N-Y)=0522103 1] 1] 2|1
#7 w! +w) +w +w®) . wy /(N-Y)=0.963883 1] 1] 3|1
#10 W +w +w s w®y wy S (N-Y)=1285177 | 1 | 2 | 1 | 1
#19 W +w? +wl +wl) wy /(N-Y)=1887603 | 1 | 3 | 1 | 1
#25 w2 +wZ +w® +wdy . wy /(N-Y)=9518340 | 1 | 3 | 3 | 1
w; =16.185195
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Therefore, we get:

voting

pattern number of voters b c e i
#1 Wy =Wy +2.008089 = 23.942807 10111
#2 We =w; =2.838591 1] 1] 1|2
#3 wg =wy =3.789131 101113
#4 wg =wj +0.522103 = 5.736164 101 ]2 |1
#7 w{ =wg +0.963883 = 9.108249 101 ]3 |1
#9 Wo =Wg = 4.859413 1|1]3]3
#10 | wg =wg +1.285177 = 10.898000 1] 211
#19 | wg =wg + 1.887603 = 24.741722 11311
#21 | wl =wi' =5.490934 13|13
#25 | w2 =w +9518340 = 22.855333 1133 |1
#27 | wl =wl =19.835570 113|313
#28 | wd =w; =9.310012 2 | 1|1 ]1
#29 | wi =w) =6.412235 2 | 1|1 |2
#31 | wd =wy =2511112 2 | 1] 2|1
#37 | wd =w) =12.881363 2 | 2|1 ]1
#55 | wg =w; =12.612116 31|11
#57 | wy =w, =3.336428 31 ]1]3
#61 | wi =wl =11.781778 3 1]3 |1
#63 | w) =wd =6.056201 3|1 |3]3
#73 | wg =w, =16.473356 3 13|11
#75 | w{ =w{ =16.699207 3|3 |1]3
#79 | w{ =w{ =98.165759 33|31
#81 | wg =wj =129.664430 3 13|33

460.000000
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Step 10

We now apply proportional completion to voting pattern #29. In voting
pattern #29, the voters are indifferent between the alternatives in {a, b, j}. At
stage 1, Y : = wfg + wfz + wfg = 29 voters were indifferent between all the
alternatives in {a, b, j}. The following N — Y = 431 voters were not
indifferent between all the alternatives in {a, b, j}:

number of voters

1 4 7 10 13 19 25 _
wip+w, +w; +wp +w +wp +w; =76

2 5 11 14 _
w; +w; +w; +wp =20

3 9 27 _
w; +w; +w; +w; =25

21

28 31 37 40
W tw twy tw, =44

55 61 73 79
w; +w; +w, +w,; =118

57 63 75 81
w, +w,; +w,;  +w, =148

wlw |||k R ]|o
W lkRr|lP|w || P |-~

N-Y =431

Therefore, the ng = 6.412235 voters with

replaced by the following voters:

voting pattern #29 are

voting

pattern number of voters b c e j
o |Gl e T ) 1T, T,
w I (N-Y)=1.130696
#2 w2 +wd +wit +wi) w2 7 (N-Y)=0.297552 11112
#3 W +w) +w? +wy wl /(N-Y)=0371939 | 1 [ 1 | 1 | 3
#28 W2 +wd +wd +w®) wl /(N-Y)=0654613 | 2 | 1 | 1 | 1
#55 W +w +wl +wly wl /(N-Y)=1755554 | 3 [ 1 | 1 | 1
#57 W +w® +w +wy . wl /(N-Y)=2201881 | 3 [ 1 | 1 | 3

wi =6.412235
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Therefore, we get:

voting

pattern number of voters b c e j
#1 Wi, = Wg +1.130696 = 25.073503 10111
#2 Wiy =W +0.297552 = 3.136142 10112
#3 Wy, =wg +0.371939 = 4.161070 101 ]1]3
#4 Wy, =Wy =5.736164 101 ] 2|1
# Wi, =wg =9.108249 10 1]3]1
#9 Wi, =Wg = 4.859413 1|11]3]3
#10 | wy =wy =10.898000 1] 211
#19 | wy =wy =24.741722 113 ] 11
#21 | wl =wi =5.490934 13|13
#25 | wis =wZ =22.855333 1133 |1
#27 | wil =wl =19.835570 113|313
#28 | w2 =w2 +0.654613 = 9.964626 2 | 1|1 ]1
#31 | wi =wl =2511112 2 | 1|21
#37 | wl =w) =12.881363 2 | 2|1 ]1
#55 | wd =w, +1.755554 = 14.367670 31|11
#57 | wi =wl +2.201881 = 5.538309 3 1] 1] 3
#61 | wy =wd =11.781778 31|31
#63 | wi =wS =6.056291 3|1 |3]3
#73 | wj =w,’ =16.473356 3 13|11
#75 | wl =w{ =16.699207 33| 1]3
#79 | w/y =w{’ =98.165759 33|31
#81 | wy =wg = 129.664430 313 |3]3

460.000000
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Step 11

We now apply proportional completion to voting pattern #31. In voting
pattern #31, the voters are indifferent between the alternatives in {a, b, e}.
At stage 1, Y : = wfl + wfz + wfo + wfl = 41 voters were indifferent
between all the alternatives in {a, b, e}. The following N — Y = 419 voters

were not indifferent between all the alternatives in {a, b, e}:

number of voters

1 2 3 10 11 19 21 _
Wi +w; +w; +wp +w +wp +w; =56

4 5 13 14 _
w, +w; +w; +wp =29

7 9 25 27 _
w, +w; +w;" +w; =36

28 29 37 38 _
W, +w; +wp tw; =32

55 57 73 % _
wp; +w, +w +w, =41

Wl WINPT
W Ik, | P|W[IN|F]|D

61 63 79 81
w, +w, +w, +w, =225

N-Y =419

Therefore, the Wfé = 2511112 voters with voting pattern #31 are
replaced by the following voters:

g:tttienr% number of voters b C

o |l el el el e ) g
-wsy / (N=Y)=0.335614

#4 wi +w> +wi +wi) - wh /(N=Y)=0.173800

#7 w! +w) +w? +w’) . wi /(N=Y)=0215752

#28 W2 +w? +wP +w®y w1 (N-Y)=0191779

#55 W +w +w +w) - wl /(N-Y)=0245717

Wlw | N[k
PR, | Rk

#61 W +w® +w! +wy wd /(N-Y) =1.348449

wie = 2511112
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Therefore, we get:

voting

pattern number of voters b c e j
#1 Wi, =Wy, +0.335614 = 25.409117 1011 ]1
#2 W’ =wi =3.136142 11|12
#3 w =ws, =4.161070 11|13
#4 wj =wy, +0.173800 = 5.909964 1|12 |1
#7 W, =wj, +0.215752 = 9.324001 10131
#9 Wi =Wy, = 4.859413 1|11]3]3
#10 | wi =wi) =10.898000 1] 211
#19 | wi =wy, = 24.741722 13|11
#21 | w’ =wi) =5.490934 13|13
#25 | w?® =w2 =22.855333 1 3]3]1
#27 | wZ =wZ =19.835570 113|313
#28 | wZ=wj +0.191779 = 10.156405 2 | 1|11
#37 | wd =wl =12.881363 2 | 2|11
#55 | wD =wi +0.245717 = 14613388 31|11
#57 | wll =w3] =5538309 3 1] 1] 3
#61 | wil=w +1.348449 = 13.130227 31|31
#63 | wS =wD =6.056201 3|1 |3]3
#73 | wl =w,s =16.473356 3 13|11
#75 | wl =w/ =16.699207 33| 1]3
#79 | wl =w/, =98.165759 33|31
#81 | wi =wj = 129.664430 3 (3 |3]3

460.000000
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Step 12

We now apply proportional completion to voting pattern #37. In voting
pattern #37, the voters are indifferent between the alternatives in {a, b, c}.

At stage 1, Y : = wf7 + wfg + wf

+ wfl = 54 voters were indifferent

between all the alternatives in {a, b, c}. The following N — Y = 406 voters
were not indifferent between all the alternatives in {a, b, c}:

number of voters

1 2 3 4 5 7 9 _
Wi +w; +w; +w, +wy +w, +w, =39

10 11 13 14
wi; +w; +w; +wp =35

19 21 25 271 _
Wi tw; Fwy +wy =47

28 29 31 32 _
w; +w; +w, +wp =19

55 57 61 63 _
w; +w, +w, +w =29

73 75 79 81
W, +w +w, +w, =237

Wl WINPT
Wik, [P W |IDN|F]JO

N —-Y =406

Therefore, the wfz = 12.881363 voters with voting pattern #37 are

replaced by the following voters:

;)/;)tttienr?'l number of voters b c e j
" (wi;wf Wy Wy Wl W] wy) el
-wi [/ (N=-Y)=1.237372
#10 [ w +w rwe +why wd /(N-Y)=1110462 | 1 | 2 | 1 | 1
#19 [ w +wl +w?® +wl) wl /(N-Y)=1491292 | 1 | 3 | 1 | 1
#28 w2 +w? +wXl +w¥) . wl /(N-Y)=0602822 | 2 | 1 | 1 | 1
#55 [ w® +w) +witrw) we /(N=-Y)=0920097 | 3 | 1 | 1 |1
#73 L w +w +w] +wl)-wl /(N-Y)=7510416 | 3 | 3 | 1 | 1

w =12.881363
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Therefore, we get:

voting

pattern number of voters b c e j
#1 Wi, =W, +1.237372 = 26.646489 111 |1
#2 wi, =w? =3.136142 1112
#3 wl, =w) =4.161070 1113
#4 W, =w;, =5.909964 11121
#7 W, =wj, =9.324001 1 11]3]1
#9 w3, =w;, =4.859413 1| 1]3]3
#10 | wi) =wy +1.110462 = 12.008462 12|11
#19 | wy =wy +1.491192 = 26.232914 113|111
#21 | w2 =w/ =5.490934 13|13
#25 | wh =w?> =22.855333 13|31
#27 | w2 =w} =19.835570 13|33
#28 | w2 =w +0.602822 = 10.759227 2 1|1 |1
#55 | w; =w; +0.920097 = 15.533485 3 01|11
#57 | wl =w,, =5538309 3] 1] 1|3
#61 | w, =wy =13.130227 3 (1|3 |1
#63 | wg =wi =6.056291 31|33
#73 | w/ =w/ +7.519416 = 23.992772 3 13|11
#75 | w) =w/ =16.699207 313|113
#79 | w/y =w/; =98.165759 3 13|31
#81 | wd =wi =129.664430 3 13|33

460.000000
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Step 13

We now apply proportional completion to voting pattern #2. In voting
pattern #2, the voters are indifferent between the alternatives in {a, j}. At
stage 1, Y i =wo +w; +wi +wy +wD +wl +we +w, = 49 voters
were indifferent between all the alternatives in {a, j}. The following N-Y =
411 voters were not indifferent between all the alternatives in {a, j}:

number of voters j
WIHW, FW, AW WD W AW AW AW+
1
37 40 55 61 73 79
w; +tw, +w; +w,; +w; +w, =238
3 9 21 27 57 63 75 81 _
wy; tw, +wg o +w, tw, tw, +w, +wy =173 3

N-Y=411

Therefore, the sz = 3.136142 voters with voting pattern #2 are replaced
by the following voters:

voting

pattern number of voters b e

1 4 7 10 13 19 25 28
Wy +wy +wy +wp +wp +wp Fwp Fwy
37 40 55 61 73 79
LW W W W W) 1 1

-wi, [ (N=-Y)=1816063

#1 wfl +W

N R
Wi [ (N=Y)=1.320079

Wi, = 3.136142

219




Markus Schulze, “The Schulze Method of VVoting”

Therefore, we get:

voting

pattern number of voters b c e i
#1 Wi, =W}, +1.816063 = 28.462552 1 1] 11
#3 Wi, =w}, +1.320079 = 5.481150 11113
#4 Wy, =W,, = 5.909964 101 ] 2|1
#7 Wy, =wq, =9.324001 1] 1]3 1
#9 Wiy = W), =4.859413 1|11]3]3
#10 | wy; = w3 =12.008462 10211
#19 | wy; =wi =26.232914 13|11
#21 | wi =w’ =5.490934 13|13
#25 | wi =w2 =22.855333 1133 |1
#27 | wil =wZ =19.835570 13|33
#28 | wis =wZ =10.759227 2 | 1|1 ]1
#55 | wi =w3 =15533485 31|11
#57 | w3 =w} =5538309 3 1|13
#61 | wy, =wd =13.130227 3| 1]3 |1
#63 | wp =w? =6.056291 31|33
#73 | wl =w) =23.992772 33|11
#75 | ws =w) =16.699207 33| 1]3
#79 | w/s =w] =98.165759 3 13|31
#81 | wi =wd =129.664430 313 |3]3

460.000000
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Step 14

We now apply proportional completion to voting pattern #4. In voting
pattern #4, the voters are indifferent between the alternatives in {a, e}. At
stage 1, Y : = wf + wf + WF + wiA + wfl + wfz + wfo + wfl = 70 voters
were indifferent between all the alternatives in {a, e}. The following N-Y =
390 voters were not indifferent between all the alternatives in {a, e}:

number of voters e
wiewd sl e rul el e e 1
ng +Wf7 +Wf8 +Wf5 +Wf7 +WZ3 +WZ5 =129
w! +wy +we Aw w rw® ew s wl =261 3

N-Y =390

Therefore, the wf3 = 5.909964 voters with voting pattern #4 are replaced
by the following voters:

F\)/;E[':r% number of voters b | c | e
(W +wy +wy +wy’ +w +wy w
28 29 37 38 5 57 I

#1 W, +W1 +W1 +Wl +Wl +W1 +W1 * 1 ! 1
Wz5) . Wfs [ (N-Y)=1.954834
(Wi +wy +wy +wy Hwy +w S wg

#7 81 4 . . °
Wy ) w3 /(N=-Y)=3.955130
wi; =5.909964
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Therefore, we get:

voting

pattern number of voters b c e i
#1 Wi, =Wy, +1.954834 = 30.417386 10111
#3 wl, =w; =5.481150 101113
#7 W, =W/, +3.955130 = 13.279131 101 ]3]1
#9 W;, =Wy, =4.859413 11|33
#10 | wil =wiy = 12.008462 10211
#19 | wy =wi; = 26.232914 11311
#21 | w2 =w =5.490934 113|113
#25 | w?® =w2 =22.855333 11331
#27 | wZ =wZ =19.835570 113|313
#28 | w? =wZ =10.759227 2 |1 |11
#55 | wi =w3 = 15533485 3111
#57 | w2 =wi =5538309 3 1] 1] 3
#61 | wo =wi =13.130227 3/ 1]3 |1
#63 | w =w? =6.056291 31|33
#73 | wl =w) =23.992772 33|11
#75 | wl =wl; =16.699207 3|3 |1]3
#79 | w] =w/; =98.165759 33|31
#81 | wl =w; =129.664430 3 13|33

460.000000
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Step 15

We now apply proportional completion to voting pattern #10. In voting
pattern #10, the voters are indifferent between the alternatives in {a, c}. At
stage 1, Y : = wio + wil + wf + wi“ + wf7 + wfs + wfo + wfl = 89 voters
were indifferent between all the alternatives in {a, c}. The following N -Y =
371 voters were not indifferent between all the alternatives in {a, c}:

number of voters C
1 2 3 4 5 7 9 28
Wy tw, +w; +wy +w, Fwy tw, twy 1
29 31 32 55 57 61 63 _
Wt Fw Fwy W Fw, +wy Fw, =87
19 21 25 27 73 75 79 81
W +tw +tw tw, tw, Fw, tw, +w, =284 3

N-Y=371

Therefore, the wﬂ = 12.008462 voters with voting pattern #10 are
replaced by the following voters:

voting number of voters b | ¢
pattern
(Wi +w12 _,_Wf .|.W;1 +wf +wl7 +Wia +W128 +
#1 wiewd e wP e w? rw) wt rwg) 111
-wiy / (N=Y)= 2816001
‘1o W' +wy +we +wy +w Ew? rwy ) 1| 3
10 —
Wil 7 (N=-Y)=9.192461
w3, = 12.008462

223




Markus Schulze, “The Schulze Method of VVoting”

Therefore, we get:

voting

pattern number of voters b c e i
#1 Wi, = Wi, +2.816001 = 33.233387 1011 ]1
#3 Wi =W, =5.481150 1] 1]1]|3
#7 Wiy =w,, =13.279131 10131
#9 Wi =W,, =4.859413 1 |11]3]3
#19 | wi =wl) +9.192461 = 35.425375 113|111
#21 | wi =wZ =5.490934 113|113
#25 | wk =w2 =22.855333 1133 |1
#27 | wil =wZ =19.835570 113 1]3]|3
#28 | wi =w2 =10.759227 2 | 1|1 ]1
#55 | wi = w3, =15533485 31|11
#57 | wy =wd =5538309 3 1] 1]3
#61 | wi =wd =13.130227 3 1|31
#63 | wi =w? =6.056201 3| 1] 3]3
#73 | w =w] =23.992772 33|11
#75 | wl =w!> =16.699207 313|113
#79 | w/ =w!} =98.165759 3 13|31
#81 | wis =wd =129.664430 3 13|33

460.000000
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Step 16

We now apply proportional completion to voting pattern #28. In voting
pattern #28, the voters are indifferent between the alternatives in {a, b}. At
stage 1, Y 1= w2 +w? +wi 4w +w) +w® +w +wi' =73 voters
were indifferent between all the alternatives in {a, b}. The following N -Y =
387 voters were not indifferent between all the alternatives in {a, b}:

number of voters b
1 2 3 4 5 7 9 10
Wy tw, +wy +wy tw, tw, tw, tw, + L
1 13 14 19 21 25 271 _
w+Hw; Fwp tw twg Fw, +wy =121
55 57 61 63 73 75 79 81
w, +w, +tw, +tw; +w, Fw, tw, +w, =266 3

N-Y =387

Therefore, the wfé‘ = 10.759227 voters with voting pattern #28 are
replaced by the following voters:

;:tig]r% number of voters b c

Wy + Wy +ws +wi +wy Fw) +wy wy

#l witwe Hwrt ewy Ew Hw wy) 1|1
-wis /(N-Y)=3363996
wy* +wy +wit wy w w w +wy)

#55 - } 3 .
Wy [ (N=Y)=7.395231
w2 =10.759227
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Therefore, we get:

voting

pattern number of voters b c e j
#1 Wi = Wys +3.363996 = 36.597383 10111
#3 Wis =Wy = 5.481150 1 |1]1]3
#7 Wi = Wi = 13.279131 101 ]3]1
#9 Wi = Wi = 4.859413 11|33
#19 | wip =wy, = 35.425375 11311
#21 | wi =wi; =5.490934 113 ]1]3
#25 | wk =wZ =22.855333 1133 |1
#27 | w2 =wi =19.835570 13|33
#55 | wi =wiy +7.395231 = 22.928716 31|11
#57 | wil =w; =5.538309 3 1] 1]3
#61 | wie =wd =13.130227 31|31
#63 | wo =wi =6.056291 3| 1] 3]3
#73 | w{s =ws =23.992772 33|11
#75 | wls =wl =16.699207 3 (3|13
#79 | w/i =wl, =98.165759 33|31
#81 | wy; = wi = 129.664430 3 13|33

460.000000
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9.2.2. Links between Sets of Winners

In section 9.2.2, we show how the strengths of the links are calculated.

N[{ay,...,am};b] is the strength of the link from the set {ay,...,am} to the set
{ai,...,apu-1),0}. N[{ay,...,am};b] is defined as follows:

N[{ay,....aw};b] € R is the largest value such that there is a t € R™w™
such that:

9.1.21)  Vie{l..Ng}Vje{l..M}t;>0.

9.122)  Vie{l..Nyk itij <p(i).

(9123) Vie {1,...,Nw} VJ € {1,,M} b >iaj = tij =0.

(9.1.2.4) vijed{l,..M}: %tij > N[{ay,...,am}:b].

Suppose N*[{ay,...,am};b] € R is the largest value such that there is a
t* e R™™ sych that:

9.2.21) Vie{l..Ng}Vje{l,. M} t5>0.

9.2.2.2) Vie{l..Ny} it*ij <p(i).

j=L

(9223) Vie {1,...,Nw} VJ € {1,,M} b >iaj = t*ij =0.

(9.2.2.4) Nzwlit*u >M - N*[{as,....aw}:b].

i j=1

As (9.2.2.4) is weaker than (9.1.2.4), we get:

N[{ay,...,au};b] < N*[{ay,...,au};b].

Suppose t* € R™™ s a solution of (9.2.2.1) — (9.2.2.4). Then we define:

S0 we get:

NA[{al,...,am};b] < N[{al,...,am};b] < N*[{al,...,am};b].
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Compared to (9.1.2.1) — (9.1.2.4), (9.2.2.1) — (9.2.2.4) has the advantage
that it describes a trivial max-flow problem. A max-flow problem can be
solved significantly more easily than a general linear program. Therefore, we
solve (9.1.2.1) — (9.1.2.4) by solving a series of max-flow problems as follows:

Suppose «w is the number of voters who strictly prefer candidate b
to every candidate of the set {a,....am}. Then we know that
N[{as,...,au};b] cannot be larger than (N — ) / M.
Therefore, we start with

rQ:=(N-ag)/M.

s@:=0.

Forz=1,2,3, ..., we solve the following linear programs LP®:

Find the maximum r® e R such that there is a t? ¢ R™™ gych that

(9.2.2.5) Vie{l,..Nw}Vje{l.. M}k ti(jz) > 0.
M
(9.2.2.6) Vie{l..Nu}: Dt <p(i).
=L
(9.2.2.7) Vie{l,.Nw}Vje{l. . M}yb>ag= ti(jZ) -0.
Ny M
(9.2.2.8) Zztu” >M - r®,
i1 j-1
Ny
(9.2.2.9) vije{l,.. M} Zti(jZ) < e,
i=1

Furthermore, we defineforz=1,2, 3, ... :
NW

(9.2.2.10) s =max £, min { Dt [1<j<M}}.
i=1

When we solve (9.2.2.5) — (9.2.2.9), then we get a decreasing
sequence r®, rY @ ® _ and an increasing sequence s@, s®, s@,
s®, ... These two sequences converge to the same limit. This limit is
the solution of (9.1.2.1) — (9.1.2.4).
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Now, we use this algorithm to calculate the strength of the link of the
alternatives b,c,e,j against candidate a in instance A53. After proportional
completion, the voter profile looks as follows:

b C e j
voter01 36.597383| 1 1 1 1
voter02 5.481150] 1 1 1 3
voter03 13.279131] 1 1 3 1
voter04 4859413 1 1 3 3
voter05 35.425375] 1 3 1 1
voter06 5.490934] 1 3 1 3
voter07 22.855333| 1 3 3 1
voter08 19.835570) 1 3 3 3
voter09 22.928716| 3 1 1 1
voter10 5.538309| 3 1 1 3
voterll 13.130227] 3 1 3 1
voter12 6.056291| 3 1 3 3
voterl3 23.9927721 3 3 1 1
voterl4 16.699207] 3 3 1 3
voterl5 98.165759| 3 3 3 1
voter16 129.664430| 3 3 3 3

460.000000

The corresponding max-flow problem has the following form:

Each voting pattern, where voters strictly prefer at least one
alternative of the set {b,c,e,j} to alternative a, is represented by a
vertex. Each alternative of the set {b,c,e,j} is represented by a vertex.
Furthermore, there is a vertex “source” and a vertex “drain”.

From the vertex “source” we draw a link to each vertex that
represents a voting pattern. The maximum capacity of this link is the
number of voters with this voting pattern.

From each vertex, that represents a voting pattern, we draw a link
to each vertex that represents an alternative that is strictly preferred to
alternative a by voters with this voting pattern. The maximum
capacity of this link is the number of voters with this voting pattern.

From each vertex, that represents an alternative, we draw a link to
the vertex “drain”. The maximum capacity of this link is r®™.

The task is: Maximize the total flow from the vertex “source” to
the vertex “drain”.

In our case, we get a digraph with 21 vertices and 51 links.
Furthermore, we get:

rQ:=(N-qy)/M=(460-129.664430) /4 = 82.583893
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Our digraph has the following form:

link start end capacity
1 source voter01 36.597383
2 source voter02 5.481150
3 source voter03 13.279131
4 source voter04 4,859413
5 source voter05 35.425375
6 source voter06 5.490934
7 source voterQ7 22.855333
8 source voter08 19.835570
9 source voter09 22.928716
10 source voter10 5.538309
11 source voterll 13.130227
12 source voterl2 6.056291
13 source voterl3 23.992772
14 source voterl4 16.699207
15 source voterl5 98.165759
16 voter01 alternative b 36.597383
17 voter01 alternative ¢ 36.597383
18 voter01 alternative e 36.597383
19 voterQ1 alternative j 36.597383
20 voter02 alternative b 5.481150
21 voter02 alternative ¢ 5.481150
22 voter02 alternative e 5.481150
23 voter03 alternative b 13.279131
24 voter03 alternative ¢ 13.279131
25 voter03 alternative j 13.279131
26 voter04 alternative b 4.859413
27 voter04 alternative ¢ 4.859413
28 voter05 alternative b 35.425375
29 voter05 alternative e 35.425375
30 voter05 alternative j 35.425375
31 voter06 alternative b 5.490934
32 voter06 alternative e 5.490934
33 voterQ7 alternative b 22.855333
34 voterQ7 alternative j 22.855333
35 voter08 alternative b 19.835570
36 voter09 alternative ¢ 22.928716
37 voter09 alternative e 22.928716
38 voter09 alternative j 22.928716
39 voter10 alternative ¢ 5.538309
40 voterl0 alternative e 5.538309
41 voterll alternative ¢ 13.130227
42 voterll alternative j 13.130227
43 voterl?2 alternative ¢ 6.056291
44 voterl3 alternative e 23.992772
45 voterl3 alternative j 23.992772
46 voterl4 alternative e 16.699207
47 voterl5 alternative j 98.165759
48 alternative b | drain r@
49 alternative ¢ | drain r@
50 alternative e | drain r@y
51 alternative j | drain re?)
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The following 13 pages document the solutions for (9.2.2.5) — (9.2.2.10).

We get:
r®=82583893; s =0.000000
rD =78.688426; sV =71.469640
r®=77.714559; s@® =75.365107
r®=77.471093; s® =76.740693
r® =77.410226; s¥ =77.227626
r® =77.395009; s® =77.349359
r®=77.391205; s® =77.379793
r" =77.390254; s\ =77.387401
r®=77.390016; s® =77.389303
r® =77.389957; s =77.389779
r19 = 77.389942; "0 =77.389897
r) = 77.389938; sV =77.389927
r1? = 77.389937; s!? =77.389935

We get:

r=lim r®= lim s® = 77.389937

Z—>0 Z—>w
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Stagez=1:
link start end capacity flow

1 source voter01l 36.597383 36.597383
2 source voter02 5.481150 5.481150
3 source voter03 13.279131 13.279131
4 source voter04 4.859413 4.859413
5 source voter05 35.425375 35.425375
6 source voter06 5.490934 5.490934
I source voterQ7 22.855333 22.855333
8 source voter08 19.835570 19.835570
9 source voter09 22.928716 22.928716
10 source voter10 5.538309 5.538309
11 source voterll 13.130227 13.130227
12 source voter12 6.056291 6.056291
13 source voterl3 23.992772 23.992772
14 source voterl4 16.699207 16.699207
15 source voter15 98.165759 82.583893
16 voter01 alternative b 36.597383 0.000000
17 voter01 alternative ¢ 36.597383 34.239372
18 voter01 alternative e 36.597383 2.358011
19 voter01 alternative j 36.597383 0.000000
20 voter02 alternative b 5.481150 0.000000
21 voter02 alternative ¢ 5.481150 5.481150
22 voter02 alternative e 5.481150 0.000000
23 voter03 alternative b 13.279131 0.000000
24 voter03 alternative ¢ 13.279131 13.279131
25 voter03 alternative j 13.279131 0.000000
26 voter04 alternative b 4,859413 0.000000
27 voter04 alternative ¢ 4,859413 4.859413
28 voter05 alternative b 35.425375 35.425375
29 voter05 alternative e 35.425375 0.000000
30 voter05 alternative j 35.425375 0.000000
31 voter06 alternative b 5.490934 0.000000
32 voter06 alternative e 5.490934 5.490934
33 voterQ7 alternative b 22.855333 22.855333
34 voterQ7 alternative j 22.855333 0.000000
35 voter08 alternative b 19.835570 19.835570
36 voter09 alternative ¢ 22.928716 0.000000
37 voter09 alternative e 22.928716 22.928716
38 voter09 alternative j 22.928716 0.000000
39 voter10 alternative ¢ 5.538309 5.538309
40 voter10 alternative e 5.538309 0.000000
41 voterll alternative ¢ 13.130227 13.130227
42 voterll alternative j 13.130227 0.000000
43 voterl12 alternative ¢ 6.056291 6.056291
44 voterl3 alternative e 23.992772 23.992772
45 voterl3 alternative j 23.992772 0.000000
46 voterl4 alternative e 16.699207 16.699207
47 voterl5 alternative j 98.165759 82.583893
48 alternative b [ drain r® = 82.583893 78.116279
49 alternativec | drain r® = 82.583893 82.583893
50 alternative e drain r® = 82.583893 71.469640
51 alternative j drain r¥ = 82583893 82.583893

r) = (78.116279 + 82.583893 + 71.469640 + 82.583893 ) / 4 = 78.688426
s® = max { 0.000000; min { 78.116279; 82.583893; 71.469640; 82.583893 } } = 71.469640
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Stagez=2:
link start end capacity flow

1 source voter01l 36.597383 36.597383
2 source voter02 5.481150 5.481150
3 source voter03 13.279131 13.279131
4 source voter04 4.859413 4.859413
5 source voter05 35.425375 35.425375
6 source voter06 5.490934 5.490934
I source voterQ7 22.855333 22.855333
8 source voter08 19.835570 19.835570
9 source voter09 22.928716 22.928716
10 source voter10 5.538309 5.538309
11 source voterll 13.130227 13.130227
12 source voter12 6.056291 6.056291
13 source voterl3 23.992772 23.992772
14 source voterl4 16.699207 16.699207
15 source voter15 98.165759 78.688426
16 voter01 alternative b 36.597383 0.000000
17 voter01 alternative ¢ 36.597383 30.343905
18 voter01 alternative e 36.597383 6.253478
19 voter01 alternative j 36.597383 0.000000
20 voter02 alternative b 5.481150 0.000000
21 voter02 alternative ¢ 5.481150 5.481150
22 voter02 alternative e 5.481150 0.000000
23 voter03 alternative b 13.279131 0.000000
24 voter03 alternative ¢ 13.279131 13.279131
25 voter03 alternative j 13.279131 0.000000
26 voter04 alternative b 4,859413 0.000000
27 voter04 alternative ¢ 4,859413 4.859413
28 voter05 alternative b 35.425375 35.425375
29 voter05 alternative e 35.425375 0.000000
30 voter05 alternative j 35.425375 0.000000
31 voter06 alternative b 5.490934 0.000000
32 voter06 alternative e 5.490934 5.490934
33 voterQ7 alternative b 22.855333 22.855333
34 voterQ7 alternative j 22.855333 0.000000
35 voter08 alternative b 19.835570 19.835570
36 voter09 alternative ¢ 22.928716 0.000000
37 voter09 alternative e 22.928716 22.928716
38 voter09 alternative j 22.928716 0.000000
39 voter10 alternative ¢ 5.538309 5.538309
40 voter10 alternative e 5.538309 0.000000
41 voterll alternative ¢ 13.130227 13.130227
42 voterll alternative j 13.130227 0.000000
43 voterl12 alternative ¢ 6.056291 6.056291
44 voterl3 alternative e 23.992772 23.992772
45 voterl3 alternative j 23.992772 0.000000
46 voterl4 alternative e 16.699207 16.699207
47 voterl5 alternative j 98.165759 78.688426
48 alternative b drain r® = 78.688426 78.116279
49 alternativec | drain r'Y = 78.688426 78.688426
50 alternative e drain r® = 78.688426 75.365107
51 alternative j drain r') = 78.688426 78.688426

r® = (78.116279 + 78.688426 + 75.365107 + 78.688426 ) / 4 = 77.714559
s® = max { 71.469640; min { 78.116279; 78.688426; 75.365107 ; 78.688426 } } = 75.365107
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Markus Schulze, “The Schulze Method of VVoting”

Stagez=3:
link start end capacity flow

1 source voter01l 36.597383 36.597383
2 source voter02 5.481150 5.481150
3 source voter03 13.279131 13.279131
4 source voter04 4.859413 4.859413
5 source voter05 35.425375 35.425375
6 source voter06 5.490934 5.490934
I source voterQ7 22.855333 22.855333
8 source voter08 19.835570 19.835570
9 source voter09 22.928716 22.928716
10 source voter10 5.538309 5.538309
11 source voterll 13.130227 13.130227
12 source voter12 6.056291 6.056291
13 source voterl3 23.992772 23.992772
14 source voterl4 16.699207 16.699207
15 source voter15 98.165759 77.714559
16 voter01 alternative b 36.597383 0.000000
17 voter01 alternative ¢ 36.597383 29.370038
18 voter01 alternative e 36.597383 7.227344
19 voter01 alternative j 36.597383 0.000000
20 voter02 alternative b 5.481150 0.000000
21 voter02 alternative ¢ 5.481150 5.481150
22 voter02 alternative e 5.481150 0.000000
23 voter03 alternative b 13.279131 0.000000
24 voter03 alternative ¢ 13.279131 13.279131
25 voter03 alternative j 13.279131 0.000000
26 voter04 alternative b 4,859413 0.000000
27 voter04 alternative ¢ 4,859413 4.859413
28 voter05 alternative b 35.425375 35.023656
29 voter05 alternative e 35.425375 0.401719
30 voter05 alternative j 35.425375 0.000000
31 voter06 alternative b 5.490934 0.000000
32 voter06 alternative e 5.490934 5.490934
33 voterQ7 alternative b 22.855333 22.855333
34 voterQ7 alternative j 22.855333 0.000000
35 voter08 alternative b 19.835570 19.835570
36 voter09 alternative ¢ 22.928716 0.000000
37 voter09 alternative e 22.928716 22.928716
38 voter09 alternative j 22.928716 0.000000
39 voter10 alternative ¢ 5.538309 5.538309
40 voter10 alternative e 5.538309 0.000000
41 voterll alternative ¢ 13.130227 13.130227
42 voterll alternative j 13.130227 0.000000
43 voterl12 alternative ¢ 6.056291 6.056291
44 voterl3 alternative e 23.992772 23.992772
45 voterl3 alternative j 23.992772 0.000000
46 voterl4 alternative e 16.699207 16.699207
47 voterl5 alternative j 98.165759 77.714559
48 alternative b [ drain r'®) = 77.714559 77.714559
49 alternativec | drain r'®) = 77.714559 77.714559
50 alternative e drain r® = 77.714559 76.740693
51 alternative j drain r® = 77.714559 77.714559

r® = (77.714559 + 77.714559 + 76.740693 + 77.714559 ) / 4 = 77.471093
s® = max { 75.365107; min { 77.714559; 77.714559; 76.740693 ; 77.714559 } } = 76.740693
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Markus Schulze, “The Schulze Method of VVoting”

Stagez=4:
link start end capacity flow

1 source voter01l 36.597383 36.597383
2 source voter02 5.481150 5.481150
3 source voter03 13.279131 13.279131
4 source voter04 4.859413 4.859413
5 source voter05 35.425375 35.425375
6 source voter06 5.490934 5.490934
I source voterQ7 22.855333 22.855333
8 source voter08 19.835570 19.835570
9 source voter09 22.928716 22.928716
10 source voter10 5.538309 5.538309
11 source voterll 13.130227 13.130227
12 source voter12 6.056291 6.056291
13 source voterl3 23.992772 23.992772
14 source voterl4 16.699207 16.699207
15 source voter15 98.165759 77.471093
16 voter01 alternative b 36.597383 0.000000
17 voter01 alternative ¢ 36.597383 29.126572
18 voter01 alternative e 36.597383 7.470811
19 voter01 alternative j 36.597383 0.000000
20 voter02 alternative b 5.481150 0.000000
21 voter02 alternative ¢ 5.481150 5.481150
22 voter02 alternative e 5.481150 0.000000
23 voter03 alternative b 13.279131 0.000000
24 voter03 alternative ¢ 13.279131 13.279131
25 voter03 alternative j 13.279131 0.000000
26 voter04 alternative b 4,859413 0.000000
27 voter04 alternative ¢ 4,859413 4.859413
28 voter05 alternative b 35.425375 34.780190
29 voter05 alternative e 35.425375 0.645186
30 voter05 alternative j 35.425375 0.000000
31 voter06 alternative b 5.490934 0.000000
32 voter06 alternative e 5.490934 5.490934
33 voterQ7 alternative b 22.855333 22.855333
34 voterQ7 alternative j 22.855333 0.000000
35 voter08 alternative b 19.835570 19.835570
36 voter09 alternative ¢ 22.928716 0.000000
37 voter09 alternative e 22.928716 22.928716
38 voter09 alternative j 22.928716 0.000000
39 voter10 alternative ¢ 5.538309 5.538309
40 voter10 alternative e 5.538309 0.000000
41 voterll alternative ¢ 13.130227 13.130227
42 voterll alternative j 13.130227 0.000000
43 voterl12 alternative ¢ 6.056291 6.056291
44 voterl3 alternative e 23.992772 23.992772
45 voterl3 alternative j 23.992772 0.000000
46 voterl4 alternative e 16.699207 16.699207
47 voterl5 alternative j 98.165759 77.471093
48 alternative b drain r® = 77.471093 77.471093
49 alternative ¢ drain r® = 77.471093 77.471093
50 alternative e drain r® = 77.471093 77.227626
51 alternative j drain r® = 77.471093 77.471093

r) = (77.471093 + 77.471093 + 77.227626 + 77.471093 ) / 4 = 77.410226
s = max { 76.740693; min { 77.471093; 77.471093; 77.227626 ; 77.471093 } } = 77.227626
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Markus Schulze, “The Schulze Method of VVoting”

Stagez=5:
link start end capacity flow

1 source voter01l 36.597383 36.597383
2 source voter02 5.481150 5.481150
3 source voter03 13.279131 13.279131
4 source voter04 4.859413 4.859413
5 source voter05 35.425375 35.425375
6 source voter06 5.490934 5.490934
I source voterQ7 22.855333 22.855333
8 source voter08 19.835570 19.835570
9 source voter09 22.928716 22.928716
10 source voter10 5.538309 5.538309
11 source voterll 13.130227 13.130227
12 source voter12 6.056291 6.056291
13 source voterl3 23.992772 23.992772
14 source voterl4 16.699207 16.699207
15 source voter15 98.165759 77.410226
16 voter01 alternative b 36.597383 0.000000
17 voter01 alternative ¢ 36.597383 29.065705
18 voter01 alternative e 36.597383 7.531678
19 voter01 alternative j 36.597383 0.000000
20 voter02 alternative b 5.481150 0.000000
21 voter02 alternative ¢ 5.481150 5.481150
22 voter02 alternative e 5.481150 0.000000
23 voter03 alternative b 13.279131 0.000000
24 voter03 alternative ¢ 13.279131 13.279131
25 voter03 alternative j 13.279131 0.000000
26 voter04 alternative b 4,859413 0.000000
27 voter04 alternative ¢ 4,859413 4.859413
28 voter05 alternative b 35.425375 34.719323
29 voter05 alternative e 35.425375 0.706053
30 voter05 alternative j 35.425375 0.000000
31 voter06 alternative b 5.490934 0.000000
32 voter06 alternative e 5.490934 5.490934
33 voterQ7 alternative b 22.855333 22.855333
34 voterQ7 alternative j 22.855333 0.000000
35 voter08 alternative b 19.835570 19.835570
36 voter09 alternative ¢ 22.928716 0.000000
37 voter09 alternative e 22.928716 22.928716
38 voter09 alternative j 22.928716 0.000000
39 voter10 alternative ¢ 5.538309 5.538309
40 voter10 alternative e 5.538309 0.000000
41 voterll alternative ¢ 13.130227 13.130227
42 voterll alternative j 13.130227 0.000000
43 voterl12 alternative ¢ 6.056291 6.056291
44 voterl3 alternative e 23.992772 23.992772
45 voterl3 alternative j 23.992772 0.000000
46 voterl4 alternative e 16.699207 16.699207
47 voterl5 alternative j 98.165759 77.410226
48 alternative b drain r® = 77.410226 77.410226
49 alternative ¢ drain r® = 77.410226 77.410226
50 alternative e drain r® = 77.410226 77.349359
51 alternative j drain r™ = 77.410226 77.410226

r® = (77.410226 + 77.410226 + 77.349359 + 77.410226 ) / 4 = 77.395009
s® = max { 77.227626; min { 77.410226; 77.410226; 77.349359; 77.410226 } } = 77.349359
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Markus Schulze, “The Schulze Method of VVoting”

Stage z=6:
link start end capacity flow

1 source voter01l 36.597383 36.597383
2 source voter02 5.481150 5.481150
3 source voter03 13.279131 13.279131
4 source voter04 4.859413 4.859413
5 source voter05 35.425375 35.425375
6 source voter06 5.490934 5.490934
I source voterQ7 22.855333 22.855333
8 source voter08 19.835570 19.835570
9 source voter09 22.928716 22.928716
10 source voter10 5.538309 5.538309
11 source voterll 13.130227 13.130227
12 source voter12 6.056291 6.056291
13 source voterl3 23.992772 23.992772
14 source voterl4 16.699207 16.699207
15 source voter15 98.165759 77.395009
16 voter01 alternative b 36.597383 0.000000
17 voter01 alternative ¢ 36.597383 29.050488
18 voter01 alternative e 36.597383 7.546894
19 voter01 alternative j 36.597383 0.000000
20 voter02 alternative b 5.481150 0.000000
21 voter02 alternative ¢ 5.481150 5.481150
22 voter02 alternative e 5.481150 0.000000
23 voter03 alternative b 13.279131 0.000000
24 voter03 alternative ¢ 13.279131 13.279131
25 voter03 alternative j 13.279131 0.000000
26 voter04 alternative b 4,859413 0.000000
27 voter04 alternative ¢ 4,859413 4.859413
28 voter05 alternative b 35.425375 34.704106
29 voter05 alternative e 35.425375 0.721269
30 voter05 alternative j 35.425375 0.000000
31 voter06 alternative b 5.490934 0.000000
32 voter06 alternative e 5.490934 5.490934
33 voterQ7 alternative b 22.855333 22.855333
34 voterQ7 alternative j 22.855333 0.000000
35 voter08 alternative b 19.835570 19.835570
36 voter09 alternative ¢ 22.928716 0.000000
37 voter09 alternative e 22.928716 22.928716
38 voter09 alternative j 22.928716 0.000000
39 voter10 alternative ¢ 5.538309 5.538309
40 voter10 alternative e 5.538309 0.000000
41 voterll alternative ¢ 13.130227 13.130227
42 voterll alternative j 13.130227 0.000000
43 voterl12 alternative ¢ 6.056291 6.056291
44 voterl3 alternative e 23.992772 23.992772
45 voterl3 alternative j 23.992772 0.000000
46 voterl4 alternative e 16.699207 16.699207
47 voterl5 alternative j 98.165759 77.395009
48 alternative b drain r® = 77.395009 77.395009
49 alternative ¢ drain r® = 77.395009 77.395009
50 alternative e drain r® = 77.395009 77.379793
51 alternative j drain r® = 77.395009 77.395009

r® = (77.395009 + 77.395009 + 77.379793 + 77.395009 ) / 4 = 77.391205
s® = max { 77.349359; min { 77.395009; 77.395009; 77.379793; 77.395009 } } = 77.379793
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Markus Schulze, “The Schulze Method of VVoting”

Stagez=7:
link start end capacity flow

1 source voter01l 36.597383 36.597383
2 source voter02 5.481150 5.481150
3 source voter03 13.279131 13.279131
4 source voter04 4.859413 4.859413
5 source voter05 35.425375 35.425375
6 source voter06 5.490934 5.490934
I source voterQ7 22.855333 22.855333
8 source voter08 19.835570 19.835570
9 source voter09 22.928716 22.928716
10 source voter10 5.538309 5.538309
11 source voterll 13.130227 13.130227
12 source voter12 6.056291 6.056291
13 source voterl3 23.992772 23.992772
14 source voterl4 16.699207 16.699207
15 source voter15 98.165759 77.391205
16 voter01 alternative b 36.597383 0.000000
17 voter01 alternative ¢ 36.597383 29.046684
18 voter01 alternative e 36.597383 7.550699
19 voter01 alternative j 36.597383 0.000000
20 voter02 alternative b 5.481150 0.000000
21 voter02 alternative ¢ 5.481150 5.481150
22 voter02 alternative e 5.481150 0.000000
23 voter03 alternative b 13.279131 0.000000
24 voter03 alternative ¢ 13.279131 13.279131
25 voter03 alternative j 13.279131 0.000000
26 voter04 alternative b 4,859413 0.000000
27 voter04 alternative ¢ 4,859413 4.859413
28 voter05 alternative b 35.425375 34.700302
29 voter05 alternative e 35.425375 0.725073
30 voter05 alternative j 35.425375 0.000000
31 voter06 alternative b 5.490934 0.000000
32 voter06 alternative e 5.490934 5.490934
33 voterQ7 alternative b 22.855333 22.855333
34 voterQ7 alternative j 22.855333 0.000000
35 voter08 alternative b 19.835570 19.835570
36 voter09 alternative ¢ 22.928716 0.000000
37 voter09 alternative e 22.928716 22.928716
38 voter09 alternative j 22.928716 0.000000
39 voter10 alternative ¢ 5.538309 5.538309
40 voter10 alternative e 5.538309 0.000000
41 voterll alternative ¢ 13.130227 13.130227
42 voterll alternative j 13.130227 0.000000
43 voterl12 alternative ¢ 6.056291 6.056291
44 voterl3 alternative e 23.992772 23.992772
45 voterl3 alternative j 23.992772 0.000000
46 voterl4 alternative e 16.699207 16.699207
47 voterl5 alternative j 98.165759 77.391205
48 alternative b drain r® = 77.391205 77.391205
49 alternative ¢ drain r® = 77.391205 77.391205
50 alternative e drain r® = 77.391205 77.387401
51 alternative j drain r® = 77.391205 77.391205

r) = (77.391205 + 77.391205 + 77.387401 + 77.391205 ) / 4 = 77.390254
s™ = max { 77.379793; min { 77.391205; 77.391205; 77.387401; 77.391205 } } = 77.387401
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Markus Schulze, “The Schulze Method of VVoting”

Stagez=8:
link start end capacity flow

1 source voter01l 36.597383 36.597383
2 source voter02 5.481150 5.481150
3 source voter03 13.279131 13.279131
4 source voter04 4.859413 4.859413
5 source voter05 35.425375 35.425375
6 source voter06 5.490934 5.490934
I source voterQ7 22.855333 22.855333
8 source voter08 19.835570 19.835570
9 source voter09 22.928716 22.928716
10 source voter10 5.538309 5.538309
11 source voterll 13.130227 13.130227
12 source voter12 6.056291 6.056291
13 source voterl3 23.992772 23.992772
14 source voterl4 16.699207 16.699207
15 source voter15 98.165759 77.390254
16 voter01 alternative b 36.597383 0.000000
17 voter01 alternative ¢ 36.597383 29.045733
18 voter01 alternative e 36.597383 7.551650
19 voter01 alternative j 36.597383 0.000000
20 voter02 alternative b 5.481150 0.000000
21 voter02 alternative ¢ 5.481150 5.481150
22 voter02 alternative e 5.481150 0.000000
23 voter03 alternative b 13.279131 0.000000
24 voter03 alternative ¢ 13.279131 13.279131
25 voter03 alternative j 13.279131 0.000000
26 voter04 alternative b 4,859413 0.000000
27 voter04 alternative ¢ 4,859413 4.859413
28 voter05 alternative b 35.425375 34.699351
29 voter05 alternative e 35.425375 0.726024
30 voter05 alternative j 35.425375 0.000000
31 voter06 alternative b 5.490934 0.000000
32 voter06 alternative e 5.490934 5.490934
33 voterQ7 alternative b 22.855333 22.855333
34 voterQ7 alternative j 22.855333 0.000000
35 voter08 alternative b 19.835570 19.835570
36 voter09 alternative ¢ 22.928716 0.000000
37 voter09 alternative e 22.928716 22.928716
38 voter09 alternative j 22.928716 0.000000
39 voter10 alternative ¢ 5.538309 5.538309
40 voter10 alternative e 5.538309 0.000000
41 voterll alternative ¢ 13.130227 13.130227
42 voterll alternative j 13.130227 0.000000
43 voterl12 alternative ¢ 6.056291 6.056291
44 voterl3 alternative e 23.992772 23.992772
45 voterl3 alternative j 23.992772 0.000000
46 voterl4 alternative e 16.699207 16.699207
47 voterl5 alternative j 98.165759 77.390254
48 alternative b drain r) = 77.390254 77.390254
49 alternative ¢ drain r) = 77.390254 77.390254
50 alternative e drain r) = 77.390254 77.389303
51 alternative j drain r) = 77.390254 77.390254

r® = (77.390254 + 77.390254 + 77.389303 + 77.390254 ) / 4 = 77.390016
s® = max { 77.387401; min { 77.390254; 77.390254; 77.389303; 77.390254 } } = 77.389303
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Markus Schulze, “The Schulze Method of VVoting”

Stagez=9:
link start end capacity flow

1 source voter01l 36.597383 36.597383
2 source voter02 5.481150 5.481150
3 source voter03 13.279131 13.279131
4 source voter04 4.859413 4.859413
5 source voter05 35.425375 35.425375
6 source voter06 5.490934 5.490934
I source voterQ7 22.855333 22.855333
8 source voter08 19.835570 19.835570
9 source voter09 22.928716 22.928716
10 source voter10 5.538309 5.538309
11 source voterll 13.130227 13.130227
12 source voter12 6.056291 6.056291
13 source voterl3 23.992772 23.992772
14 source voterl4 16.699207 16.699207
15 source voter15 98.165759 77.390016
16 voter01 alternative b 36.597383 0.000000
17 voter01 alternative ¢ 36.597383 29.045495
18 voter01 alternative e 36.597383 7.551887
19 voter01 alternative j 36.597383 0.000000
20 voter02 alternative b 5.481150 0.000000
21 voter02 alternative ¢ 5.481150 5.481150
22 voter02 alternative e 5.481150 0.000000
23 voter03 alternative b 13.279131 0.000000
24 voter03 alternative ¢ 13.279131 13.279131
25 voter03 alternative j 13.279131 0.000000
26 voter04 alternative b 4,859413 0.000000
27 voter04 alternative ¢ 4,859413 4.859413
28 voter05 alternative b 35.425375 34.699113
29 voter05 alternative e 35.425375 0.726262
30 voter05 alternative j 35.425375 0.000000
31 voter06 alternative b 5.490934 0.000000
32 voter06 alternative e 5.490934 5.490934
33 voterQ7 alternative b 22.855333 22.855333
34 voterQ7 alternative j 22.855333 0.000000
35 voter08 alternative b 19.835570 19.835570
36 voter09 alternative ¢ 22.928716 0.000000
37 voter09 alternative e 22.928716 22.928716
38 voter09 alternative j 22.928716 0.000000
39 voter10 alternative ¢ 5.538309 5.538309
40 voter10 alternative e 5.538309 0.000000
41 voterll alternative ¢ 13.130227 13.130227
42 voterll alternative j 13.130227 0.000000
43 voterl12 alternative ¢ 6.056291 6.056291
44 voterl3 alternative e 23.992772 23.992772
45 voterl3 alternative j 23.992772 0.000000
46 voterl4 alternative e 16.699207 16.699207
47 voterl5 alternative j 98.165759 77.390016
48 alternative b drain r® = 77.390016 77.390016
49 alternative ¢ drain r® = 77.390016 77.390016
50 alternative e drain r® = 77.390016 77.389779
51 alternative j drain r® = 77.390016 77.390016

r® = (77.390016 + 77.390016 + 77.389779 + 77.390016 ) / 4 = 77.389957
s® = max { 77.389303; min { 77.390016; 77.390016; 77.389779; 77.390016 } } = 77.389779
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Markus Schulze, “The Schulze Method of VVoting”

Stage z = 10:
link start end capacity flow

1 source voter01l 36.597383 36.597383
2 source voter02 5.481150 5.481150
3 source voter03 13.279131 13.279131
4 source voter04 4.859413 4.859413
5 source voter05 35.425375 35.425375
6 source voter06 5.490934 5.490934
I source voterQ7 22.855333 22.855333
8 source voter08 19.835570 19.835570
9 source voter09 22.928716 22.928716
10 source voter10 5.538309 5.538309
11 source voterll 13.130227 13.130227
12 source voter12 6.056291 6.056291
13 source voterl3 23.992772 23.992772
14 source voterl4 16.699207 16.699207
15 source voter15 98.165759 77.389957
16 voter01 alternative b 36.597383 0.000000
17 voter01 alternative ¢ 36.597383 29.045436
18 voter01 alternative e 36.597383 7.551947
19 voter01 alternative j 36.597383 0.000000
20 voter02 alternative b 5.481150 0.000000
21 voter02 alternative ¢ 5.481150 5.481150
22 voter02 alternative e 5.481150 0.000000
23 voter03 alternative b 13.279131 0.000000
24 voter03 alternative ¢ 13.279131 13.279131
25 voter03 alternative j 13.279131 0.000000
26 voter04 alternative b 4,859413 0.000000
27 voter04 alternative ¢ 4,859413 4.859413
28 voter05 alternative b 35.425375 34.699054
29 voter05 alternative e 35.425375 0.726322
30 voter05 alternative j 35.425375 0.000000
31 voter06 alternative b 5.490934 0.000000
32 voter06 alternative e 5.490934 5.490934
33 voterQ7 alternative b 22.855333 22.855333
34 voterQ7 alternative j 22.855333 0.000000
35 voter08 alternative b 19.835570 19.835570
36 voter09 alternative ¢ 22.928716 0.000000
37 voter09 alternative e 22.928716 22.928716
38 voter09 alternative j 22.928716 0.000000
39 voter10 alternative ¢ 5.538309 5.538309
40 voter10 alternative e 5.538309 0.000000
41 voterll alternative ¢ 13.130227 13.130227
42 voterll alternative j 13.130227 0.000000
43 voterl12 alternative ¢ 6.056291 6.056291
44 voterl3 alternative e 23.992772 23.992772
45 voterl3 alternative j 23.992772 0.000000
46 voterl4 alternative e 16.699207 16.699207
47 voterl5 alternative j 98.165759 77.389957
48 alternative b drain r® = 77.389957 77.389957
49 alternative ¢ drain r® = 77.389957 77.389957
50 alternative e drain r® = 77.389957 77.389897
51 alternative j drain r® = 77.389957 77.389957

r49 = (77.389957 + 77.389957 + 77.389897 + 77.389957 ) / 4 = 77.389942
s1 = max { 77.389779; min { 77.389957; 77.389957; 77.389897; 77.389957 } } = 77.389897
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Markus Schulze, “The Schulze Method of VVoting”

Stage z = 11:
link start end capacity flow

1 source voter01l 36.597383 36.597383
2 source voter02 5.481150 5.481150
3 source voter03 13.279131 13.279131
4 source voter04 4.859413 4.859413
5 source voter05 35.425375 35.425375
6 source voter06 5.490934 5.490934
I source voterQ7 22.855333 22.855333
8 source voter08 19.835570 19.835570
9 source voter09 22.928716 22.928716
10 source voter10 5.538309 5.538309
11 source voterll 13.130227 13.130227
12 source voter12 6.056291 6.056291
13 source voterl3 23.992772 23.992772
14 source voterl4 16.699207 16.699207
15 source voter15 98.165759 77.389942
16 voter01 alternative b 36.597383 0.000000
17 voter01 alternative ¢ 36.597383 29.045421
18 voter01 alternative e 36.597383 7.551962
19 voter01 alternative j 36.597383 0.000000
20 voter02 alternative b 5.481150 0.000000
21 voter02 alternative ¢ 5.481150 5.481150
22 voter02 alternative e 5.481150 0.000000
23 voter03 alternative b 13.279131 0.000000
24 voter03 alternative ¢ 13.279131 13.279131
25 voter03 alternative j 13.279131 0.000000
26 voter04 alternative b 4,859413 0.000000
27 voter04 alternative ¢ 4,859413 4.859413
28 voter05 alternative b 35.425375 34.699039
29 voter05 alternative e 35.425375 0.726336
30 voter05 alternative j 35.425375 0.000000
31 voter06 alternative b 5.490934 0.000000
32 voter06 alternative e 5.490934 5.490934
33 voterQ7 alternative b 22.855333 22.855333
34 voterQ7 alternative j 22.855333 0.000000
35 voter08 alternative b 19.835570 19.835570
36 voter09 alternative ¢ 22.928716 0.000000
37 voter09 alternative e 22.928716 22.928716
38 voter09 alternative j 22.928716 0.000000
39 voter10 alternative ¢ 5.538309 5.538309
40 voter10 alternative e 5.538309 0.000000
41 voterll alternative ¢ 13.130227 13.130227
42 voterll alternative j 13.130227 0.000000
43 voterl12 alternative ¢ 6.056291 6.056291
44 voterl3 alternative e 23.992772 23.992772
45 voterl3 alternative j 23.992772 0.000000
46 voterl4 alternative e 16.699207 16.699207
47 voterl5 alternative j 98.165759 77.389942
48 alternative b drain 30 = 77.389942 77.389942
49 alternative ¢ drain 30 = 77.389942 77.389942
50 alternative e drain 30 = 77.389942 77.389927
51 alternative j drain % = 77 389942 77.389942

D = (77.389942 + 77.389942 + 77.389927 + 77.389942 ) / 4 = 77.389938
s = max { 77.389897; min { 77.389942; 77.389942; 77.389927; 77.389942 } } = 77.389927
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Stage z = 12:
link start end capacity flow

1 source voter01l 36.597383 36.597383
2 source voter02 5.481150 5.481150
3 source voter03 13.279131 13.279131
4 source voter04 4.859413 4.859413
5 source voter05 35.425375 35.425375
6 source voter06 5.490934 5.490934
I source voterQ7 22.855333 22.855333
8 source voter08 19.835570 19.835570
9 source voter09 22.928716 22.928716
10 source voter10 5.538309 5.538309
11 source voterll 13.130227 13.130227
12 source voter12 6.056291 6.056291
13 source voterl3 23.992772 23.992772
14 source voterl4 16.699207 16.699207
15 source voter15 98.165759 77.389938
16 voter01 alternative b 36.597383 0.000000
17 voter01 alternative ¢ 36.597383 29.045417
18 voter01 alternative e 36.597383 7.551965
19 voter01 alternative j 36.597383 0.000000
20 voter02 alternative b 5.481150 0.000000
21 voter02 alternative ¢ 5.481150 5.481150
22 voter02 alternative e 5.481150 0.000000
23 voter03 alternative b 13.279131 0.000000
24 voter03 alternative ¢ 13.279131 13.279131
25 voter03 alternative j 13.279131 0.000000
26 voter04 alternative b 4,859413 0.000000
27 voter04 alternative ¢ 4,859413 4.859413
28 voter05 alternative b 35.425375 34.699035
29 voter05 alternative e 35.425375 0.726340
30 voter05 alternative j 35.425375 0.000000
31 voter06 alternative b 5.490934 0.000000
32 voter06 alternative e 5.490934 5.490934
33 voterQ7 alternative b 22.855333 22.855333
34 voterQ7 alternative j 22.855333 0.000000
35 voter08 alternative b 19.835570 19.835570
36 voter09 alternative ¢ 22.928716 0.000000
37 voter09 alternative e 22.928716 22.928716
38 voter09 alternative j 22.928716 0.000000
39 voter10 alternative ¢ 5.538309 5.538309
40 voter10 alternative e 5.538309 0.000000
41 voterll alternative ¢ 13.130227 13.130227
42 voterll alternative j 13.130227 0.000000
43 voterl12 alternative ¢ 6.056291 6.056291
44 voterl3 alternative e 23.992772 23.992772
45 voterl3 alternative j 23.992772 0.000000
46 voterl4 alternative e 16.699207 16.699207
47 voterl5 alternative j 98.165759 77.389938
48 alternative b [ drain rD = 77.389938 77.389938
49 alternativec | drain rD = 77.389938 77.389938
50 alternative e drain r@) = 77.389938 77.389935
51 alternative j drain r®) = 77.389938 77.389938

r42) = (77.389938 + 77.389938 + 77.389935 + 77.389938 ) / 4 = 77.389937
" = max { 77.389927; min { 77.389938; 77.389938; 77.389935; 77.389938 } } = 77.389935
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Stage z = 13:
link start end capacity flow

1 source voter01l 36.597383 36.597383
2 source voter02 5.481150 5.481150
3 source voter03 13.279131 13.279131
4 source voter04 4.859413 4.859413
5 source voter05 35.425375 35.425375
6 source voter06 5.490934 5.490934
I source voterQ7 22.855333 22.855333
8 source voter08 19.835570 19.835570
9 source voter09 22.928716 22.928716
10 source voter10 5.538309 5.538309
11 source voterll 13.130227 13.130227
12 source voter12 6.056291 6.056291
13 source voterl3 23.992772 23.992772
14 source voterl4 16.699207 16.699207
15 source voter15 98.165759 77.389937
16 voter01 alternative b 36.597383 0.000000
17 voter01 alternative ¢ 36.597383 29.045416
18 voter01 alternative e 36.597383 7.551966
19 voter01 alternative j 36.597383 0.000000
20 voter02 alternative b 5.481150 0.000000
21 voter02 alternative ¢ 5.481150 5.481150
22 voter02 alternative e 5.481150 0.000000
23 voter03 alternative b 13.279131 0.000000
24 voter03 alternative ¢ 13.279131 13.279131
25 voter03 alternative j 13.279131 0.000000
26 voter04 alternative b 4,859413 0.000000
27 voter04 alternative ¢ 4,859413 4.859413
28 voter05 alternative b 35.425375 34.699034
29 voter05 alternative e 35.425375 0.726341
30 voter05 alternative j 35.425375 0.000000
31 voter06 alternative b 5.490934 0.000000
32 voter06 alternative e 5.490934 5.490934
33 voterQ7 alternative b 22.855333 22.855333
34 voterQ7 alternative j 22.855333 0.000000
35 voter08 alternative b 19.835570 19.835570
36 voter09 alternative ¢ 22.928716 0.000000
37 voter09 alternative e 22.928716 22.928716
38 voter09 alternative j 22.928716 0.000000
39 voter10 alternative ¢ 5.538309 5.538309
40 voter10 alternative e 5.538309 0.000000
41 voterll alternative ¢ 13.130227 13.130227
42 voterll alternative j 13.130227 0.000000
43 voterl12 alternative ¢ 6.056291 6.056291
44 voterl3 alternative e 23.992772 23.992772
45 voterl3 alternative j 23.992772 0.000000
46 voterl4 alternative e 16.699207 16.699207
47 voterl5 alternative j 98.165759 77.389937
48 alternative b drain 1 = 77.389937 77.389937
49 alternative ¢ drain 1 = 77.389937 77.389937
50 alternative e drain 1 = 77.389937 77.389936
51 alternative j drain r*? = 77389937 77.389937

r®® = (77.389937 + 77.389937 + 77.389936 + 77.389937 ) / 4 = 77.389937
s = max { 77.389935; min { 77.389937; 77.389937; 77.389936; 77.389937 } } = 77.389936
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9.2.3. Applying the Schulze Tie-Breaking Method

Table 9.2.3.1 lists the links in example A53.

| 11]alb|c|e]j|77.389937 | 99.563758 | 107.281879 | 101.107383 | 69.463087 |

For example, row 11 of table 9.2.3.1 contains the following information:

N[{b,c,e,j};a] = 77.389937
N[{a,c,e,j};b] = 99.563758
N[{a,b,e,j};c] = 107.281879
N[{a,b,c,j};e] = 101.107383
N[{a,b,c,e};j] = 69.463087

The link {b, ¢, &, j} — {a, ¢, &, j} has a strength of (N[{b,c,e,j};a], N[{a,c,e,j};b]).
The link {b, ¢, &, j} — {a, b, e, j} has a strength of (N[{b,c,e,j};a], N[{a,b,e,j};c]).
The link {b, ¢, &, j} — {a, b, ¢, j} has a strength of (N[{b,c,e,j};a], N[{a,b,c,j}:e]).
The link {b, ¢, ¢, j} — {a, b, ¢, €} has a strength of (N[{b,c,e,j};a], N[{a,b,c.e};j]).

The link {a, c, e, j} — {b, c, e, j} has a strength of (N[{a,c,e,j};b], N[{b,c.e,j};a]).
The link {a, c, e, j} — {a, b, e, j} has a strength of (N[{a,c,e,j};b], N[{a,b,e,j};c]).
The link {a, c, e, j} — {a, b, c, j} has a strength of (N[{a,c,e,j};b], N[{a,b,c,j}:e]).
The link {a, c, e, j} — {a, b, c, e} has a strength of (N[{a,c,e,j};b], N[{a,b,c.e};]]).

The link {a, b, e, j} — {b, c, e, j} has a strength of (N[{a,b,e,j};c], N[{b,c,e,j};a]).
The link {a, b, e, j} — {a, ¢, e, j} has a strength of (N[{a,b,e,j};c], N[{a,c,e,j};b]).
The link {a, b, e, j} — {a, b, ¢, j} has a strength of (N[{a,b,e,j};c], N[{a,b,c,j};e]).
The link {a, b, e, j} — {a, b, ¢, e} has a strength of (N[{a,b,e,j};c], N[{a,b,c.e};j]).

The link {a, b, ¢, j} — {b, c, e, j} has a strength of (N[{a,b,c,j};e], N[{b,c.e,j};a]).
The link {a, b, ¢, j} — {a, c, e, j} has a strength of (N[{a,b,c,j};e], N[{a,c,e,j};b]).
The link {a, b, ¢, j} — {a, b, e, j} has a strength of (N[{a,b,c,j};e], N[{a,b,e,j};c]).
The link {a, b, ¢, j} — {a, b, ¢, e} has a strength of (N[{a,b,c,j};e], N[{a,b,c,e};j]).

The link {a, b, c, e} — {b, c, e, j} has a strength of (N[{a,b,c,e};j], N[{b,c,e,j};a]).
The link {a, b, c, e} — {a, ¢, e, j} has a strength of (N[{a,b,c,e};j], N[{a,c,e,j};b]).
The link {a, b, c, e} — {a, b, e, j} has a strength of (N[{a,b,c,e};j], N[{a,b,e,j};c]).
The link {a, b, ¢, e} — {a, b, ¢, j} has a strength of (N[{a,b,c,e};j]. N[{a,b,c,j};e]).
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When we apply the Schulze tie-breaker, as defined at stage 3 of section
9.1.3, to the links of table 9.2.3.1, we get {a, d, g, j} as winning set.

For example, we have:

Line 33: The link {a, b, g, j} — {a, d, g, j} has a strength of
(N[{a,b,q,j};d], N[{a,d,g,j};b]) = (101.411379, 102.166302 ).

Line 33: The link {a, d, 9, j} — {a, b, g, j} has a strength of
(N[{a,d,g,j};b], N[{a,b,9,j};d]) = ( 102.166302, 101.411379).

Line 49: The link {a, b, g, j} — {a, f, g, j} has a strength of
(N[{a,b,0,j};f], N[{a,f,0,j};b]) = ( 101.068282, 102.334802 ).

Line 49: The link {a, f, g, j} — {a, b, g, j} has a strength of
(N[{af,g.j};b], N[{a,b,q,j};f]) = (102.334802, 101.068282 ).

Line 104: The link {a, d, g, j} — {a, f, g, j} has a strength of
(N[{a,d,0,j};f1. N[{a,f,g,j};d]) = ( 101.351648, 101.098901 ).

Line 104: The link {a, f, g, j} — {a, d, g, j} has a strength of
(N[{af,0,j};d], N[{a,d,g,j};f]) = (101.098901, 101.351648 ).

So {a, d, g, j} beats {a, b, g, j} in the direct comparison, {a, f, g, j} beats
{a, b, g, j} in the direct comparison, and {a, d, g, j} beats {a, f, g, j} in the
direct comparison.
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When there are C alternatives, then there are (CH/(((M+1)!)-(C-M-1)1))
possible (M+1)-way contests. For C = 10 and M = 4, we get 252 possible
5-way contests. Table 9.2.3.1 lists these 252 possible 5-way contests for
example A53.

When Schulze STV is used to choose M from (M+1) alternatives
{ai,...,.apusn}, then that alternative k € {1,...,(M+1)} is eliminated for which
N[({as,....apusnyp\{ax});aq] is the maximum, while the other M alternatives are
elected. In table 9.2.3.1, the maximum N[({ay,....am}\{a});a] of each
5-way contest is fat and underlined.

Suppose the maximum N[({as,...,am+1\{ax});a] of a (M+1)-way contest
is not unique. Suppose 1 < m < (M+1) entries are tied for maximum
N[({as,....amy{a});a], then the m alternatives with maximum
N[({as,....aqusny}\{ax});ax] are tied for winning one of the remaining (m-1)
seats, while the other (M+1-m) alternatives are elected. In table 9.2.3.1 for
those 5-way contests, where the maximum N[({ai,...amp}I\{ad);ad is
not unique, those N[({ai,....am}\{a});a], that are tied for maximum
N[({as,....ausny}\{a});aq], are italic and underlined (only lines 27, 149, and
155).

In table 9.2.3.1, we see:
e Alternatives a, g, and j each win in every 5-way contest.

e Alternative d is tied for winning in one 5-way contest (line 27) and
wins in every other 5-way contest.

e Alternative f loses in one 5-way contest (line 104) and wins in every
other 5-way contest.

e Alternative b wins in 121 5-way contests, is tied for winning in one
5-way contest (line 27), and loses in four 5-way contests (lines 30,
33, 49, and 174).

e Alternative e wins 111 times and loses 15 times.

e Alternative h wins 59 times and loses 67 times.

e Alternative ¢ wins 45 times, is tied twice (lines 149 and 155), and
loses 79 times.

e Alternative i wins 41 times, is tied twice (lines 149 and 155), and
loses 83 times.
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k Il | m| n | o |NK{ILmno}k] | N[{km,n,0};1] | N[{k,,n,0};m] | N[{k,I,m,0};n] | N[{k,I,m,n};0]
lla|b|c|d]e 69.311512 97.347630 | 104.356659 91.117381 97.866817
2la|b|c|d]|f 72.494331 97.267574 | 106.394558 91.791383 92.052154
3la|b|c|d]|g 74.292035 97.699115 | 105.077434 97.444690 85.486726
41a|bj|c|d]h 69.482146 95.615034 | 103.473804 90.375854 | 101.053161
5la|b|c|d i 68.329596 95.403587 | 103.912556 91.535874 | 100.818386
6la|blc|d]|]j 83.765432 | 100.720621 | 106.330377 96.895787 70.631929
7]la|b|c|e]|f 68.050459 96.800459 | 106.559633 97.327982 91.261468
8la|b|lc|le|dg 71.971047 98.864143 | 106.035635 98.608018 84.521158
9la|b|c|e|h 65.248069 95.126728 | 104.665899 95.391705 99.567599

100la|b|c|e i 63.064516 95.126728 | 104.400922 96.186636 | 101.221198
1la|bjc|le]|] 77.389937 99.563758 | 107.281879 | 101.107383 69.463087
22la|b|c|f|g 73.393258 98.202247 | 107.505618 95.101124 85.797753
13la|b|c| f]|h 68.320236 95.877598 | 105.704388 88.972286 | 101.125492
14l a|b|c|f i 65.979263 94.596774 | 106.255760 92.741935 | 100.426267
I5la|b|c | f|] 82.285264 | 100.495495 | 107.229730 97.646396 72.004505
16la|b]c|g]|h 72.748673 96.828442 | 106.173815 81.252822 | 102.996248
17la|b|c|g i 70.450450 96.869369 | 105.675676 83.141892 | 103.862613
Bla|b|lc|lg]l] 86.629956 | 102.334802 | 108.667401 88.403084 73.964758
19la|b|c|h i 63.805224 93.221709 | 103.845266 99.797547 99.330254
20la | b|c|h]|]j 76.937668 98.977528 | 105.438202 | 108.022472 67.449438
21l a | b | c i j 75.764706 99.529148 | 106.233184 | 105.201794 67.719298
2|la|b|d|e]|f 74.020045 97.839644 92.973274 | 100.913140 94.253898
23]l a|b|d|e|g 75.571429 99.329670 97.813187 | 100.846154 86.439560
24l a|b|d|e]|h 70.771762 97.646396 91.430180 98.423423 | 101.728238
25la|b|d]|e i 69.205817 96.733781 92.360179 99.049217 | 102.651007
26l a| b |d|e]|]j 86.821192 | 100.529801 97.483444 | 102.814570 72.350993
27la | b |d| f g 77.090708 98.716814 98.716814 97.444690 88.030973
28la|b|d]| f]h 74.397888 98.164414 91.948198 92.725225 | 102.764274
29la|b|d]|f i 72.322222 96.600000 93.277778 95.833333 | 101.966667
0]a|b|d|f]] 87.716186 | 100.975610 96.895787 99.190687 75.221729
31la|b|d|g]|h 76.388633 98.462389 96.681416 83.960177 | 104.507385
32|la|b|d|g i 73.946785 97.660754 97.915743 85.421286 | 105.055432 |
33la|b|d|lg]]j 89.332604 | 102.166302 | 101.411379 90.842451 76.247265
34la|b|d]|h i 69.217708 96.092342 91.430180 | 101.469229 | 101.790541 |
35]la|b|d|h]]j 84.333333 | 100.433333 95.577778 | 108.100000 71.555556
36|lal|b|d i j 84.176158 | 100.243363 96.935841 | 106.095133 72.256637
37la|ble|flg 75.055310 99.734513 | 100.243363 97.444690 87.522124
38la|b|e]| f]h 70.311453 97.307692 98.088235 92.104072 | 102.188547
39|la|b|e]|f i 67.847380 95.876993 97.972665 95.091116 | 103.211845
40]Ja|ble | f]l]j 84.966518 99.598214 | 101.651786 98.828125 74.955357
41]a|blelg]lh 74.337778 99.120267 99.632517 82.984410 | 103.925029
42]la|ble]g i 72.131696 98.828125 99.598214 84.196429 | 105.245536
43l a|ble|g]]j 88.208791 | 101.351648 | 104.131868 90.230769 76.076923
441 a|b|e|h i 64.914754 95.308219 96.358447 | 101.021319 | 102.397260 |
45]a|ble|h]]j 81.744689 98.828125 | 100.111607 | 107.555804 71.104911
46|l a|b|e i j 78.449612 99.306488 | 100.850112 | 107.281879 70.492170
47]1a | b | flg]lh 76.384893 99.529148 94.630045 84.831839 | 104.624076
48la|b|flg i 73.671875 98.058036 97.287946 85.993304 | 104.988839
49]lal|b|flg]l]j 87.643172 | 102.334802 | 101.068282 90.429515 78.524229
50 a|b | f|h i 68.484353 95.000000 92.105263 | 102.305121 | 102.105263

Table 9.2.3.1 (part 1 of 5): links in example A53
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k Il | m| n | o |NK{ILmno}k] | N[{km,n,0};1] | N[{k,,n,0};m] | N[{k,I,m,0};n] | N[{k,I,m,n};0]
50la|b | f|h]]j 82.438202 99.752809 95.876404 | 109.056180 72.876404
52l a|b | f i j 82.769058 99.529148 97.724215 | 106.748879 73.228700
53]a|b|g|h i 73.008267 97.347630 81.512415 | 103.255842 | 104.875847
54l a|b|g|h]|]j 86.441242 | 101.230599 86.951220 | 110.410200 74.966741
55la|b|g i j 86.377778 | 101.966667 88.677778 | 109.122222 73.855556
56| a|b|h i j 78.376979 98.608597 | 107.454751 | 104.852941 68.028169
57la|c|d]|e]|f 72.781532 | 106.452703 91.430180 97.128378 92.207207
58la|c|d|e]|g 74.635762 | 104.845475 96.975717 97.737307 85.805740
59la|c|d|e]|h 69.115667 | 104.235160 90.582192 93.995434 | 102.071548
60l a|c|d]|e i 67.753950 | 103.837472 91.117381 95.011287 | 102.279910
61l a|c|d|e]| ] 84.830247 | 107.095344 97.405765 | 100.465632 69.866962
62la|c|d| f g 74.698661 | 107.299107 97.544643 94.720982 85.736607
63la|c|d]| f]|h 71.415141 | 105.329545 90.693182 91.215909 | 101.346222
64la|c|d]|f i 69.728507 | 105.893665 90.542986 93.404977 | 100.429864
65|la|c|d| f]| ] 86.314607 | 106.988764 96.134831 98.460674 72.101124
66|l a|c|d|g]|h 73.476924 | 104.988839 95.747768 81.629464 | 104.157004
67la|c|d]|g i 71.361607 | 104.475446 96.517857 83.939732 | 103.705357
68la|c|d|g] ] 87.389868 | 108.414097 | 101.574890 88.909692 73.711454
69la|c|d]|h i 66.115932 | 102.894737 90.000000 | 100.463016 | 100.526316
70la|c|d|h]]j 81.284987 | 105.245536 96.004464 | 107.555804 67.767857
71la|c|d i j 80.402166 | 105.995526 96.219239 | 105.480984 69.205817
72la|c|le | flg 72.833333 | 107.588889 97.877778 95.066667 86.633333
73la|c|e| f]h 67.058858 | 106.295872 94.690367 90.206422 | 101.748481
74l a|c|e | f i 64.303944 | 105.928074 94.454756 92.053364 | 103.259861
7Sla|c|le | f]|] 81.705790 | 107.247191 99.752809 97.943820 73.134831
76la|c|le|lg]|h 71.904859 | 106.471910 96.134831 81.921348 | 103.567051
77lalcle|dg i 69.775281 | 105.438202 96.393258 83.730337 | 104.662921
78la|cle|g]] 85.428571 | 108.934066 | 102.615385 88.967033 74.054945
79la|c|e|h i 61.699912 | 104.060325 92.053364 | 100.794287 | 101.392111
80la |c|le|h]|]j 76.021251 | 106.510067 98.020134 | 107.796421 66.018519
8lla|c | e i j 72.631579 | 106.693002 98.905192 | 106.952596 65.612403
82la|c | flg]lh 72.163286 | 107.764045 93.292135 82.696629 | 104.083905
83la|c | flg i 69.414414 | 107.747748 94.538288 84.177928 | 104.121622
84la|c | flgl]j 84.911308 | 109.135255 | 100.465632 88.481153 77.006652
85la|c| f|h i 62.378284 | 105.372093 90.662791 | 100.761251 | 100.825581
86|la|c | f|lh]|]j 77.297595 | 106.433409 96.049661 | 107.731377 70.349887
87|la|c | f i j 75.027712 | 106.394558 97.267574 | 106.133787 70.147392
8|la|c|lglh i 68.278778 | 105.852273 79.454545 | 102.914404 | 103.500000
89la|clglh]]j 84.077778 | 108.611111 84.844444 | 109.888889 72577778
NV]alclag i j 82.672811 | 108.866667 86.888889 | 108.355556 72.066667
91l a|c | h i j 69.181244 | 105.351474 | 106.655329 | 104.308390 63.411215
2]la|d|e | flg 77.087912 98.318681 99.329670 97.054945 88.208791
9QBla|d|e]| f]|h 73.290722 92.567265 97.724215 92.567265 | 103.850533
94la|d|e | f i 71.521253 92.617450 96.733781 94.932886 | 104.194631 |
Bla|d|e | f]|] 87.144444 97.366667 | 101.200000 99.155556 75.133333
%|a|d|e|g]|h 75.618401 96.559020 98.351893 84.008909 | 105.461777 |
97la|d|e|g i 73.691796 97.915743 97.405765 85.166297 | 105.820399
Bla|d|e|g]l]j 88.829322 | 101.663020 | 102.921225 91.345733 75.240700
Q|la|d|e|h i 67.494687 91.477273 95.136364 | 102.653041 | 103.238636

100 a|d|e|h]]j 84.656319 96.640798 99.700665 | 108.370288 70.631929
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k Il | m| n | o |NK{ILmno}k] | N[{km,n,0};1] | N[{k,,n,0};m] | N[{k,I,m,0};n] | N[{k,I,m,n};0]
101l a|d| e i j 83.348624 97.366667 | 100.688889 | 107.333333 70.533333
102l a|d | f|lg]|h 76.983694 97.111111 95.577778 85.100000 | 105.227417
103l a|d| f|g i 74.366667 97.622222 96.600000 86.377778 | 105.033333
104l a|d|f|lg]] 88.714286 | 101.098901 | 101.351648 90.736264 78.098901
105a|d| f|h i 70.051272 91.323529 93.665158 | 102.188547 | 102.771493
106 a|d | f|h]|]j 84.966518 95.491071 97.544643 | 108.325893 73.671875
107l a|d| f i j 85.223214 96.261161 98.571429 | 106.785714 73.158482
108l a|d|g|h i 73.032875 96.177130 81.737668 | 104.108381 | 104.943946
109l a|d|g|h]]j 87.197802 | 100.087912 87.956044 | 110.197802 74.560440
110l a | d | g i j 86.821192 | 101.291391 89.359823 | 108.907285 73.620309
1111 a | d | h i j 80.164441 95.661435 | 106.748879 | 105.717489 69.876682
112l a|e | f | g | h 74.683694 98.900000 95.322222 85.611111 | 105.482973
113l a | e | f | g i 72.131696 98.058036 97.031250 86.506696 | 106.272321
1141 a|e | flg] ] 86.123348 | 102.841410 | 101.321586 91.189427 78.524229
115l a|e | f | h i 65.476289 94.690367 92.052752 | 103.331050 | 104.449541
116 | a | e | f | h | ] 81.372768 98.828125 96.774554 | 109.095982 73.928571
1171 a | e | f i j 80.965732 99.752809 97.943820 | 108.539326 72.617978
118l a e | g | h i 71.191111 97.088036 82.031603 | 104.553810 | 105.135440
119l a e | g | h | ] 85.486726 | 101.769912 88.030973 | 110.674779 74.037611
120 a | e | g i j 84.723451 | 102.533186 89.811947 | 109.402655 73.528761
121l a | e | h i j 74.210623 97.646396 | 107.747748 | 107.229730 66.179245
1221 a | f|g|h i 71.646432 94.842697 83.471910 | 104.600759 | 105.438202
1231 a | f|lg|h]|]j 84.656319 99.190687 87.461197 | 110.665188 78.026608
1241 a | f | g i j 84.911308 99.955654 89.246120 | 109.390244 76.496674
1251 a | f | h i j 77.294626 95.486425 | 107.975113 | 107.194570 70.509050
126 | a | g | h i j 83.612975 85.671141 | 109.597315 | 108.568233 72.550336
127l b|c|d|e | f 89.066059 | 101.116173 86.708428 97.710706 85.398633
128l b | c|d|e|g 90.135135 | 101.272523 90.394144 97.387387 80.810811
129l b | c|d|e|h 88.255814 97.616279 82.906977 94.941860 96.279070
130 b | c | d| e i 85.845070 97.453052 82.605634 95.833333 98.262911
133 b |lc|d|e]]j 97.877778 | 103.755556 92.255556 | 101.711111 64.400000
132 b |c|d|flg 89.587054 | 103.705357 93.180804 90.100446 83.426339
133 b|c|d| f|h 90.057078 99.771689 85.593607 86.381279 98.196347
134l b|c|d|f i 87.494305 | 100.068337 85.922551 87.861509 98.653298
135 b | c|d| f]] 98.864143 | 104.755011 93.229399 95.278396 67.873051
136 | b | c | d|g]|h 90.613839 | 101.138393 90.613839 78.292411 99.341518
1371 b | c|d|g i 88.542141 | 101.116173 90.113895 79.897494 | 100.330296
138l b | c|d|g] ] 99.432314 | 105.207424 97.674672 88.133188 69.552402
139 b | c|d|h i 86.516204 97.164352 82.256944 96.099537 97.962963 |
140l b | c | d | h | 97.150776 | 101.995565 90.776053 | 106.330377 63.747228
141l b | c | d i j 97.190265 | 103.042035 91.084071 | 105.586283 63.097345
1421 b | cle | flg 90.598194 | 102.279910 95.530474 88.521445 83.069977
143 b | c | e | f|h 88.211765 98.764706 92.000000 83.611765 97.411765
1441 b | c | e | f i 85.771971 98.337292 92.327791 84.242761 99.320184
1451 b | c e | f ] 96.828442 | 104.356659 99.943567 93.713318 65.158014
146 | b | c | e|g|h 91.052632 | 101.052632 92.894737 77.105263 97.894737
1471 b | clelg i 88.790698 | 100.290698 92.802326 77.558140 | 100.558140 |
1481 b | c|le | gl ] 99.329670 | 105.648352 | 101.857143 86.692308 66.472527
149 b | c | e | h i 84.166667 96.111111 88.888889 94.722222 96.111111
150 b | c|le|h]]j 95.011287 | 102.799097 97.866817 | 105.135440 59.187359
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k Il | m| n | o |NK{ILmno}k] | N[{km,n,0};1] | N[{k,,n,0};m] | N[{k,I,m,0};n] | N[{k,I,m,n};0]
151 b|c | e i j 95.226244 | 103.031674 98.608597 | 105.633484 57.500000
152 b |c | flg]|h 91.578947 | 101.842105 87.631579 79.210526 99.736842
153 b | c | f|g i 88.947368 | 101.842105 88.526779 80.263158 | 100.420590
1541 b |c | flg]] 99.835165 | 105.901099 96.549451 88.461538 69.252747
155 b|c| f|h i 85.357995 97.159905 83.711217 96.610979 97.159905
156 | b |c | f|h]|]j 96.049661 | 102.539503 91.117381 | 106.693002 63.600451
57| b|c | f i j 96.568849 | 103.058691 92.934537 | 104.875847 62.562077
158 b | c|g|h i 87.909931 | 100.392610 74.896074 97.205543 99.595843
159 ]| b |c|g|h]]j 98.425721 | 104.290466 83.636364 | 107.860310 65.787140
160l b | c | g i j 99.006623 | 105.099338 85.044150 | 106.876380 63.973510
161l b | c | h i j 94.659864 | 100.918367 | 105.351474 | 102.743764 56.326531
162 b | d|e | f g 91.338496 93.119469 98.971239 92.101770 84.469027
163 b | d|e | f|h 90.170455 85.727273 97.488636 87.818182 98.795455
164 b | d|e | f i 87.879819 85.793651 96.746032 89.288441 | 100.292058
165| b | d|e | f | ] 97.877778 93.533333 | 102.477778 96.088889 70.022222
166 | b | d|e|g]|h 92.258427 90.191011 97.943820 79.078652 | 100.528090
167 b | d|e|g i 89.909091 90.431818 97.488636 79.715909 | 102.454545
168l b | d|e | g] ] 99.146608 97.636761 | 102.921225 88.326039 71.969365
169l b | d | e | h i 86.918605 82.104651 95.209302 96.279070 99.488372
170l b | d | e | h | ] 97.111111 91.233333 | 100.688889 | 105.288889 65.677778
171 b | d | e i j 96.517857 91.127232 | 101.395089 | 107.299107 63.660714
1721 b | d | f|lg]|h 93.180804 91.897321 91.897321 81.629464 | 101.395089
1731 b | d | f|g i 89.843750 91.897321 93.027237 82.399554 | 102.832138
1741 b | d | f|lg] ] 99.901532 97.888403 99.146608 89.080963 73.982495
175 b | d| f | h i 88.401361 84.229025 89.705215 97.528345 | 100.136054
176 | b | d | f | h | ] 98.133333 91.744444 94.300000 | 106.311111 69.511111
177 b | d | f i j 97.150776 92.560976 95.620843 | 106.585366 68.082040
1781 b | d | g | h i 90.449438 89.932584 78.044944 99.235955 | 102.337079
1791 b | d | g | h | ] 99.076923 96.043956 85.428571 | 107.923077 71.527473
180 b | d| g i j 98.788546 96.762115 86.629956 | 108.414097 69.405286
181 b | d | h i j 96.004464 89.843750 | 104.732143 | 105.245536 64.174107
182 b |le| flg]lh 92.784091 95.920455 90.170455 79.977273 | 101.147727
183 b |le | flg i 90.113895 95.353075 90.743058 80.683371 | 103.106601 |
184l b le | flgl]j 99.295154 | 102.081498 98.535242 88.403084 71.685022
185| b |e| f|h i 85.910165 90.531915 85.638298 97.872340 | 100.047281 |
186 | b | e | f | h|]j 96.049661 98.386005 92.934537 | 105.914221 66.715576
187| b | e | f i j 95.659091 99.318182 93.568182 | 106.897727 64.556818
18| b |e|glh i 90.357143 93.536866 75.518433 99.101382 | 101.486175 |
189 | b |le|g|h]|]j 98.425721 | 100.465632 84.401330 | 108.115299 68.592018
10| b |e|g i j 98.462389 | 101.006637 85.486726 | 108.639381 66.404867
191l b | e | h i j 93.995434 96.358447 | 104.235160 | 106.073059 59.337900
1921 b | f|lglh i 90.526316 90.000000 77.631579 | 100.000000 | 101.842105
193l b | flg|h]|]j 99.155556 95.322222 85.611111 | 108.355556 71.555556
1941 b | flg i j 99.155556 96.855556 86.377778 | 107.844444 69.766667
1951 b | f | h i j 95.000000 90.789474 | 105.789474 | 105.263158 63.157895
19| b | g | h i j 97.982063 82.253363 | 107.264574 | 106.748879 65.751121
1971 c | d|e | f | g] 102193764 91.180401 96.559020 88.106904 81.959911
198l c | d|e | f|h 99.366359 85.322581 94.066820 83.997696 97.246544
19| c | d|e | f i 97.696759 84.386574 93.437500 84.227320 | 100.251846
200 c | d e | f|j 103.680089 93.903803 | 100.335570 94.932886 67.147651
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k Il | m| n | o |NK{ILmno}k] | N[{km,n,0};1] | N[{k,,n,0};m] | N[{k,I,m,0};n] | N[{k,I,m,n};0]
200 c | d | e | g | h | 100.335570 88.501119 95.190157 77.953020 98.020134
202l c | d|e|g i 98.684211 87.894737 94.210526 78.157895 | 101.052632
203 c | d | e | g | j | 104867841 97.268722 | 102.081498 87.643172 68.138767
2041 c | d| e | h i 95.293427 81.525822 91.514085 93.943662 97.723005
206 c | d | e | h | j | 102.165179 91.640625 98.571429 | 105.758929 61.863839
206 c | d | e i j | 102.393736 91.588367 99.563758 | 105.738255 60.715884
207 c | d | f | g | h]| 102.733333 90.977778 88.677778 79.222222 98.388889
208l c | d | f | g i | 100.981941 89.559819 88.106552 79.954853 | 101.396834
209 c | d | f | g | j | 105.142857 98.318681 97.560440 88.461538 70.516484
210l c | d | f | h i 97.205543 83.660508 85.519630 94.815242 98.799076
211 c | d | f | h | j | 102.881166 92.051570 93.598655 | 105.201794 66.266816
2121 c | d | f i j | 102.651007 92.617450 94.418345 | 105.480984 64.832215
213 c | d | g | h i 99.200450 88.322072 75.889640 95.833333 | 100.754505
2141 c | d | g | h | j | 103.780488 96.385809 84.656319 | 107.350333 67.827051
2151 c | d | g i j | 104.314159 96.426991 86.250000 | 106.603982 66.404867
216 | ¢ | d | h i j | 101.076233 90.246637 | 104.428251 | 103.654709 60.594170
217 c | e | f | g | h | 101531532 94.279279 86.509009 78.738739 98.941441
218 c | e | f | g i | 100.459770 92.793103 85.761385 78.517241 | 102.468500
219 c | e | f | g | j | 104.890110 | 101.098901 97.054945 88.208791 68.747253
220l c | e | f | h i 96.156627 88.674699 81.192771 95.602410 98.373494
221 c | e | f | h | j | 102.482993 97.006803 91.791383 | 106.133787 62.585034
2221 c | e | f i j | 101.902050 98.234624 92.209567 | 106.093394 61.560364
2231 c | e|g|h i 99.438073 90.470183 74.380734 95.745413 99.965596
2241 c | e | g | h | j | 104011111 99.411111 84.077778 | 107.588889 64.911111
2251 c | e | g i j | 104.059735 | 100.243363 85.486726 | 106.858407 63.351770
226 | ¢ | e | h i j | 100.559361 95.570776 | 104.497717 | 103.710046 55.662100
227 c | flg|h i | 100.821918 85.593607 76.141553 96.883562 | 100.559361
228 c | f | g | h | j | 104.314159 94.391593 84.723451 | 107.621681 68.949115
2291 c | f | g i j | 104.314159 95.409292 86.504425 | 106.858407 66.913717
230 ¢ | f | h i j | 100.526316 90.526316 | 105.000000 | 103.947368 60.000000
231 c|glh i j | 102.935268 81.886161 | 106.785714 | 104.988839 63.404018
2321 d e | flg]|h 91.233333 97.366667 89.955556 80.755556 | 100.688889
2331 d e | f|g i 91.073826 94.932886 90.148104 80.525727 | 103.319458
2341 d e | flg] ] 98.355263 | 101.381579 98.607456 89.024123 72.631579
2351 d | e | f|h i 83.926097 92.690531 86.050808 96.674365 | 100.658199 |
236 | d e | f | h]|] 93.082960 98.755605 93.856502 | 105.717489 68.587444
2371 d | e | f i j 93.082960 | 100.044843 94.114350 | 107.006726 65.751121
2381 d | e|g|h i 88.640449 95.101124 76.235955 98.202247 | 101.820225
2391 d e |g|h]|]j 95.918142 | 100.243363 85.741150 | 108.639381 69.457965
2401 d [ e | g i j 96.508811 | 100.814978 86.883260 | 107.907489 67.885463
2411 d | e | h i j 90.394144 97.646396 | 104.380631 | 105.416667 62.162162
2421 d | f g |h i 89.587054 90.100446 78.805804 98.828125 | 102.678571 |
2431 d | flg|h]|]j 95.960265 96.214128 86.567329 | 107.891832 73.366446
2441 d | f | g i j 97.015419 96.762115 87.389868 | 107.907489 70.925110
2451 d | f | h i j 91.171171 92.725225 | 103.862613 | 105.934685 66.306306
2461 d [ g | h i j 94.600887 83.891353 | 106.585366 | 106.330377 68.592018
2471 e | flg|h i 93.568182 88.079545 76.840909 99.318182 | 102.193182
2481 e | flg|h|] 99.700665 95.620843 85.676275 | 108.625277 70.376940
2491 e | f |l g i j | 100.243363 96.426991 86.758850 | 107.876106 68.694690
250 e | f | h i j 95.745413 90.733945 | 105.240826 | 106.032110 62.247706
2511 e|glh i j 98.058036 83.169643 | 107.555804 | 106.272321 64.944196
2521 f | g | h i j 93.131991 83.355705 | 107.539150 | 106.767338 69.205817
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9.3. Condorcet Criterion for Multi-Winner Elections

In this section, we will propose a generalization of the Condorcet criterion
to multi-winner elections. The Condorcet criterion for single-winner elections
(section 4.7) is important because, when there is a Condorcet winner b € A,
then it is still a Condorcet winner when alternatives ay,....a, € A\ {b} are
removed. So an alternative b € A doesn’t owe his property of being a
Condorcet winner to the presence of some other alternatives. Therefore,
when we declare a Condorcet winner b € A elected whenever a Condorcet
winner exists, we know that no other alternatives a;,....a, € A \ {b} have
changed the result of the election without being elected.

Therefore, a generalization of the Condorcet criterion to multi-winner
elections should have the following properties:

e |t should not be possible that there are more than M Condorcet
winners (where M is the number of seats). This property is important
because the Condorcet winners will later be declared the winners.

e Suppose b € A is a Condorcet winner. Then it should still be a
Condorcet winner when alternatives a,...,a, € A\ {b} are removed.

e The definition for “Condorcet winners” should be as weak as possible
so that there are as many Condorcet winners as possible.

We propose the following generalization:

(9.3.1) In multi-winner elections, a Condorcet winner is an alternative
b e A that wins in every (M+1)-way contest. Suppose Swls
(with & # Suls < Aw ) is the set of potential winning sets when
the used method to fill M seats is applied to the set B ( with
Z+BcAand|B|>M). Then we get:

(9.3.1a) b e Aisa Condorcet winner : <
VId#BcAwithbeBand|B|=(M+1) VA € Sulg: b € A.

The Condorcet criterion says that, when there is a Condorcet
winner, then it should also be a winner overall. In short:

(9.3.1b) b € Alisa Condorcet winner. = (VA e S\:beA.)
When >p, satisfies (2.1.5) then for M = 1:
e (9.3.1a) isidentical to (4.7.5) and (4.11.1.1).

e (9.3.1b) is identical to (4.7.6).
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(9.3.2) In multi-winner elections, a weak Condorcet winner is an
alternative b € A that wins or is tied for winning/losing in every
(M+1)-way contest. In short:

(9.3.2a) b e Ais aweak Condorcet winner : <
V@#BcAwithbeBand|B|=(M+1)3A € Suls:b € A.

A weak Condorcet winner should win or be tied for winning/
losing overall. In short:

(9.3.2b) b e Aiis aweak Condorcet winner. = (3A e Sm:b e A.)
When >p satisfies (2.1.4) and (2.1.5) then for M = 1:

e (9.3.23) is identical to (4.11.1.2).

e (9.3.2b) is identical to (4.11.1.6).

(9.3.3) In multi-winner elections, A Condorcet loser is an alternative
b € A that loses in every (M+1)-way contest. In short:

(9.3.3a) b € Aisa Condorcet loser : <
VIJ#BcAwithbeBand|B|=(M+1) VA € Suls: b ¢ A.
A Condorcet loser should be a loser overall. In short:
(9.3.3b) b e AisaCondorcet loser. = (VA € Su:b ¢ A.)
When >, satisfies (2.1.5) then for M = 1.
e (9.3.3a) is identical to (4.7.7) and (4.11.2.1).
e (9.3.3b) is identical to (4.7.8).

(9.3.4) In multi-winner elections, a weak Condorcet loser is an
alternative b € A that loses or is tied for winning/losing in every
(M+1)-way contest. In short:

(9.3.4a) b e Aiisaweak Condorcet loser : <
V@#BcAwithbeBand|B|=(M+1)3A € Suls: b ¢ A.

A weak Condorcet loser should lose or be tied for winning/
losing overall. In short:

(9.3.4b) b e Aisaweak Condorcet loser. = (3 A e Su:b e A.)
When >, satisfies (2.1.4) and (2.1.5) then for M = 1.
o (9.3.4a) is identical to (4.11.2.2).

e (9.3.4Db) is identical to (4.11.2.9).
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It is important to keep in mind that, in multi-winner elections, the terms
“Condorcet winner”, “weak Condorcet winner”, “Condorcet loser”, and
“weak Condorcet loser” always refer to the specific election method. For
example, plurality-at-large will lead to different Condorcet winners than an
STV method. So in multi-winner elections, the Condorcet criterion rather
refers to the inner logic of the specific election method than to alternatives
that must be elected regardless of the election method used.

If >p, satisfies (2.1.5), then we get for Schulze STV:

(9.3.5) b € Ais a Condorcet winner <
Vv {ay,...,av} c A\{b} 3 a € {ay,....au}:
N[{ay,...,.au};b] < N[({ay,....am,b}\{a});ai].

(9.3.6) b € A is a weak Condorcet winner <
Vv {ai,...av} c A\ {b} 3 a € {ay,....au}:
N[{as,....,am};b] < N[({as,....am,b}\{ai});a.

(9.3.7) b € Ais a Condorcet loser <
Vv {ai,...,au} c A\ {b} V a; € {a,...,an}:
N[{ay,....aw};b] > N[({as,....am,b}\{ai});ai-

(9.3.8) b € A is a weak Condorcet loser <
Vv {ay,...av} c A\{b} V a € {ay,....am}:
N[{ay,...,.au};b] > N[({as,....am,b}{a});ail-

In example A53, the alternatives a, g, and j win in every 5-way contest;
therefore, these alternatives should also win overall. The alternative d is tied
for winning in one case (line 27) and wins in every other case; therefore, this
alternative should win or be tied for winning/losing overall.

While there can be up to M Condorcet winners, there cannot be more than
one Condorcet loser.

Claim:

If >p, satisfies (2.1.5), then Schulze STV, as defined in section 9.1, satisfies
the Condorcet criterion for multi-winner electons, as defined in (9.3.1).

Proof:

Suppose alternative b € A is a Condorcet winner. Suppose {ay,...,am} < A\ {b}.

We apply Schulze STV, as defined in section 9.1, on {ay,...,auw,b}. Suppose
¢ € {ay,...,am,b} is an alternative with maximum N[({ay,...,am,b}\{c});c]. Then
(N[({ay,....am,b}{c});c], N[({ay,....am});b]) is a win. With (9.3.5), we get that
alternative ¢ cannot be identical to alternative b. Therefore, the link

({ay,....,am,b}{c}) — {ai,...,am} is a path from ({ay,...,am,b}\{c}) to {as,...,am}
that contains only wins.

On the other side, there cannot be a path from {ai,....au} to
({as,...,am,bP{c}) that contains only wins because any path from {ay,...,am}
to ({ay,....am,b}\{c}) must contain a link from a set (i) with b ¢ @(i) to a
set @(i+1) with b e @(i+1). But because of the definition of Condorcet
winners, the link (i) — @(i+1) must be a tie or a defeat.
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With (2.1.5), we get that every path that contains only wins is stronger
than every path that contains a tie or a defeat.

Therefore, every set {a,...,am}, that does not contain alternative b, is
disqualified by some set that contains alternative b. o

The proofs that Schulze STV satisfies (9.3.2b), (9.3.2¢), and (9.3.2d) are
analogue to the proofs for (4.11.1.6), (4.11.2.9), and (9.3.2a).

In a similar manner, we can generalize the Smith criterion (section 4.7) to
multi-winner elections.

Definition:

A multi-winner election method, where M is the number of seats, satisfies
the Smith criterion for multi-winner elections, if the following holds:

Suppose & #B < A. Suppose x e Nwith1 <x<|B]|and x<M.

(9.3.9) Suppose, for every y € N with 1 <y < x, we have: In
every (M+1)-contest between y alternatives of the set B
and M+1-y alternatives of A\ B each of the alternatives
of the set B is in every potential winning set.

Then every potential winning set contains at least x alternatives
of the set B.

In short, a multi-winner election method, where M is the number of

seats, satisfies the Smith criterion for multi-winner elections, if the
following holds:

VIO#BEAVXxeNwithl<x<|B|andx<M:
((VyeNwithl<y<x
V@+AcAwith|A|=(M+1l)and |ANB|=y
VA eSui|ANB|=y.)

=>(VAeSw|AnB|>x.))
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Example:

There are C = 4 alternatives running for M = 2 seats.

When {a,b,c} are running, the unique winning set is {a,b}.
When {a,b,d} are running, the unique winning set is {a,b}.
When {a,c,d} are running, the unique winning set is {c,d}.
When {b,c,d} are running, the unique winning set is {c,d}.

In the example above, alternatives a and b are winners whenever they and
exactly one other alternative are running. Furthermore, alternatives ¢ and d
are winners whenever they and exactly one other alternative are running.
The Smith criterion for multi-winner elections doesn’t say anything in
the example above. This shows that the Smith criterion for multi-winner
elections demands more than just local stability.

Claim:

If >p, satisfies (2.1.5), then Schulze STV, as defined in section 9.1,
satisfies the Smith criterion for multi-winner electons.

Proof (overview):

The proof that Schulze STV satisfies the Smith criterion for multi-winner
elections is analogous to the proof that Schulze STV satisfies the Condorcet
criterion for multi-winner elections.

Part 1: Suppose z € Ny with 0 <z < x. Suppose {ay,...,apm-),01,....0,} is a
set of M-z alternatives ay,....am— € A\ B and z alternatives b,...,b, € B.
Suppose beay € B\ {by,..,b,} is an arbitrarily chosen alternative.
Suppose ¢ IS5 {as,....am-2,01,....0,,b1)} is an alternative
with maximum N[({as,....am-2),b1,-...0z, b1\ {C});c]. Then
(N[({al,...,a(M_Z),bl,...,bz,b(z+1)}\{c});c], N[({al,...,a(M_Z),bl,...,bz,b(z+1)});b(z+1)])
is a win. With (9.3.9), we get ¢ ¢ {by,...b,bu+1}. Therefore, the link
({as,...ap),0b1,....0, b3} — {as,....am=),b1,...0} is a path from
({aw,....a—),01,....02, by }{c}) to {as,...,.au—),01,....0,} that contains only
wins.

On the other side, there cannot be a path from {as,...,am-),b1,...,0,} t0
({a,....ag—),01,....02, by }{c}) that contains only wins because any path
from {au,....am-),b1,...,0.} to ({a,...,a-2,01,....b2, by }{c}) must contain a
link from a set @(i) with z alternatives from the set B to a set @(i+1) with z+1
alternatives from the set B. But with (9.3.9), we get that the link (i) —
@(i+1) must be a tie or a defeat.

With (2.1.5), we get that every path that contains only wins is stronger
than every path that contains a tie or a defeat.

Therefore, every set {ay,...,am-),01,...,0,}, that contains only z alternatives
from the set B is disqualified by some set that contains z+1 alternatives from
the set B.

Part 2: Part 1 is applied to z : = 0,...,(x~1). As indirect defeats are

transitive (section 4.1), we get that every set with less than x alternatives
from the set B is disqualified by some set with x alternatives from the set B.o
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The Smith criterion for multi-winner elections implies the Condorcet
criterion for multi-winner elections. We get the Condorcet criterion for
multi-winner elections when we restrict the Smith criterion for multi-winner
elections to sets with exactly one alternative.

In example A53, the Smith criterion for multi-winner elections implies
that at least one winner must come from the set {d,f} because, whenever
exactly one alternative from the set {d,f} and exactly four alternatives from
A\ {d,f} are running, the alternative from {d,f} is a winner of Schulze STV.

9.4. Proportionality

Definition (Dummett-Droop Proportionality):

A preferential multi-winner election method satisfies Dummett-Droop
proportionality (DDP) if the following holds for every & # B < A and
forevery x e Nwithx<|B |:

Suppose that strictly more than x - N / (M+1) voters strictly prefer
every alternative in B to every other alternative. In other words:

[{veV|vaeBVbegB:a>b}|>x-N/(M+1).
Then at least x alternatives of set B must be elected.

It has been proposed by Droop (1881) that an alternative should be elected
as soon as it has received more than N / (M+1) votes. This idea has been
generalized by Dummett (1984) to sets of alternatives. Today, DDP is
considered a necessary and sufficient criterion for every preferential multi-
winner election method to qualify as an STV method.

Claim:

Schulze STV, as defined in section 9.1, satisfies Dummett-Droop
proportionality.

Proof (overview):

The proof is ommitted because it is similar to the proof that Schulze STV
satisfies the Smith criterion for multi-winner elections (section 9.3). O
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10. Proportional Ranking

When proportional representation by party lists is being used, then each
party has to submit in advance a linear order of its candidates without
knowing how many seats it will win. Frequently, the parties are interested
that — however many candidates are elected — the elected candidates
reflect the strengths of the different party wings in a manner as proportional
as possible (Otten, 1998, 2000; Rosenstiel, 1998; Warren, 1999; Skowron,
2017). We will call a linear order with this property a proportional ranking.
The two most important approaches to produce a proportional ranking are
the bottom-up approach (Rosenstiel, 1998) and the top-down approach
(Otten, 1998, 2000).

The bottom-up approach says that we start with the situation where all C
candidates are elected. Then, for k = C to 2, we ask which candidate can be
eliminated (without changing who is already eliminated) so that the distortion
of the proportionality of the remaining candidates is as small as possible; the
newly eliminated candidate then gets the k-th place of this party list.

The top-down approach says that we use a single-winner election method
to fill the first place of this party list. Then, for k = 2 to C, we ask which
candidate can be added to the already elected candidates (without changing
who is already elected) so that the distortion of the proportionality is as small
as possible; the newly added candidate then gets the k-th place of this party
list.

| prefer the top-down approach to the bottom-up approach, because the
bottom-up approach starts with the lowest and, therefore, (as the number of
candidates is usually significantly larger than the number of seats this party
can realistically hope to win) least important places so that slight fluctuations
in the filling of the lowest places can have an enormous impact on the filling
of the best places. Therefore, in this paper we presume that the top-down
approach is being used.

In section 10.1, we will propose a new proportional ranking method.
In sections 10.2 and 10.3, we will apply this method to the examples of
Tideman’s database. The proposed proportional ranking method is based on
the following idea:

e Suppose aj,...,a¢1) € A are already elected.

e Suppose there are candidates & # {bs,....o,} = A\ {ay,...,ap} such
that, whenever some candidate b; e {bs,...,b,} is added to {a,...,ap1)},
then choosing the set {aj,...,ax1),0;} is compatible to the Smith

criterion for k-winner elections (section 9.3).

o Then the k-th seat should go to one of the candidates in {b,...,b,}.
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10.1. Schulze Proportional Ranking
Proportional completion is defined in section 9.1.1.

N[{as,...,a};b] is defined in section 9.1.2.
>p1 and >p, are two binary relations that each satisfy (2.1.1) — (2.1.3).

Stage 1:

We calculate the Schulze single-winner ranking O; on A, as defined in
section 5, with >p;.

Stage 2:

Proportional completion is used to complete V to W.
Stage 3:
For k{: =1to (C-1) do

Suppose ay,...,ax-1) are already elected.
For each pair of alternatives b,c ¢ {ay,...,ax-1)}, we define:

H[b,c] : = N[{ay,...,au),b};cl.
We apply the Schulze single-winner election method, as defined in
section 2.3 stage 2, on H[i,j], instead of N[i,j], and with >p,. If there is
only one potential winner, then it gets the k-th place. If there is more

than one potential winner, then the k-th place goes to that potential
winner b with bc € O, for every other potential winner c.
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10.2. Example A53

The following series of tables illustrates the Schulze proportional ranking
method when applied to example A53 of Tideman’s database. Pairwise wins
are fat and underlined. Pairwise ties are italic and underlined.

N[*;a]

N[*;b]

N[*;c]

N[*;d]

N[

€]

N[*;f]

N[*;g]

N[*3h]

N[*i]

N[*;i]

N[a;"]

316.175711

352.129380

303.100775

307.846154

298.883249

266.374696

349.351351

348.337731

193.625304

N[b;*]

143.824289

262.462462

221.153846

240.176991

222.913165

199.414894

265.438066

263.253012

128.845209

N[c:*]

107.870620

197.537538

197.906977

201.703470

183.197674

171.397260

240.747664

241.022364

105.891089

N[d;*]

156.899225

238.846154

262.093023

248.295455

242.234043

197.142857

264.532578

276.260623

146.975610

N[e;*]

152.153846

219.823009

258.296530

211.704545

214.494382

191.152815

259.814815

274.842767

120.992556

N[

161.116751

237.086835

276.802326

217.765957

245.505618

207.817259

280.229885

275.190616

139.803922

N[9;*]

193.625304

260.585106

288.602740

262.857143

268.847185

252.182741

306.259947

314.604905

183.785047

N[h;*]

110.648649

194.561934

219.252336

195.467422

200.185185

179.770115

153.740053

250.125000

87.058824

N[i*]

111.662269

196.746988

218.977636

183.739377

185.157233

184.809384

145.395095

209.875000

97.150127

N[j;*]

266.374696

331.154791

354.108911

313.024390

339.007444

320.196078

276.214953

312901176

362.849873

The 1. place goes to alternative j.

N[{i.<}:b]

N[{j,*}:c]

N[ <}:d]

N[{j,*}:e]

NI 3]

N[ *}:a]

N[, *}:h]

NI <3il

N[{aj}*]

N[{j,*}:al

188.909513

204.084507

184.640371

188.568129

185.604651

164.582393

208.844340

201.113744

N[{b.j};*]

143.824289

193.995327

171.444954

185.831382

174.389671

155.588235

200.287081

196.515513

N[{c.j}™]

107.870620

178.948598

172.097902

181.492891

173.849765

153.507973

201.318945

192.673031

N[{d,j}:*]

156.357309

183.050459

193.006993

187.645688

179.186047

156.628959

196.988235

197.605634

N[{e.j}:*]

149.792148

179.367681

195.118483

172.097902

175.754717

157.313770

201.802885

200.555556

N[{Fi}]

148.162791

180.328638

192.206573

171.162791

182.264151

157.123596

200.428571

198.162291

N[{g.j}:*]

160.948081

188.891403

200.136674

184.208145

191.060948

182.449438

207.159353

204.210526

N[{hj}:*]

110.648649

173.325359

183.669065

165.058824

175.264423

165.928571

144.480370

191.477833

N[}

111.662269

176.754177

187.732697

165.751174

178.333333

169.069212

145.395095

194.876847

The 2. place goes to alternative a.

N[{a,j,*}b]

N[{a,j,*};c]

N[{a.j,*}:d]

N[{a,j,*}:€]

N[{aj.*}f]

N[{a,j.*}d]

N[{aj,*}:h]

N[{aj.*}il

N[{a.b,j};*]

139.742424

126.860987

132.267267

127.603930

115.511111

142.105263

137.929985

N[{a.c,i}*]

130.333333

126.560847

129.287879

127.308869

112.604167

141.376147

137.081413

N[{a,d,j};*]

131.674141

139.077853

131.674141

129.342404

116.356932

141.511716

138.348485

N[{aej}*]

129.504505

141.136364

127.892377

128.702866

117.035398

142.554800

141.430746

N[{a.f.j}*]

130.733182

140.321101

125.865457

130.090498

115.851852

143.204252

140.000000

N[{a.g.j}:*]

133.911111

144.092262

133.318584

135.014749

131.866667

145.769806

143.685393

N[{a,hj}*]

128.771930

137.859327

124.822373

127.603930

124.692483

110.702541

137.324053

N[{a.ij}*]

129.878234

138.847926

126.151515

129.178082

126.666667

113.707865

140.525909

The 3. place goes to alternative g.

N[{a.g.j.*}:b]

N[{a,g.j,*}.c]

N[{a.g.j*}:d]

N[{a,9.j,*}:e]

N[{a.g.j*}f]

N[{a.9.j.*}:h]

N[{a.g.j.*}:il

N[{a,b.g,j}*]

108.667401

101.411379

104.131868

101.068282

110.410200

109.122222

N[{ac.9.j}*]

102.334802

101.574890

102.615385

100.465632

109.888889

108.355556

N[{a.d.g.j};*]

102.166302

N[{ae.g.j}*]

101.351648

108.414097

102.921225

108.934066

101.663020

101.351648

110.197802

108.907285

101.321586

110.674779

109.402655

N[{a.f.9.}*]

102.334802

109.135255

101.098901

102.841410

110.665188

109.390244

N[{a.g.h,j}*]

101.230599

108.611111

100.087912

101.769912

99.190687

108.568233

N[{a.g.i.j}*]

101.966667

101.291391

108.866667

The 4. place goes to alternative d.

102.533186

99.955654

109.597315
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N[{ad.g.j.*}:b]

N[{a,d,g.j,*};c]

N[{a,d,g.j,*};el

N[{a.d.g.J,*} 1]

N[{a.d.gj,*}:h]

N[{ad.g.J,*}i]

N[{a,b,d.g.j};*]

87.189542

84.383442

82.579521

88.986900

88.175055

N[{ac,d.gj}*]

82.579521

83.362445

81.687912

88.570175

87.551648

N[{adegj}*]

82.178649

87.379913

82.358079

89.181619

88.175055

N[{a,d.f.9.j}:*]

82.579521

87.551648

83.362445

88.973684

88.166667

N[{a,d.g.h.j};*]

82.157205

87.157895

82.739606

81.307018

87.753846

N[{a,d.g.i.j};*]

82.135667

87.349451

83.142232

81.508772

88.158242

The 5. place goes to alternative f ( because alternative f is ranked above
alternative b in the single-winner ranking; i.e. fb € O, ).

N[{a,d/f,g,j,*}:b] | N[{a.d.f.9.,*};c] | N[{a,d.f,g.j,*}:e] | N[{a,d.f.g.j,*}h] | N[{adfgj*}i]
N[{a,b,d,f,g,j};*] - 73.326071 71.000000 74.662309 73.994190
N[{ac,dfg,j};*1 | 69.484386 -- 70.138282 74.144737 73.640351
N[{adefg,j}:*1 | 69.166667 73.151383 - 74.657933 73.988355
N[{adfghj}*1 | 69.150327 73.304094 69.803493 -- 73.976608
N[{adfg.ij}*] | 69.150327 73.304094 70.138282 74.144737 --
The 6. place goes to alternative b.

N[{a,b,dfg.,.*}cl | N[{abdfgj*}el | N[{ab,dfg,j*}h]| N[{ab,dfg,j*}il
N[{a,b,c,d.f,g,j};*] - 61.285714 63.996265 63.566760
N[{a,b,d,e,f,0,j};*] 63.000000 - 64.000000 63.571429
N[{a,b,d,f,g,h,j};*] 63.137255 61.000000 -- 63.709928
N[{a,b,d,f,g,i,j};*] 63.137255 61.285714 63.996265 --

The 7. place goes to alternative e.

N[{a,b,d,e,f,0,j,*};c] | N[{a,b,d.e,f,g,j,*};h] | N[{a,b,d.e,f,g,j,*};i]
N[{a,b.c.d.ef.g.,j}*] - 56.000000 55.750000
N[{a,b,d,e f,g,h,j};*] 55.375000 - 55.750000
N[{a,b,d.e,f,g,i,j};*] 55.375000 56.000000 --
The 8. place goes to alternative c.
N[{a,b,c,d,e,f,g,j,*};h] N[{a,b,c,d,e f,0,j,*}:i]
N[{a,b,c,d,e,f,g,h,j};*] - 49.555556
N[{ab,c,d.ef.g,ij}*] 49.777778 -

The 9. place goes to alternative i.

The 10. place goes to alternative h.

So, the Schulze proportional rankingisjagdfbecih.
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10.3. Tideman’'s Database

In table 10.3.1, Schulze STV and Schulze proportional ranking are
applied to the instances of Tideman’s (2000) database. We US€e > a4 fOr >p;g
because >4, COrresponds to proportional completion; the fact that we use
> ratio fOr >p1 means that it makes no difference whether we first calculate the
Schulze single-winner ranking O, and then apply proportional completion or
first apply proportional completion and then calculate the Schulze single-
winner ranking O;. We use > margin for >p, because of simplicity.

The column “name #1” contains the name of the instance. The column
“name #2” contains the name of the same instance in Wichmann’s (1994)
database. N is the number of voters. C is the number of alternatives. M is the
number of seats.

Column “Dummett” contains the constraints given by “Dummett-Droop
proportionality” (DDP), as defined in section 9.4. The constraints are
separated by spaces. If this constraint consists of a single alternative, then
this means that this alternative must be elected according to DDP. If this
constraint has the form “abcdef(i)” then this means that at least i alternatives
of the set {a,b,c,d,e,f} must be elected according to DDP. For example, in
example A35 the constraints are “f eijkq(1)” so that (1) alternative f must be
elected and (2) at least one alternative of the set {e,i,j,k,q} must be elected
according to DDP. In 3 instances (A64, A72, A83), there is only one set of
M alternatives that can be elected according to DDP.

The column “Condorcet winners” contains the Condorcet winners in
Schulze STV [according to (9.3.5)]; alternatives, that are only weak
Condorcet winners [according to (9.3.6)], are listed in brackets ( ). The
column “Condorcet losers” contains the Condorcet losers in Schulze STV
[according to (9.3.7)]; alternatives, that are only weak Condorcet losers
[according to (9.3.8)], are listed in brackets (). It is important to keep in mind
that, as long as >p, satisfies (2.1.5), the Condorcet winners in Schulze STV,
the Condorcet losers in Schulze STV, and the possible winning sets according
to the Smith criterion (for multi-winner elections) in Schulze STV do not
depend on the specific choice for >p,. As long as >p, satisfies (2.1.4) and
(2.1.5), the weak Condorcet winners in Schulze STV and the weak Condorcet
losers in Schulze STV do not depend on the specific choice for >p;.
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The column “Schulze STV” contains the winning set of Schulze STV, as
defined in section 9.1.3. When several sets are tied for winning, then (rather
than listing all potential winning sets) the winning set chosen by the tie-
breaker, as defined in section 9.1.3 stage 4, is listed. In 3 instances (A34,
A88, A97), an alternative, that is a weak Condorcet winner, is not elected. In
instances A34 and A97, this is due to the fact that the number of alternatives,
that are weak Condorcet winners or non-weak Condorcet winners, is larger
than the number of seats. In instance A34, the sets {a,b,c,d,e,f,g,h,j,k,m,n},
{ab,c,d.efh,jklmn}, {ab,c,deqgh,jklmn} {abcefgh,jklmn} and
{b,c,d,e.f,g,h,j.kI,m,n} are tied for winning; the tie-breaker chooses {a,b,c.d,
e,f,h,j,k,Im,n}, because (1) da € Oy, dl € Oy, df € O, and dg € O; so that
the set {a,b,c.efg,h,jklmn} is disqualified at the first stage for not
containing alternative d, (2) al € Oy, af € Oy, and ag € O, so that the set {b,
c,d,ef,g,h,j.kl,mn} is disqualified at the second stage for not containing
alternative a, (3) If € O, and Ig € O; so that the set {a,b,c,d,e,f,g,h,j,k,m,n} is
disqualified at the third stage for not containing alternative |, and (4) fg € O,
so that the set {a,b,c,d,e,g,h,j,k,I,m,n} is disqualified at the fourth stage for
not containing alternative f. In instance A88, the sets {a,c,e,f,g,h}, {b,ce,f.g,
h}, and {c,d,e,f,g,h} are tied for winning; while only alternative d is a weak
Condorcet winner, the tie-breaker chooses {a,c,e,f,g,h}, because ab € O; and
ad € O;. In instance A97, the sets {a,b} and {a,c} are tied for winning; the
tie-breaker chooses {a,b}, because bc € O;.

The column “Schulze proportional ranking” contains the Schulze
proportional ranking, as defined in section 10.1. When several rankings are
tied for winning, then (rather than listing all potential rankings) the ranking
chosen by the tie-breaker, as defined in section 10.1 stage 3 last sentence,
is listed. In 4 instances (A10, A12, A33, A67), the Schulze proportional
ranking is not unigue even with the proposed tie-breaker. This is due to the
fact that, in these instances, even the Schulze single-winner ranking O; is
not unique. Only in 6 of the 66 instances of Tideman’s database (A10, Al1,
Al13, A33, A34, A59), the winning set of Schulze STV differs from the first
M alternatives of Schulze proportional ranking.

The column “runtime” contains the runtime to calculate the Schulze STV
winners. A Fujitsu RX 350S8 with two 6-core “E5-2630v2 @ 2.60 GHz”
processors was used for the calculations. Hyper-threading was disabled. The
programs to calculate the STV winners and the Schulze proportional ranking
were written in Microsoft Visual C++ 2010.
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name| name | - Dummett Condorcet | Condorcet| Schulze rc?cgrtliéial runtime
#1 #2 winners losers STV proport
ranking
1] A0l | ROO6 | 380 |10 a ahi ahi aihdbcgjfe | <0.1s
2 | A0O2 | ROO7 | 371 | 9 cd g cd cdebfahig <0.1s
3 | A03 | Roos | 980 |15 dfth | bdefhk —  |bdefhkn| fhdkbeng f a5
alcijom
4| A04 [ROO09 | 43 |14 i d fi ifeakcbg | ;g
dhmjln
5 | A5 | Ro10 | 762 | 16 a acdeglm —  lacdegim| 2acmedalk 745
fophijbn
6 | AO6 | RO11]| 280 | 9 i cehi bcehi ihecbfgad <0.l1s
7| A07 | Ro12| 79 |17 )i f di tdcompha |4,
kgejlnfbq
8| AOB | RO13| 78 | 7 d dg @) dg dgcbfea <0.1s
n((apmaq)or
9| A10 | Ro15 | 83 |19 mnp mnp (mpga)) | g1
gfsrlib
djkehoc
10| A1l | RO16 | 963 |10 ac ac(e)h acdegh | acehjgdibf ] <0.1s
rilegsam
. . pbhtnokd
11| A12 | RO17 | 76 |20 --- ir ir . . <0.1s
((fj)or(jf))
cq
itkmsjcfy
12| A13 | RO18 | 104 | 26 - t kt zlunagebp <0.1s
rdhvxogw
13| A14 | RO19 | 73 |17 bj bj jbcnhgoia |44
ledgkpmf
Igtrmichpkj
14| A15 |RO20 | 77 |21 OL gl qsabodunte <0.1s
15| A17 | R022 | 867 |13 abj | abdefjl —  |abderiji| 1baelfd 055
imhkcg
16| A18 | R023 | 976 | 6 bc abcf e abcf bcfade <0.1s
17| A19 | R024 | 860 | 7 aeg f aeg eagcdbf <0.1s
18| A20 | R025 |2785| 5 ad acde b acde adceb <0.1s
19| A22 | RO27 | 44 |11 ck(1) ©) k f ck "fjahgebfd <01s
3-5-21-7-27-
26-22-9-17-14-
15-24-4-16-19-
20| A23 | R028 | 91 |29 35 35 50-6-11-18-28- <0.1s
2-23-29-1-13-
8-10-12-25

Table 10.3.1 (part 1 of 3): Schulze STV applied to instances of

Tideman’s database
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Schulze
name | name Condorcet | Condorcet| Schulze . .
# # N | C | M| Dummett winners losers STV proport_lonal runtime
ranking
oaeihcl
nqgfrdg
; ((bmp)or
21| A33 |RO38| 9 |18 3 (0) G eoq (bpm)or <0.1s
(mbp))
kj
. @bc(de( . abcdef jbheknl
22| A34 | R0O39| 63 [14|12| behjn @hjk@mn (i hiklmn amedafi <0.1ls
. feagdkhbi
23| A35 | R0O40 | 176 |17 | 5 | feijkq(2) a(def adefq mnchjpogl 29s
24| A28 | Ro41| 923 10| 9 | bedef |abedefghj| i abcde dfbec <0.1s
fghj hjgai
25| Ag9 |Ro42 [ 575 [13] 3| h ach k ach hcajldm 14,
gbiefk
26| A51 | R044| 42 | 6| 3 d ade b ade daefchb <0.1s
27| A52 | R0O45 | 667 |10 6 de abcdeg h abcdeg | edbgacjfih | <0.1s
28| A3 | R046 | 460 (10| 4 j a(d)gj adgj jagdfbecih | <0.1s
20| A54 | RO47 | 924 [11| 9 | adefk |abdefghjk| - abdef edfakg <0.1s
ghjk hjbic
30| A55 | R048 | 302 |10 5 i a(d)fij b adfij iajfdehcgb | <0.1s
31| As6 | Ro49 | 685 |13] 2| - ik ik jkthmgd 44
aechli
32| A57 |R050 | 310 | 9 | 2| de(1) de de deibhcgfa | <0.1s
33| A59 |R052 | 694 | 7 | 4 df dfg bdfg fdegbca <0.1s
34| A63 |RO56 | 156 | 7 | 2 cf cf cfedbag <0.1s
35| A64 | RO57 | 196 | 3 | 2 bc bc a bc bca <0.1ls
36| A65 | RO58 | 198 [10| 6 bg befgj abefgj | gbfejadchi | <0.1s
37| A66 | RO59 1193 |6 | 4 f bdef a bdef fdebca <0.1s
((fg)or(gf))
38| A67 | Ro60 | 183 | 14| 10| bigk | PCefO bcefg kbiejl 40
ijkl hijkl
chnmda
39| A68 | RO61| 50 | 4 |3 ac acd b acd acdb <0.1s
40| A69 | RO62| 86 |9 | 3 - ace ace ecafidbhg <0.1s

Table 10.3.1 (part 2 of 3): Schulze STV applied to instances of

Tideman'’s database

266




Markus Schulze, “The Schulze Method of VVoting”

name | rame || ¢ |y | pummeng| - Condoret | Condorcet| - Schuize psp“kt'g. ntime
411 A70 | R063 1529 |9 | 3 e ehi ehi eihcdbagf <0.1s
421 A71 | RO64 | 500 | 8 | 7 dg abcdefg h abcdefg| dcgeabfh <0.1s
431 A72 |R065 272 | 3 | 2 ac ac b ac ach <0.1s
441 A73 | RO66 | 525 | 5 | 2 cd cd dchae <0.1s
45| A74 | R067 | 253 | 3 | 2 a ac b ac ach <0.1s
46| A76 | RO69 | 403 | 5| 2 c ac ac cadbe <0l1s
471 A78 | RO711486 | 4 | 3 cd bcd a bcd cdba <0.1s
48| A79 | RO72| 362 | 8 | 4 g aceg aceg gaecfdbh <0.1s
49| A80 |RO73| 269 | 7 | 5 a abceg abceg aecgbfd <0.1s
50| As1 [ Ro74| 902 [11| 9 | bcenj |abceghijk| ¢ akf’icjig haeickbdjfg <01s
51| A83 | RO76 |1123| 4 | 3 abc abc d abc cabd <0.1s
52| A84 | RO77 | 277 | 7 | 6 bce abcdeg f abcdeg ebcdgaf <0.1s
53] A85 | RO78 1158 | 4 | 3 ad abd c abd dabc <0.1s
54| A86 | RO79| 157 | 5 | 4 c acde b acde cadeb <0.1s
55| A87 | R080 1120 | 4 | 3 bd abd c abd dbac <0.1s
56| A88 | R081|135| 9 | 6 eh c(d)efgh acefgh hegcfadbi <0.1s
571 A89 | R082 | 256 | 5 | 3 | eacd(l) ade c ade edabc <0.1s
58[ A%0 | RO83 | 366 |20 [12] - al(lb()n;: ?O;J I "’I‘Ibrfgsetf abi; J' ﬁchskdrfh”qo 49.0's
50| A92 | Ross | 540 (13| 3| d dfi dfi dﬁf'c‘jgﬂf <0ls
60| A93 | RO86 | 561 | 4 | 2 --- bd a bd bdca <0.1s
61] A94 | RO87 | 579 | 4 | 2 - ad b ad adbc <0.1s
62| A95 | RO88 | 587 | 7 | 2 a (b) c ab abfgdec <0.1ls
63] A96 | R089 | 564 | 6 | 2 - ab c ab abefdc <0.1s
64| A97 | R0O90 | 284 | 4 | 2 a(b) (c) d ab abcd <0.1ls
65] A98 | R091 279 | 4 | 2 - ac d ac acbhd <0.1s
66| A99 | R092 | 275 | 4 | 2 -—- ab ab bacd <0.1s

Table 10.3.1 (part 3 of 3): Schulze STV applied to instances of

Tideman’s database
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In 45 instances (A01, A02, A05, A08, A10, Al12, Al4, Al18, A19, A20,
A23, A48, A49, A51, A52, A4, A56, A57, A63, A64, A66, A68, A69, A70,
AT71, A72, A73, A74, A76, A78, A79, A80, A81, A83, A84, A85, A86, A87,
A89, A92, A93, A9%4, A96, A98, A99), there are M Condorcet winners
[according to (9.3.5)].

In 16 instances, there are M—1 Condorcet winners. For the remaining seat,
there is a set ¥ # B & A such that the Smith criterion for multi-winner
elections (section 9.3) says that every winning set must contain at least one
alternative from the set B. Table 10.3.2 lists these instances and the set B.

name #1 N Cc M Condorcet winners set B
1 A03 989 | 15 7 bdefhk gn
2 A04 43 14 2 i afk
3 A06 280 9 5 cehi bfg
4 A07 79 17 2 i cd
5 Al3 104 26 2 t ik
6| A5 | 77 | 21| 2 | fnﬁﬁg%';'sjt
7 Al7 867 13 8 abdefjl im
8 A22 44 11 2 k abcdeghij
9 | As3 460 | 10 | 4 agj df
10 A55 302 | 10 5 afij deh
11 A59 694 7 4 dfg be
12| A65 198 | 10 | 6 befgj ad
13 A67 183 14 10 bcefgijkl hmn
14 A88 135 9 6 cefgh abd
15 A95 587 7 2 a bf
16 A97 284 4 2 a bc

Table 10.3.2: Instances of Tideman'’s database
with M—=1 Condorcet winners
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The 45 instances with M Condorcet winners are interesting because,
in these instances, we know that we can remove all other alternatives or
any subset of the other alternatives and the result will not change. This
observation follows directly from the definition of Condorcet winners.

The 16 instances with M-1 Condorcet winners and a set B such that the
last remaining winner must come from the set B are interesting because,
again, we know that we can remove all other alternatives or any subset of the
other alternatives and the result will not change. The proof for this is identical
to the proof that the Schulze method satisfies Smith-11A (section 4.7).

Only in 5 instances (All, A33, A34, A35, A90), there are less than M-1
Condorcet winners. This shows that we succeeded in defining the Condorcet
criterion for multi-winner elections in such a manner that there are always
many Condorcet winners (section 9.3).

11. Comparison with other Methods

Table 11.2 compares the Schulze method with its main contenders.
Extensive descriptions of the different methods can be found in publications
by Fishburn (1977), Nurmi (1987), Kopfermann (1991), Levin and Nalebuff
(1995), and Tideman (2006). As most of these methods only generate a set S
of potential winners and don’t generate a binary relation O, only that part of
the different criteria is considered that refers to the set S of potential winners.

In terms of satisfied and violated criteria, that election method, that
comes closest to the Schulze method, is Tideman’s ranked pairs method
(Tideman, 1987). The only difference is that the ranked pairs method doesn’t
choose from the MinMax set Bp.

The ranked pairs method works from the strongest to the weakest link.
The link xy is locked if and only if it doesn’t create a directed cycle with
already locked links. Otherwise, this link is locked in its opposite direction.

In example 1, the ranked pairs method locks db. Then it locks cb. Then it
locks ac. Then it locks ab, since locking ba in its original direction would
create a directed cycle with the already locked links ac and cb. Then it locks
cd. Then it locks ad, since locking da in its original direction would create a
directed cycle with the already locked links ac and cd.

The winner of the ranked pairs method is alternative a ¢ 8p = {d},
because there is no locked link that ends in alternative a.

Although Tideman’s ranked pairs method is that election method that
comes closest to the Schulze method in terms of satisfied and violated criteria,
random simulations by Wright (2009) showed that that election method, that
agrees the most frequently with the Schulze method, is the Simpson-Kramer
method (table 11.1).
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number of

. A B C
alternatives
3 100.0 % 100.0 % 100.0 %
4 99.7 % 98.5 % 98.2 %
5 99.2 % 96.0 % 95.3%
6 99.1% 93.0% 92.3%
7 98.9 % 90.0 % 89.1 %
Table 11.1: Simulations by Wright (2009)
A: Probability that the Schulze method conforms with the
Simpson-Kramer method
B: Probability that the Schulze method conforms with the
ranked pairs method
C: Probability that the ranked pairs method conforms with
the Simpson-Kramer method
wn
” S
> |5 e g
> T | »| T A9 S| |+ =
£ EIS|%s 8|2 o|>8|2|3|g|5
Z18|55|glE|2| 58|55 5|2 885 =
SlE|Z8|slElE|e|5|28 2 €lg|=|8|E
sla|g |39 E|s|8|ls|E|lS|E|E|2|5
d c| 2|5 PO E|T g1 8|2 g,
o o O£ S
g s s
S
Baldwin YIYINININJYIN|IY|Y|Y|Y|Y|IN|IN|N|Y
Black Y Y|Y|YINININ|Y]YIN|Y|Y| NIN|NJ|Y
Borda Y Y|IY|Y|NININ|INJYI[N|IN|JY|Y|N|N]Y
Bucklin Y|Y|N]JY|N|N|ININ|NJY|Y|Y|N|IN|N|Y
Copeland NIYIYIY[NIYIYIYIYIYIY|Y|N|IN|IN]Y
Dodgson YIY[NIN|INININJY|N|INJY[N|IN|IN|NIN
instant runoff Y|YININ|JYINININ|JY|Y|Y|Y|N|[N|N|Y
Kemeny-Young YIY|Y|YIN|Y|Y|Y|Y|Y|Y|Y N|[N|N|N
Nanson YIY]Y|IN|INJYIN|IY|Y|Y|Y|Y|N|IN|N|Y
plurality YIYINJY|INININ|IN|IN|INJY|NJY|IN|N|Y
ranked pairs Y|IY|Y|Y|Y|Y|Y|Y|Y|Y|Y|Y|N|N|Y|Y
Schulze Y Y|IY|IY|YIYIY|Y|Y|Y|IY|YIN|Y|Y]|Y
Simpson-Kramer | Y| Y| N|JY| NN N|JY| N/N|JY|N|N|NJY]|Y
Slater NIYIYIYINIYIYIYIYIY|Y|YI N|[N|INI|N
Young YIYINJY|[N|N|NJY|N|NJY|[N|IN|N|N|N

Table 11.2: Comparison of Election Methods

wy
N

violation

compliance
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